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1 ÛÊê
ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã�

.Ýþ¥�¢Â�üõ ,Ýþ¤�¢ ¥��÷ �ú÷� �� �ó�¨¤ ßþ� ¤¢ �î ü¨�¨� Óþ¤�ã� ø Ý�û�Ôõ ö��� �� �Àµ�� ÛÊê ßþ� ¤¢.´¨� ùÀª ù¢¤ø� ��±�� Âî£ öøÀ� Ýó ø ��Ìì À�� �úµ÷� ¤¢ ,Å³¨ü��õÀÖõ Óþ¤�ã� 1.1
:×þ¥¢��� Â�Æõ 1.1.1 ÓþÂã�ü µ ª� Ú ÷ ,x; y � Ì ä ø¢ ß � � Û¬�ø × þ¥¢� �� Â � Æ õ .À þÂ � Ú � Â Ñ ÷ ¤¢ �¤ X ×þÂ µ õ ý�Ì êÝ � ª� � � µ ª�¢ t; s 2 [0; r℄ Â û ý�Â � ø 
(0) = x ,
(r) = y � î ´ ¨� 
 : [0; r℄ �! X À � ÷� õ.d(
(t); 
(s)) = jt� sj.d(x; y) = r ø ´¨� ýÂµõø�þ� ×þ 
 ´ª�Ú÷ �î À��î ����Çþ�Þ÷ [x; y℄ �� �¤ ö� ,Àª�� ¢Âê �� ÂÊ½�õ Âð� ø À�õ�÷üõ x; y ß�� Û¬�ø üØþ¥¢��� �ãÎì �¤ 
 Âþ�Ê�.À�û¢üõö� ¤¢ �î ,Ý�û¢üõ Çþ�Þ÷ z = (1 � �)x � �y �¤�¬ �� �¤ z 2 [x; y℄ �ÎÖ÷ ,x; y 2 X Âû ý�Â�.d(z; y) = (1� �)d(x; y) ø d(x; z) = �d(x; y) ø � 2 [0;1℄1



2 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê
:×þ¥¢��� ý�Ìê 2.1.1 ÓþÂã�¢Âê �� ÂÊ½�õ ×þ¥¢��� �ãÎì ×þ ,ö� �ÎÖ÷ ø¢ Âû ß�� ù�ðÂû À�õ�÷ ×þ¥¢��� �¤ X ×þÂµõ ý�Ìê.Àª�� ¢���õ
:×þ¥¢��� ��Â� 3.1.1 ÓþÂã�¤�Ï �� �¤ M � X .Àª�� Âµõø�þ� [0;1) Í¡ Ý�÷ �� �î ´¨� X ¥� ý��ä�Þ¹õ Âþ¥ ,×þ¢��� ��Â� ×þ.Àª�±÷ üØþ¥¢��� ��Â� º�û Ûõ�ª ù�ðÂû À�õ�÷ ¤�À÷�Âî ×þ¥¢���

:�À½õ �ä�Þ¹õ Âþ¥ 4.1.1 ÓþÂã�¤¢ x; y ß�� Û¬�ø ×þ¥¢��� ��ãÎì ,x; y 2 A Âû ý�¥� �� ù�ðÂû À�õ�÷ �À½õ �¤ X ¥� A �ä�Þ¹õ Âþ¥.À�ª�� �µª�¢ ¤�Âì A
:�À½õ �fÀ�î� ×þÂµõ ý�Ìê 5.1.1 ÓþÂã�,x 6= y � î x; y; a 2 X ø r > 0 Â û ý�Â � ù� ðÂ û À � õ� ÷ �À½ õ �fÀ � î� �¤ × þ¥¢� �� ý�Ì ê ×þ�î ´¨� y ø x ß�� ù��¿ó¢ �ÎÖ÷ p ö� ¤¢ �î ,d(p; a) < r Ý�ª�� �µª�¢ ,d(y; a) 6 r ø d(x; a) 6 r.p 6= y ø p 6= x¢���õ ×þ¥¢��� �ãÎì ×þ �fÖ�ì¢ ,�À½õ �fÀ�î� ×þ¥¢��� ý�Ìê ×þ ¥� �ÎÖ÷ ø¢ Âû ß�� À��î ����.´¨�



3 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê:×þ¥¢��� ¶Ü·õ 6.1.1 ÓþÂã�×þ¥¢��� ��ãÎì ø (§��¤) �ÎÖ÷ 3 Ûõ�ª ,×þ¥¢��� ý�Ìê ×þ ¤¢ �(x1; x2; x3) ×þ¥¢��� ¶Ü·õ.Àª��üõ ÇÏ�Ö÷ ¥� ´Ô� Âû ß��À�÷�õ ü·Ü·õ ,� ×þ¥¢��� ¶Ü·õ ý�Â� �Æþ�Öõ ¶Ü·õ��(x1; x2; x3) := �( �x1; �x2; �x3)×þÂ µ õ e ö� ¤¢ � î ,e( �xi; �xj) = d(xi; xj) Ý �ª� � � µ ª�¢ 1 � i; j � 3 Â û ý�Â � � î ´¨� R2 ¤¢.´¨� R2 ü¨À�Üì�
:CAT (0) ý�Ìê 7.1.1 ÓþÂã�ø X ¤¢ � ×þ¥¢��� ¶Ü·õ Âû ý�Â� ù�ðÂû À�õ�÷ CAT (0) ý�Ìê �¤ X ×þ¥¢��� ×þÂµõ ý�Ìê.d(x; y) � e(�x; �y) Ý�ª�� �µª�¢ �x; �y 2 �� ø x; y 2 � Âû ý�Â� ��÷ ø ,R2 ¤¢ �� ö� �Æþ�Öõ ¶Ü·õCAT (0) ý�Ìê ×þ ,´±·õ�÷ ý��½÷� á�ãª �� Ûõ�î ø ù¢�¨ ,À�±Þû ü÷�Þþ¤ ÀÜÔ��õ Âû ñ�·õ ö���ä ��.(℄1[) ´¨�.(℄6[) ´¨� ×þ¥¢��� ¢Âê �� ÂÊ½�õ ¤�Ï �� CAT (0) ý�Ìê Âû´¨� CAT (0) ý�Ìê ×þ ,CAT (0) ý�Ìê ×þ ¥� �Ìê Âþ¥ Âû �î Àþ¢ ö���üõ ù¢�¨ ü¨¤Â� ×þ ��.Àª�� �À½õ Âð� �ú�� ø Âð�

:´¡¤¢ -R ý�Ìê 8.1.1 ÓþÂã�ù�ðÂû À�õ�÷ ´¡¤¢ -R �¤ X ×þÂµõ ý�Ìê,Àª�� ¢���õ [x; y℄ ¢Âê �� ÂÊ½�õ ×þ¥¢��� �b ãÎì ,x; y 2 X ¯�Ö÷ ¥� ´Ô� Âû ß�� .1,[y; x℄ [ [x; z℄ = [y; z℄ ù�ðö� ,[y; x℄ \ [x; z℄ = x �î x; y; z 2 X Âð�.2.[x; z℄ \ [x; y℄ = [x;w℄ �î Àª�� ¢���õ ö��� w 2 X ,x; y; z 2 X Âû ý�Â�.3



4 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê.´¨� ´¡¤¢ -R ×þ é�Âð �þÂÑ÷ ¤¢ ´¡¤¢ Âû ,ñ�·õ ö���ä ��1(üÜû) ´�¬�¡ ý�¤�¢ X �µÆ� ø �À½õ ý�û�ä�Þ¹õ Âþ¥ �þ�¢Âð ,Àª�� ´¡¤¢ -R ×þ X Âð�,À�ª�� üú��÷ øÀ�ø¢ í�Âµª� �� X �µÆ� ø �À½õ ý�û �ä�Þ¹õ Âþ¥ A1; ::::::; An Âð� ü�ãþ ,´¨�.A1 \A2 \ :::::: \An 6= ; ù�ðö�:�À½õ ×þÂµõ 9.1.1 ÓþÂã�À � õ� ÷ �À ½ õ �¤ d × þÂ µ õ ,¢Â ê � �Â Ê ½ � õ × þ¥¢� �� �� ã Î ì � � X × þ¥¢� �� ý� Ì ê ¤¢,d(x;m) = td(x; y)� î n 2 [u; v℄ ø m 2 [x; y℄ ,t 2 (0;1) ,u; v; x; y 2 X Â û ý�Â � ù� ðÂ ûÝ�ª�� �µª�¢ ,d(v; n) = (1� t)d(u; v) ø d(u; n) = td(u; v) ,d(y;m) = (1� t)d(x; y)d(m;n) � td(x; u) + (1� t)d(y; v):
:°þÂÖ� ßþÂµú� �ä�Þ¹õ 10.1.1 ÓþÂã��� E ¤¢ y 2 X ý�û °þÂÖ� ßþÂµú� �ä�Þ¹õ ,Àª�� X ×þÂµõ ý�Ìê ¥� ý� �ä�Þ¹õ Âþ¥ E Âð�¢�ªüõ ÓþÂã� Âþ¥ �¤�¬PE(y) = fz 2 E : d(z; y) = d(y;E)g;.d(y;E) = inffd(y; x);x 2 Eg ö� ¤¢ �î.Àª�� üú��÷ PE(y) ,y 2 X Âû ý�¥� �� ù�ðÂû À�õ�÷ ÂþÁ� °þÂÖ� �¤ E �ä�Þ¹õ.Àª�� ý�Ìä ×� PE(y) ,y 2 X Âû ý�¥� �� ù�ðÂû À�õ�÷ ÓÈ�±� �¤ E �ä�Þ¹õ.´¨� ÓÈ�±� ,CAT (0) ý�Ìê ×þ ¤¢ �µÆ� ø �À½õ �ä�Þ¹õ Âþ¥ Âû �î ùÀª ´���Helly1



5 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê:°þÂÖ� �ø¥ ßþÂµú� 11.1.1 ÓþÂã�Âð� .Àª�� üã��� À�� ×þ F : A �! 2B ø X ×þÂµõ ý�Ìê ¥� �ä�Þ¹õ Âþ¥ ø¢ B ø A À��î ­Âê(Àª��üõ dist(A;B) ö�Þû d(A;B) ö� ¤¢ �î) d(x; F (x)) = d(A;B) �î Àª�� ¢���õ ö��� x 2 A.À�õ�÷üõ F üã��� À�� °þÂÖ� ßþÂµú� �¤ x ù�ðö�
:üã�¨�� Â�è ý�ûüã��� À�� ø é¤øÀ¨ø�û ×þÂµõ 12.1.1 ÓþÂã�ý�Ìê ¤�À÷�Âî ø �µÆ� ý�û �ä�Þ¹õ Âþ¥ ýø¤ ,¢�ªüõ ù¢�¢ ö�È÷ H ¢�Þ÷ �� �î é¤øÀ¨ø�û ×þÂµõ¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� X ×þÂµõH(A;B) := maxfsupa2A d(a;B); supb2B d(A; b)g:Ý�ª�� �µª�¢ x; y 2 X ý�Â� ù�ðÂû À�õ�÷ üã�¨�� Â�è �¤ t : X �! X ´ª�Ú÷d(t(x); t(y)) 6 d(x; y):

Ý�ª�� �µª�¢ x; y 2 X Âû ý�Â� ù�ðÂû À�õ�÷ üã�¨�� Â�è �¤ T : X �! 2X üã��� À�� ß��»ÞûH(T (x); T (y)) 6 d(x; y); .´¨� é¤øÀ¨ø�û ×þÂµõ H ö� ¤¢ �î
:üã�¨�� Â�è �±ª ý�ûüã��� À�� 13.1.1 ÓþÂã�Âû ý�Â� Âð� Ý�õ�÷üõ (E ¥� üú��÷ �b ä�Þ¹õ Âþ¥ A) A �� ´±Æ÷ üã�¨�� Â�è �¤ f : E �! E ´ª�Ú÷: Ý�ª�� �µª�¢ y 2 A ø x 2 Ed(f(x); f(y)) 6 d(x; y):



6 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê.Àª��üõ üã�¨�� Â�è ´ª�Ú÷ ö�Þû f ,A = E Âð� �¤�¬ ßþ� ¤¢. Ý�õ�÷üõ üã�¨�� Â�è��±ª �¤ f ´ª�Ú÷ ,A = Fix(f) Âð�
:´ª�Ú÷ �îÂõ 14.1.1 ÓþÂã��îÂõ �¤ z 2 X �ÎÖ÷ .Àª�� X ¥� üú��÷ �ä�Þ¹õ Âþ¥ ×þ E ø CAT (0) ý�Ìê ×þ X À��î ­ÂêÝ�ª�� �µª�¢ x 2 X Âû ý�Â� ù�ðÂû À�õ�÷ t : E �! X ´ª�Ú÷d(z; t(x)) 6 d(x; z):.À�û¢üõ Çþ�Þ÷ Z(t) �� �¤ t´ª�Ú÷ �î�Âõ ��Þ� �ä�Þ¹õ.Z(t) 6= ; ø Àª�� �µ¨��� ù�ðÂû À�õ�÷ ´ª�Ú÷ -J ×þ �¤ t : E �! X

:2 ùÀ÷�ª Û¡�¢ �ä�Þ¹õ 15.1.1 ÓþÂã�z 2 A ¢Âê ��ÂÊ½�õ �Ìä ,x 62 A Âû ý�Â� ù�ðÂû À�õ�÷ ùÀ÷�ª Û¡�¢ �¤ X ý�Ìê ¥� A �ä�Þ¹õ Âþ¥Ý�ª�� �µª�¢ y 2 A Âû ý�Â� �î ý¤�Ï �� Àª�� ¢���õd(x; y) = d(x; z) + d(z; y):.À�õ�÷ A ¤¢ x ý¢ø¤ø �¤ z ,�¤�¬ ßþ� ¤¢�À½õ ø �µÆ� ,�û ´¡¤¢ -R ø Ûõ�î ×þ¥¢��� ý�û�Ìê ¤¢ ùÀ÷�ª Û¡�¢ ý�û �ä�Þ¹õ �î ùÀª ´���.À�µÆû,Ûõ�î ×þ¥¢��� ý�Ìê ×þ ¤¢ ùÀ÷�ª Û¡�¢ ý�û�ä�Þ¹õ �þ�¢Âð �î ´¨� ùÀª ù¢�¢ ö�È÷ ß��»Þû.´¨� üÜû ´�¬�¡ ý�¤�¢Gated set2



7 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê:�µÆ� ý�Èè� " 16.1.1 ÓþÂã��� ,À�û¢üõ Çþ�Þ÷ N"(A) �� �î �¤ A �µÆ� ý�Èè� " ,X ×þÂµõ ý�Ìê ¥� A üú��÷ �ä�Þ¹õ Âþ¥ ý�Â�¢�ªüõ ÓþÂã� Âþ¥ �¤�¬N"(A) := fx 2 X : d(x;A) < "g:
:ü����� �µ¨��� Ý�÷ üã��� À�� 17.1.1 ÓþÂã�ü��þ�� �µ¨��� Ý�÷ �¤ F : X �! 2Y üã��� À�� .À�ª�� ×þ��ó���� ý�Ìê ø¢ Y ø X À��î ­Âêö� ¤¢ �î ,Àª�� ¥�� X ¤¢ F�1(B) ,B � Y ¥�� �ä�Þ¹õ Âû ý�Â� ù�ðÂû À�õ�÷F�1(B) := fx 2 X : F (x) \B 6= ;g:
:üþ��� �µ¨��� Ý�÷ üã��� À�� 18.1.1 ÓþÂã�üþ��� �µ¨��� Ý�÷ �¤ F : X �! 2Y üã��� À�� .À�ª�� ×þ��ó���� ý�Ìê ø¢ Y ø X À��î ­Âê.Àª�� �µÆ� X ¤¢ F�1(B) ,B � Y �µÆ� �ä�Þ¹õ Âû ý�Â� ù�ðÂû À�õ�÷

:ü��þ�� �µ¨��� Ý�÷ �f±þÂÖ� üã��� À�� 19.1.1 ÓþÂã�üã��� À�� ×þ F : X �! 2Y ø ×þÂµõ ý�Ìê ×þ (Y; d) ,×þ��ó���� ý�Ìê ×þ X À��î ­Âêö��� x ¥� U(x) üÚþ�ÆÞû ,x 2 X ø " > 0 Âû ý�Â� ù�ðÂû À�õ�÷ ü��þ�� �µ¨��� Ý�÷ �f±þÂÖ� �¤ F .Àª��. Ty2U(x)N"(F (y)) 6= ; �î Àª�� ¢���õ



8 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê
:�À½õ �±ª ´ª�Ú÷ 20.1.1 ÓþÂã��±ª �¤ F : M �! 2X üã��� À�� .Àª�� X ´¡¤¢ -R ¥� �À½õ �ä�Þ¹õ Âþ¥ ×þ M À��î ­Âê.Àª�� �À½õ F�1(C) ,C � X �À½õ �ä�Þ¹õ Âû ý�Â� ù�ðÂû À�õ�÷ �À½õ

:ÂþÁ� Ëþ�ã� ý�û ´ª�Ú÷ 21.1.1 ÓþÂã�üã �� � À �� ø t : E �! E ´ª�Ú ÷ .Àª� � X ×þÂ µ õ ý�Ìê ¥� ý��ä�Þ¹õ Â þ¥ E À � � î ­Âêý�Â� ù�ðÂû À�õ�÷ ÂþÁ� Ëþ�ã� �¤ ,T (x) \E 6= ; ,x 2 X Âû ý�Â� �î ´�¬�¡ ßþ� �� T : E �! 2X.t(y) 2 T (t(x)) \E Ý�ª�� �µª�¢ y 2 T (x) \E ø x 2 X Âû
:ÂþÁ� Ëþ�ã� Ó�ã® ¤�Ï �� ý�û ´ª�Ú÷ 22.1.1 ÓþÂã�Ý�ª�� �µª�¢ x 2 X Âû ý�Â� ù�ðÂû À�õ�÷ ÂþÁ� Ëþ�ã� Ó�ã® ¤�Ï �� �¤ T ø f ý�û ´ª�Ú÷f(�XT (x)) � T (f(x));.´¨� X �� ´±Æ÷ Y ¥Âõ ¢�Þ÷ �XY ö� ¤¢ �î

:ü®�±Ö÷� ´ª�Ú÷ 23.1.1 ÓþÂã�À�õ�÷ ü®�±Ö÷� �¤ f : E �! X ´ª�Ú÷ .Àª�� X ×þÂµõ ý�Ìê ¥� ý��ä�Þ¹õ Âþ¥ E À��î ­ÂêÝ�ª�� �µª�¢ x; y 2 E Âû ý�Â� �î Àª�� ¢���õ ö��� k 2 (0;1) ù�ðÂûd(f(x); f(y)) 6 kd(x; y):.´¨� üã�¨�� Â�è ,ü®�±Ö÷� ´ª�Ú÷ Âû �î À��î ����



9 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê
:�ä�Þ¹õ ×þ Çª�� 24.1.1 ÓþÂã�:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ M Çª�� ,X ×þÂµõ ý�Ìê ¥� M �ä�Þ¹õ Âþ¥ ý�Â�COVX(M) :=\� fB� � X : Àª�� �µÆ� ý�ð ×þ B� ø M � B�g:

:CN �ó¢�ãõ�÷ 25.1.1 ÓþÂã�ßþ� ¤¢ .Àª�� [y1; y2℄ �ãÎì ü÷��õ �ÎÖ÷ y0 ø x; y1; y2 2 X ,CAT (0) ý�Ìê ×þ X À��î ­Âêýø�Æõ�÷ ,�¤�¬d(x; y0)2 6 12d(x; y1)2 + 12d(x; y2)2 � 14d(y1; y2)2.À�õ�÷üõ CN �ó¢�ãõ�÷ �¤.(℄6[)À�î ëÀ¬ CN �ó¢�ãõ�÷ ¤¢ Âð� �ú�� ø Âð� ´¨� CAT (0)×þ¥¢��� ý�Ìê ×þ �î ùÀª ´���
:ü÷ø ¤¢ �ä�Þ¹õ 26.1.1 ÓþÂã�M ü÷ø¤¢ �ä�Þ¹õ ,m 2M Âû ý�Â� .Àª�� X Ûõ�î ´¡¤¢ - R ¥� �ä�Þ¹õÂþ¥ ×þ MÀ��î ­Âê¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� ø ù¢�¢ Çþ�Þ÷ IM (m) �� �¤ m �ÎÖ÷ ¤¢IM (m) := ([f(m; y℄; (m; y℄ \M 6= ;g) [ fmg:G �� ´±Æ÷ ü÷ø¤¢ Ó�ã® ¤�Ï �� �¤ F ,À�ª�� üã��� À�� ø¢ F : M �! 2X ø G : M �! 2M Âð�.F (m) \ IM (y) 6= ; Ý�ª�� �µª�¢ y 2 G(m) ø m 2M Âû ý�Â� ù�ðÂû À�õ�÷



10 ü¨�¨� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê:ö¤�Ö� �îÂõ ø á�ãª 27.1.1 ÓþÂã�x 2 X Âû ý�Â� .Àª�� X ¤¢ ¤�À÷�Âî �ó�±÷¢ ×þ (xn) ø Ûõ�î CAT (0) ý�Ìê ×þ X À��î ­ÂêÀ��î ÓþÂã�r(x; (xn)) := lim n!1 supd(x; (xn)):¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� ,À�û¢üõ Çþ�Þ÷ r((xn)) ¢�Þ÷ �� �î � ¤ (xn) ö¤�Ö� á�ãªr((xn)) := inffr(x; (xn));x 2 Xg:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� ,À�û¢üõ Çþ�Þ÷ A((xn)) ¢�Þ÷ �� �î �¤ (xn) ö¤�Ö� �îÂõA((xn)) := fx 2 X; r(x; (xn)) = r((xn))g:
�ó�±÷¢ ×þ fxng ø X ¥� �À½õ ø �µÆ� �ä�Þ¹õ Âþ¥ ×þ C Âð� �î ùÀª ´��� ℄10[ 1.1.1 ÂîÁ�.¢¤�¢ ¤�Âì C ¤¢ fxng ö¤�Ö� �îÂõ ù�Ú÷� ,Àª�� C ¤¢ ¤�À÷�Âî

:�ÂÚÞû -� �ó�±÷¢ 28.1.1 ÓþÂã�ü±÷�¹õ �îÂõ x ,(xn) ¥� (un) �ó�±÷¢ Âþ¥ Âû ý�Â� ù�ðÂû À�õ�÷ x 2 X �� �ÂÚÞû -� �¤ (xn) �ó�±÷¢.À�õ�÷üõ (xn) À� -� �¤ x ø �� lim(xn) = x Ý�Æþ�÷üõ ´ó�� ßþ� ¤¢ .Àª�� (un) ¢Âê �� ÂÊ½�õ� î À ª� � X ¤¢ � ó� ± ÷¢ × þ (xn) Â ð� ü � ã þ ,´ ¨� 3(ñ� � ��e) ü ðÄ þø ý�¤�¢ CAT (0) ý�Ì ê Â û.limn supd(xn; x) � limn supd(xn; y) Ýþ¤�¢ ,y 6= x �î y 2 X Âû ý�Â� ù�ð ö� ,�� limxn = xOpial3


