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ABSTRACT

Let A(X) be the uniform algebra of all continuous complex-valued functions on the
compact plane set X, which are analytic in the interior of X. For o < o < \, The

Lipschitz algebra, Lip(X, ), is defined by
Lip(X,a) ={f : X = C:pa(f) = sup

Clearly, Lip(X, «) is a Banach function algebra under the norm || f||,, = [|fllx +pa(f)-
We now define Lipa(X, ) = Lip(X, a)NA(X) and for the perfect compact plane set X,
we define Lip™ (X, «) as the algebra of all complex-valued functions having derivatives
up to order n on X, which belong to Lip(X, ). The algebra Lips(X,«) under the

above norm is a Banach function algebra on X, and Lip™ (X, «) under the norm

i = 3 M2 el
k=o :
is also a Banach function algebra on a class of perfect compact plane sets X. Moreover,
these algebras are natural on certain compact plane sets X, that is, their maximal ideal
spaces are homeomorphic with X.
Let Lip>® (X, «) be the subalgebra of Lip(X, «) consisting of all functions f with
derivatives of all orders for which f*) € Lip(X, ) for all k.

Let M = {M,}>° . be a sequence of possitive numbers such that M, = \ and

mn!  — M,.M,,’

for all m,n € N. Let

+ pa(f™)
M,

o || £(n)
Lip(X,M,a) ={f € Lip™(X,a) : ||f] = Z 1™ x

n=o

<oo }.

For certain compact plane sets X, Lip(X, M, «) is a Banach funcion algebra on X
under the above norm. It is also natural if we impose some conditions on the sequence
M = {M,}.

Now let B be a commutative semisimple unital Banach algebra and 7': B — B be

a unital endomorphism (i.e. T takes the unit element of B to itself). Then there exists



a continuous mapping ¢ : M(B) — M(B) such that Tf=fopforal f e B. In
this case we say that ¢ induces 7. In particular, when B is a natural Banach function
algebra on X, there exists a self-map ¢ : X — X such that T'f = fop forall f € B.

If B is a natural uniform subalgebra of A(X) or Lipa(X,«) and ¢(X) C intX or ¢
is a constant on X, then ¢ induces a compact endomorphism on B. For the converse
we deduce some results for certain plane sets X, when a =1.

For Lip™(X,«) we also show that the self-map ¢ : X — X induces a compact
endomorphisms on Lip"(X, ), under certain conditions. In particular, when X = D,
the closed unit disk, and 7' is induced by ¢, then a necessary and sufficient condition
for the compactness of T is that ||¢||z < V or ¢ is a constant function.

Next we verify some of the above results for the infinitely differentiable Banach
function algebras Lip(X, M, «) and obtain necessary or sufficient conditions to induse
compact endomorphisms on these algebras.

Finally, we obtain some results on the spectrum of the compact endomorphisms on
some natural Banach function algebras containg the indentity function. In fact, we
show that if ¢ induces an endomorphism 7 on B such that ¢(X) C intX and z, is a

fixed point for ¢, then
o(T) ={(¢'(z.))" : neN}U{e \}.

2000 Mathematical Subject Classification: 46J10, 46J15.
Keywords: Banach function algebras, Lipschitz algebras, Analytic Lipschitz algebras,
Differentable Lipschitz algebras, Endomorphism, Compact endomorphism, Inducing

endomorphism, Spectrum.
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