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pw� pYi

�rDNt ���wD w R�r�v� s�y�it Q� �D�tOkt

xtOkt ���

�iQat R�r�v� R� �����
k w h� Q�aD ��� VN� QO �OwW�t 	rDNt ���wD w R�r�v� s�y�it Q� �QwQt �pYi u�� QO

�OOQo�t x��Q� 	rDNt ���wD R� �����
k w h� Q�aD ��� VN� QO �OwW�t

R�r�v� R� �O��v� ������k w h� Q�aD ���

x�ov� �CU� Q�PBjDWt �a� b� QO xm OW�� 
a� b� Q� �k�kL xDUw�B ���D l� f x�oQy 
x��k �����

xm CUy x � �a� b� Ovv�t ��x�kv

f�b�� f�a� � �b� a�f ��x��

������ x� OwW �wHQ 	u�yQ�
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s�� wo �Ov�xOW h� QaD E �xawtHt Q� xm OW�� 	rDNt ���wD R� ��xr��vO ffng x�oQy 
h� QaD �����

xm �Qw� x� OW�� M Ovv�t C�Ft �OOa x�oQy �CU� Q�Ov�Qm CN�wvm� Qw� x� E Q� ffng

�x � E �n � N � jfn�x�j �M�

x�oQy�CU� �Qoty f ���D x�CN�wvm� Qw� x� E Q� ffng Ovv�t ���wD R� ��xr��vO s�� wo 
h� QaD �����

�w�Ut�v n � N ��Q� xm �Qw� x� OW�� xDW�O OwHw N Ovv�t �L�LY OOa �� � � Qy ��R� x�

jfn�x�� f�x�j � �

�Ovm ��H�� x � E Qy ��Q� �Q

w Qo � CU� �Qoty CN�wvm� Qw� x� E Q� xOW h� QaD ffng Ovv�t ���wD R� ��xr��vO 
x��k �����

x � E Qy w m�n � N Qy ��Q� xm �Qw� x� OW�� N Ovv�t �L�LY OOa �� � � Qy ��R�x� Qo � 	ki

�w�Ut�v

jfn�x�� fm�x�j � �

�Ov� wo CN�wvm� ���Qoty ��Q� �Wm lLt �Q jwi �x�
k �Ovm ��H�� �Q

������ x� OwW �wHQ 	u�yQ�

�E Q� CN�wvm� Qw� x� fn �� f w OW�� E Q� xDUw�B ���wD R� ��xr��vO ffng x�oQy 
x��k 
����

�Ow� Oy�wN xDUw�B E Q� f x�ov�

������ x� OwW �wHQ 	u�yQ�
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��R�x� w OvQ�PBjDWt 
a� b� Q� xm OW�� ���wD R� ��xr��vO u�vJ ffng s�vm�t ZQi 
x��k �����

�OW�� �Qoty CN�wvm� Qw� x� 
a� b� Q� ff �ng x�oQy �CU� �Qoty ffn�x��g �
a� b� QO x� uwJ ��x�kv

w CU� �Qoty f uwJ �a��D x� CN�wvm� Qw� x� 
a� b� Q� ffng

f ��x� � lim
n��

f �n�x�� �a � x � b��

������ x� OwW �wHQ 	u�yQ�

QO xm OW�� �Qoty fsng �� RH �wtHt xr��vO x�oQy �s�� wo �Qoty �Q
�X
k��

ak �QU 
h� QaD 	����

�CU� Q� R CQwY x� sn u�

sn �
nX

k��

ak�

�OW�� �Qoty
X

janj x�oQy�CU�Qoty jr�t Qw� x�
X

an �QU 
h� QaD �����

�CU� �Qoty R�v �QU u���OW�� �Qoty jr�t Qw� x�
X

an x�oQy 
x��k �����

������ x� OwW �wHQ 	u�yQ�

TD�WA�r �QW QO f s�� wo �OW�� 
a� b� Q� �k�kL �a��D f s�vm �t ZQi 
h� QaD ������

x� OW�� xDW�O OwHw M � � Ovv�t ���B �OOa xm �DQwY QO Ovm�t jOY 
a� b� Q� � � � x�DQt R� pmWm�

�
a� b� QO x� y Qy ��R� x� xm �tUk

jf�x�� f�y�j � M jx� yj��

s�k x�DQt �D xDUw�B C�kDWt �t�� t�� �xR�� �wQ xm Q�Okt �k�kL ���wD �xty xawtHt 
h� QaD ������

�f � ck�t�� t�� s�U� wv�t �OW�� xawtHt u�� w
a f Qo � �OwW�t XNWt ck�t�� t�� O�tv �� �OvQ�O



� �rDNt ���wD w R�r�v� s�y�it Q� �D�tOkt � pYi

�Q�wty �a��D �Q f w f � c��t�� t�� s�U� wv�t �OW�� Q�PBjDWt ��x�DQt Qy R� �t�� t�� �wQ f Qo �

�s�t�v�t

CU�Q jDWt ��Q�O t� �x�kv QO f w f � ck�t�� t�� x�oQy�f � ck
t�� t�� ���D 
h� QaD ������

Q�QkQ� �OOQo Z� waDAJ ��CU�Q xtrm xm Cw�iD u�� �� �	��QW u�ty R�v t� �x�kv QO Qo � �OW�� s�k �x�DQt xDUw�B

�f � ck
t�� t�� s�� wo �OW��

�f � ck�t���� s�� wo x�ov��f � ck�t�� t�� Qo � 
h� QaD ������

s �vwQO x�kv l� �Q a �a � S w OW�� R R� xawtHtQ� R l� S s�vm�t ZQi 
h� QaD ������

xm �Qw� x� OW�� xDW�O OwHw r � � OOa xm �DQwY QO�s�t�v�t

fxjx � �a� r� a � r�g � S�

�vwQO x�kv l� c x�oQy �OW�� xOW h� QaD 
a� b� xDU� �xR�� Q� f s�vm�t ZQi 
h� QaD �
����

Q�O�kt �f�c�� w f�c�� Q�O�kt xm K�
wD u�� ��
 �OvW�� xDW�O OwHw wO Qy f�c�� w f�c�� �OW�� 
a� b�

x�ov� 	OvDUy c �x�kv QO f AJ w CU�Q OL

�c QO f �BJ CUO VyH �Q f�c�� f�c�� 	hr�

w c QO f �DU�Q CUO VyH �Q f�c��� f�c� 	�

�s�t�v�t c QO f VyH �Q f�c��� f�c�� 	G

�CU� f �WyH �oDUw�B�v l� c s�� wo�t �OW��v QiY G���hr� QO xOW u��� Q�OktxU R� �m� x�oQy

�� Smooth
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a� b� Q� xDUw�B �a��D f s�vm �t ZQi 
���yp�QoDv� ��Q� u�ov��t Q�Okt� x��k ������

xm �Qw� x� OQ�O OwHw � � �a� b� x�kv x�ov� �OyO�tv Ctqa Q��eD 
a� b� Q� xm OW���a��D g w OW��

Z b

a

f�x�g�x�dx � f���

Z b

a

g�x�dx�

����� x� OwW �wHQ 	u�yQ�

�OOa u�vJty �OW�� �k�kL ��yOOa R� ��xr��vO �fang �xr��vO s�vm�t ZQi 
h� QaD �	����

�Ovm jOY u� Q� R �QW wO QO xm OW�� U Ovv�t �k�kL

�n � N Qo � xm �tUk x� OW�� xDW�O OwHw N Ovv�t �L�LY OOa �� � � Qy ��R� x� 	sm�

an � U � ��

xm �tUk x� OW�� n � m Ovv�t �L�LY OOa �xOW xO�O m � � w � � � Qy ��R�x� 	swO

an � U � ��

s�U� wv�t �xO�t�v fang ���q�� OL �Q U �CQwY u�� QO

U � lim sup
n��

an�

�OwW�t h� QaD Q� R CQwY x� fang ��v���B OL

lim inf
n��

an � � lim sup
n��

bn

�bn � �an �n Qy ��R�x� �u� QO xm

�� Integral mean�value �� Suprior limit �� Inferior limit
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�CQwY u�� QO �OW�� �k�kL ��yOOa R� ��xr��vO fang s�vm�t ZQi 
x��k ������

�lim inf
n��

an � lim sup
n��

an 	�

�w�Ut w �y�vDt wO Qy lim sup
n��

an w lim inf
n��

an xmCU� �Qoty �Dkw 	ki w �Dkw xr��vO u�� 	�

CQwY u�� QO xm�OvW��

lim
n��

an � lim inf
n��

an � lim sup
n��

an�

�Ovm�t u�Uwv fang s��wo �lim inf
n��

an 	� lim sup
n��

an �fang �xr��vO QO Qo � 	G

��	���
 x� OwW �wHQ 	u�yQ�

h� QaD Q� R CQwY x� �Q �v���B w ��q�� OL �y�t� x�wNrO ���D ��Q� u�wD�t ������� h� QaD x� xHwD ��

�OQm

lim sup
t��

y�t� � lim
t��


supfy�t�jt ��g��

lim inf
t��

y�t� � lim
t��


inffy�t�jt ��g��

�s� Q�o� Q�v QO �Q y�t� � sin t Qo � �p�Ft ��Q�

supfsin tjt ��g � �� inffsin tjt ��g � ���

u��Q��v�

lim sup
t��

y�t� � �� lim inf
t��

y�t� � ���

�OQ�O �Q�oR�U ������ x�
k 	�
 CtUk �� xm �OQ�Ov OwHw lim
t��

sin t s�v�O�t u�vJy

��x�kv pt�W p �o��Uty Qy x�oQy CU� E xawtHt �OL x�kv l� p x�kv 
h� QaD ������

�OQ�O s�v E ��yvD �x�kv l� p x�ou� OW��v E �OL �x�kv p w p � E Qo � �OW�� p R� Q�e q � E uwJ
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Q� R QO ��x�kv tk w OW�� 
a� b� R� R�Qi� l� p � fx�� � � � � xng s�vm�t ZQi 
h� QaD ������

T�p�DW� � u�t� Q �wtHt l� �Q s�p� f� �� �
nX

k��

f�tk���k pmW x� �wtHt Qy �OW�� 
xk��� xk� �xR��

�� �ULQ� f s�� wo � ��k � ��xk� � ��xk��� w CU� ��xrB �a��D � xm s�t�v�t � �UL Q� f

l� �� � � Qy ��R�x� xm OW�� xDW�O OwHw �oS� w u�� �� A Ovv�t �OOa xm �DQwY QO �OQ�O u�t� Q p�QoDv�
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