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ùÀþÀ� ¥� �î ,¢¢Âð üõ ë�Ï� ý¥�¨ ��±ª ý�û Ýµþ¤�Úó� ¥� ý� ù¢¤ �� �ó¤�î ´÷�õ ,üÞÜä ¶��±õ¤¢
ý�û �÷�Þ÷ À�ó�� ,�ó¤�î ´÷�õ Óî¤�õ Â�¹÷¥ ©ø¤ üþ��� Âþ¥ ý ùÀþ� .À��î üõ ýøÂ�� ö¢�� üê¢�Ê�
ý�÷�õ âþ¥�� �î Óî¤�õ Â�¹÷¥ ×þ À�ó�� ý �Î¨�ø�� �Âµõ�¤�� ý�Â� ÂÑ÷ ¢¤�õ ß�Æ� âþ¥�� ¥� ü±þÂÖ�
Í¨��¤�� ß�µÆ¿÷ ù��ª ßþ� .Àª�� üõ ´¨� ü¨¤Â� ¢¤�õ ý�ÜÿÆõ¤¢ ÂÑ÷ ¢¤�õ ß�Æ� âþ¥�� ö�Þû ö�
ñ�� ßµêÂð Âì Ë½õ �� �î �î�þ �� Çþ�Þä �ì�ä Â���b� ´½� 3ô��þ) 2 ýø ö�¤�ØÞû ø 1 Å�Ü�øÂµõ
,�î ´¨� Âî£ �� ô¥�.´ª�Áð ©ø¤ ßþ� ýø¤ Â� �¤ ô�÷ ßþ� ,¢Âî üõ éÂÊõ �ó¤�î ´÷�õ �÷�¡¤�Þì ¤¢ �¤ ö�
ù¢�Ôµ¨� ý¢�þ¥ Û��Æõ ý�Â� ý¤�õ�ýÂ�ð �÷�Þ÷ ¥� 1930 ñ�¨¤¢�î ,¢�� üÆî ß�óø� üõÂê �ØþÂ÷� ö�ÀØþÃ�ê
ö�µõ¤¢ (.´ª�Áð Â���� Àª �ÂÎõ�fÀã� �î ü¹þ�µ÷ ´½¬¤¢ ÍÖê ÀÈ÷ ÂÈµ�õ Çþ�úªø¤ ÃðÂû�õ� .¢Âî üõ
ö� ¤¢ �õ� ,Àþ¢Âð �ÂÎõ (,¢�� üÞ�� °Þ� ´¡�¨ ù¤��¤¢ �î) ßúµ�õ ýÂ¨ù¦øÂ�¤¢ ý¢���� ��¤£ ×þÃ�ê

.¢�±÷ ¢���õ Ýµþ¤�Úó� ý�Â�� ¤�Ñ�õ ��¥��÷ ¢¤�õ ��±¨�½õ ô�¹÷� ý�Â� ô¥� üØ��Ø� ý�ú���÷��� ö�õ¥
Â�¹÷¥ À�ó�� ¤¢ ©ø¤ ß�óø� ù��ª ßþ� ,¢Âî Ó�¬�� �¤ Å�Ü�øÂµõ¤�úÈõ Ýµþ¤�Úó� Å�Ü�øÂµõ 1953 ¤¢
4 ÅÚ��µÆû Å�Ü� øÂµõ Ýµþ¤�Úó� ô�÷ �� Ýµþ¤�Úó� ßþ�¥�üÞ�Þã�1970 ñ�¨¤¢�ûÀã� ,¢���ó¤�î ´÷�õ Óî¤�õ
´÷�õ Óî¤�õ Â�¹÷¥ ý�úªø¤ ¥� ù¢�Ôµ¨� �� ö�÷�¢¤�õ� Çþ�Âð °��õ �î ,Àþ¢Âð ���¤� 5 ÅÚ��µÆû Í¨��

.Àª �ó¤�î
üþ�ÂÚÞû ,¢Â�ð üõ ¤�Âì ���� ¢¤�õ � ó¤�î ´÷�õ Óî¤�õ ý�û Â�¹÷¥ ¤¢ �î üÞúõ Û��Æõ ¥� üØþ
ü��þ¥ ¤� ý�Â� üÔÜµ¿õ ý�úªø¤ .Àª�� üõ ýÂ�ð �÷�Þ÷ ý�û Ýµþ¤�Úó� �Ü�¨ø �� ùÀª À�ó�� ý�û�÷�Þ÷
�� ,´¨� ùÀÈ÷ ´ê�þ À�î ÛÞä ´¨¤¢ ¢¤��õ �Þû ¤¢ �î üªø¤ ¥��û �õ� ,¢¤�¢ ¢��ø �û �÷�Þ÷ üþ�ÂÚÞû
Óî¤�õ ý�û Â�¹÷¥ üþ�ÂÚÞû ü��þ¥ ¤� ý�Â� �î üÔÜµ¿õ ý�úªø¤ ö��õ ¥� �õ�÷ ö�þ�� ßþ� ¤¢ ¤�Ñ�õ ß�Þû
á�Þ¹õ ,í��ð ,¥��ó ø ýÂµê¤ ,À�ÜØþ�õ ø �þ ,ß��ø ¤ ø ßÞÜð ©ø¤ Çª �Æþ�Öõ �� ¢¤�¢ ¢��ø �ó¤�î ´÷�õ

.Ýþ¥�¢ Â� üõ ý��÷�Þ÷ Âþ¥ ø ö�Þþ¤
,Ý�û¢ üõ ���¤� ö� ý�ú�ðÄþø ø Óî¤�õ ý�ûÂ�¹÷¥ ¢¤�õ ¤¢ ü��õÀÖõ �Àµ�� �õ�÷ ö�þ�� ßþ� ñø� ÛÊê ¤¢

Metropolis1

Stanisla(Stan)Ulam2

Ulam3

Metropolis-Hastings Algorithm4

Hastings5



üþ�ÂÚÞû ¶½±õ �� ø ,ù¢Âî üêÂãõ �¤ ýÂ�ð �÷�Þ÷ ý�û Ýµþ¤�Úó� ø �ó¤�î ´÷�õ Óî¤�õ ý�û Â�¹÷¥ Å³¨
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1 ÛÊê

�ó¤�î ´÷�õ Óî¤�õ Â�¹÷¥ ù¤��¤¢ ü��õÀÖõ
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�õÀÖõ

��ª� �¤�Þª�÷ ´ó�� ý�Ìê ¤¢ Óî¤�õ Â�¹÷¥ø 1 üê¢�Ê� À�þ�Âê ÓþÂã� �� �Àµ�� ÛÊê ßþ� ¤¢
ö� ¥� Àã�ø ,¢Âî Ý�û��¡ ö��� ÂÊµ¿õ ¤�Ï �� �¤ Óî¤�õ Â�¹÷¥ ý�û üðÄþø Å³¨ ,Àª Ý�û��¡
ö�þ�� ¤¢ ,¢Âî Ý�û��¡ ö��� �¤ ýÂ�ð �÷�Þ÷ ý�û Ýµþ¤�Úó�ø �ó¤�î ´÷�õ Óî¤�õ Â�¹÷¥ ¶��±õ
,[16] ,[15] ,[14] ,[2] ,[1] â��Âõ ¥�.¢�¢ Ý�û��¡ ¤�Âì ü¨¤Â� ¢¤�õ �¤ ö�ú�� Óî¤�õ ý�úóÀõ
ùÀª ù¢� Ô µ¨� ÛÊê ßþ� °ó�Îõ ö� � � ¤¢ [32] ø [31] ,[30] ,[29] ,[28] ,[20] ,[19] ,[18]

.´¨�

ü��õÀÖõ ñ�Þµ�� ø ù¥�À÷� 1.1

¤¢ ý� �÷�Þ÷ ý�Ìê ö���ä ���¤ 
 �ä�Þ¹õ �î ,À�ª�� ù��¿ó¢ üþ�û �ä�Þ¹õ T ø 
 À��îÂê
Âþ¥ ¥��¤�Þª �ä�Þ¹õ ×þ�Ü�¨ø �� ùÀª À�ó�� ö�À�õ� � , F Ý��î üõ Âê ñ�� , ÝþÂ�ð üõ ÂÑ÷
ö�À�õ� � �� ´±Æ÷ üê¢�Ê� ýÂ�çµõ Xt : 
 �! R ,t 2 T Âû ý�¥� �� øÀª�� 
 ý�û �ä�Þ¹õ

.Ý�õ�÷üõ X ý�Â� ýÂþÁ� ù¥�À÷� ý�Ìê �¤ (
;F) �¤�¬ ßþ� ¤¢, Àª�� F
ù¥�À÷� â���� �¤ f; g; h; � � � â���� ø ,Ý�û¢ üõ ö�È÷ A;B;C; � � �ï¤Ã� éøÂ��� �¤ �û Àõ�È��

.Ý��î üõ ÓþÂã� F ö�À�õ� � ýø¤ ¤�ÀÖõ üÖ�Ö� ÂþÁ�

üê¢�Ê� À�þ�Âê 2.1

,´¨� (
;F ; P )´ó�� ý�Ìê ýø¤ fXt(!); t 2 T g ��Àû�Èõ ¥� ý��ä�Þ¹õ üê¢�Ê� À�þ�Âê
� ä� Þ¹õ ! 2 
 Â û ý�Â � .´¨� ¯� ± �¤�¤¢ 
 � �øÀ � î üõù¤� ª�â þ� ìø °� �Â � � � t ÅþÀ ÷�� î
.Ý�þ�ð üõ À�þ�Âê ý� �÷ �Þ÷ Â�Æõ�þ ÕÖ½� ,´¨� R ¥� ý� �ä�Þ¹õ Âþ¥ �î �¤ fXt(!) : t 2 T g

üê¢�Ê� À�þ�Âê ¤¢ üÜ¬� ¶��±õ 1.2.1

.´¨� ´¨¢ ¤¢ fXt : t � sg �ä�Þ¹õ �¤�¬ �� S ö�õ¥�� ��ä�Ï� �ä�Þ¹õ :ü��� Ç��.1
üê¢�Ê� ý�û À�þ�Âê ¶��±õ ¤¢ �¤ �ÜÿÆõ ßþ� .Ý��î ¢¤ø�Â� �¤ Xt , t > s ý�¥� �� Ý�û��¡üõ

.À�þ�ð üõ ü��� Ç��
�� üê¢�Ê� �� ÓÜµ¿õ ý�úµÜä ��À�þ�Âê ý�Â� ùÀõ� ´¨¢ �� ��ä�Ï� °Üè� :Çþ���.2
Û¬�� ü���µ¡� �þ �Î¡ �� ù�ÂÞû ´¨� ßØÞõ ��ä�Ï� ßþ�Àª�±÷ Õ�ì¢ ´¨� ßØÞõ üê¢�Ê� Â�è

Stochastic Proces1

2



Âê Õ�ì¢ �¤�±ä �� .À�þ�ð Çþ����¤ ��ä�Ï� ¥� �úó�µ¡� �þ �Î¡ ßþ� ö¢Âî�À� .À�ª�� ùÀª
À�þ�Âê ´¨� ùÀª Û¬�� ùÀû�Èõø ýÂ�ð ù¥�À÷�Â �� Â � �î �»÷�øÀª�� fXtg üãì�øÀ�þ�Âê Ý��î
fYs : s � tg Âþ¢�Öõ �ä�Þ¹õ ùÀû�Èõ ×Þî �� Xt ¢¤ø�Â�Àª�� Yt = Xt +Nt ö� ¤¢ �î fYtg
. Ý��î ¢¤ø�Â� fYs : s � tg ��ä�Ï� ßµª�¢���¤ Xt Ý�û��¡ üõ Ý�þ�ð üõ fYtg À�þ�Âê Çþ����¤

Óî¤�õ Â�¹÷¥ 3.1

Xt üÏÂª âþ¥�� Âð� ´¨� Óî¤�õ üðÄþø ý�¤�¢ fXt : t = 1; � � � ; ng ý�ûÂ�çµõ ¥� �ä�Þ¹õ ×þ
�� .Àª���µÆ��ø Xt�1 ü�ãþ ©� üÜ±ì ùÀû�Èõ ���ú�� X1; � � � ; Xt�1 üÜ±ì ��Àû�Èõ ¯Âª ��
ý¤�¬ ����Î¬� �� .´¨� �µÆ��ø ñ�� �� �ú�� �µªÁð ø ñ�� ¯Âª �� ùÀ�þ� âþ¥�� ÂÚþ¢ �¤�±ä

Ý�ª�� �µª�¢ A À�÷�õ Àõ�È�� Âû Ǳ�¥� �� ù�ðÂû Ý�þ�ð Óî¤�õ �¤ À�þ�Âê ×þ

P (Xt 2 A j X0; � � � ; Xt�1) = P (Xt 2 A j Xt�1): (1� 1)

ñ�Öµ÷� �µÆû 1.3.1

¤¢ À�ª�� Â�¹÷¥ ´ó�� ý�Ìê ¥� ´ó�� ø¢ y ø x ,Óî¤�õ Â�¹÷¥ ×þ fXt : t � 0g À��îÂê
�� x ´ó�� ¥� Óî¤�õ Â�¹÷¥ ñ�Öµ ÷� ñ�Þµ�� �¤ P (x; y) : 
 � 
 �! [0;1] â�� � �¤�¬ ßþ�
ÓþÂã� Óî¤�õ Â�¹÷¥ 1ñ�Öµ÷� �µÆû �¤ K(x;A) : 
� F �! R â��� .Ý��î üõ ÓþÂã� y ´ó��
ö�Øõ Â��ç� Â� K(x;A)â��� .´¨� ñ�Þµ��¤�µ¡�¨ Ó�¬�� ý�Â� üÜî ÝÆ�÷�Øõ ×þ �î ,Ý��îüõ
×þ K(x;A)�î ´¨� ü�ãõ ßþÀ� ßþ� .À�î üõ �¤�Ñ÷ ÂÚþ¢ ö�Øõ �� ü÷�Øõ ¥� Óî¤�õ Â�¹÷¥
×þ .À�î üõ ÓþÂã� A 2 F�ä �Þ¹õ ´ó�� ý�Ìê ¤¢ x ¯�Ö÷ �Þû ý�Â� �¤ ñ�Þµ��ù¥�À÷�

:´¨� Âþ¥ ý�û üðÄþø ý�¤�¢ ñ�Öµ÷��µÆû

K(x;A) =
Z
A
K(x; dy);

�î

K(x; dy) = p(x; y)dy + r(x)Æx(dy); (2� 1)

ñ�Þµ�� r(x)ø y ´ó�� �� x ´ó�� ¥� ñ�Öµ÷� ñ�Þµ�� P (x; y) ,P (x; x) = 0ñ�Öµ÷� â��� ßþ� ¤¢
:Ýþ¤�¢ ßþ�Â���� .´¨� x ´ó�� �� x ´ó�� ¥� ñ�Öµ÷�

Transition Kernel1

3



Æx(dy) =

(
1 x 2 dy;
0 o:w:

ø

r(x) = 1�
Z


p(x; y)dy:

�î ÝþÂ�ð üõ �¹�µ÷ ë�ê ��¢�ãõ ¥�

K(1)(x; dy) = K(x; dy); Kn(x;A) =
Z


K(x; dy)K(n�1)(y; A):

üµ þ¢øÀ½ õ � ÷� ð º � û ùÂ � ç µ õ À � � ´ ó� � � � ùÂ � ç µ õ × þ ´ ó� �¥�� ÷� Þ ÷ ý�Ì ê � ã ¨� �
´ó�� ý�Â��¤ Óî¤�õ üðÄþø ö��� üõ üµ��¤ �� �ØÜ� .¢�ª üÞ÷ Û��ì Óî¤�õ üðÄþø ý�Â��¤
f(X(i)

1
; X

(i)
2
; � � � ; X(i)

n ); i = 1; � � � ; mg ,À � � î ÂêÂÚ þ¢ �¤� ±ä� � ,¢Âî ö� � �Ã � ÷ùÂ � ç µõÀ��
ý�¤�¢ � ä� Þ ¹ õ ß þ� À ª� � ýÀ ã � n ý�Ì ê × þ¤¢ ü ê¢� Ê � ý� û¤�¢Â �¥� � ä� Þ ¹ õ × þ
ü Ü ± ì ��À û� È õ ¯Â ª � � (X(i)

1
; X

(i)
2
; � � � ; X(i)

n ) ü ÏÂ ª â þ¥� �Â ð� ´ ¨� Ó î¤� õ ü ðÄ þø
ü�ã þ ©� üÜ ± ì ùÀû�Èõ � � �ú � � (X(i�1)

1
; X

(i�1)
2

; � � � ; X(i�1)
n ); � � � ; (X(1)

1
; X

(1)
2
; � � � ; X(1)

n )

.Àª�� �µÆ��ø (X(i�1)
1

; X
(i�1)
2

; � � � ; X(i�1)
n )

Óî¤�õÂ�¹÷¥ ý�û üðÄþø 4.1

¢¤ø�Â� ý�Â� À�Ôõ ¸þ�µ÷ ö¢¤ø� ´¨À� ´ú� ù¥�À÷� ý�Ìê ø Óî¤�õÂ�¹÷¥ ý�û üðÄþø ¥� ü¡Â�
ù�ÂÞû �ûüðÄþø ßþ� ¥� ü¡Â� ��Âþ¥ Ç¿� ¤¢ Û�ó¢ ß�Þû �� .À÷Â�ð üõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ý¤�õ�

. Ý��î üõ ù¤�ª� ýÂÊµ¿õ ��½�®�� ��

�£��ø �µÆ� ý�û �ä�Þ¹õ 1.4.1

ý� �÷�Þ÷ ý�Ìê ¤¢ ýÀõ�È�� ø üú��÷ ý��ä�Þ¹õ A ø Óî¤�õ Â�¹÷¥ ¥� üµó�� xÀ��î Âê
¢���õ ×þ�� ýø�Æõ �þ Âµð¤Ã� ý n ù�ðÂû ´¨� x ´ó�� §Âµ¨¢ ¤¢ A �ä�Þ¹õ Ý�þ�ð ,Àª��
x ´ó�� ¥� �Ü�Âõ üû��µõ ¢�Àã� ¤¢ Ý�÷��µ� ,ÂÚþ¢ �¤�±ä �� .Kn(x;A) > 0 ,�î üÞÆì �� Àª��

,n � 1Âû Ǳ�¥� ��ù�ðÂû ´Æ�÷ x ´ó�� §Âµ¨¢ ¤¢ A �ä�Þ¹õø ,Ýþ�ª A �ä�Þ¹õ ¢¤�ø

Kn(x;A) = 0: (3� 1)

4



A �ä�Þ¹õ §Âµ¨¢ ¤¢ Ac �ä�Þ¹õ ù�ðÂû ,Ý�þ�ð 1�µÆ� K ñ�Öµ÷� �µÆû ý�Â��¤ A �ä�Þ¹õ
�û¢�Þ÷ ö��¥ �� .Àª�±÷

8x 2 A; 8n � 1 Kn(x;Ac) = 0: (4� 1)

,x 2 AÂû Ǳ�¥� ��ù�ðÂû ,Ý�þ�ð 1�£�� K ñ�Öµ÷� �µÆû ý�Â��¤ A �ä�Þ¹õ

K(x;A) = K(x;
) = 1: (5� 1)

ö�Øõ� ßþ� ü�ãþ ,´¨� ö� ö¢�� �µÆ� ¯Âª ¥� Â�¢øÀ½õ �ä�Þ¹õ ×þ ö¢�� �£�� ¯Âª ßþ�Â����
ßØÞõ �Âþ¥.Àª�±÷ �£�� Íþ�Âª ö�Þû ´½� �õ� Àª�� �µÆ� üÎþ�Âª ´½� �ä�Þ¹õ ×þ �î ´¨�

, x 2 A ¥� üÌã� ý�Â� ´¨�

K(x;A) = K(x;
) 6= 1: (6� 1)

üõ �µÆ� �ä�Þ¹õ ×þ .´Æ�÷ �£�� üóø ´¨� �µÆ� ý� �ä�Þ¹õ A �î Àû¢ üõ ö�È÷ ßþ�
�ä�Þ¹õ Âþ¥ ý�Þû �f õ�î �£�� ´ó�� ¤¢ �õ� ,Àª�� �µª�¢ §Âµ¨¢ Û��ì Â�è�ä�Þ¹õ Âþ¥ ,À÷���

.À÷ÂÚþÀØþ §Âµ¨¢ ¤¢ ø ��¤¢�� ö� ý�û

ýÂþÁ��÷ Ûþ�½� 2.4.1

�ÎÖ÷ Âû �� ö��µ� A ¤¢ ¯�Ö÷ ¥� üþ� �ä�Þ¹õ �þ �ÎÖ÷ Âû ¥� Âð� ,´¨�2ÂþÁ��÷ Ûþ�½� A �ä�Þ¹õ
Óî¤�õ Â�¹÷¥ ×þ ,ÂÚþ¢ �¤�±ä �� .À�¨¤(´±·õ ñ�Þµ�� ��)A ¤¢ ¯�Ö÷ ¥� ÂÚþ¢ �ä�Þ¹õ �þ ÂÚþ¢

.À�ª�� ÂÚþÀØþ §Âµ¨¢ ¤¢ ö� ���� ô�Þ�Âð� ,´¨� ÂþÁ��÷ Ûþ�½�

ü�ÚÞû 3.4.1

�µÆ��ø n ¤�ÀÖõ �� �Ü�Âõ ßþ� ¤¢ ñ�Öµ÷� ñ�Þµ�� ù�ðÂû ,Ý�þ�ð n �Ü�Âõ ¤¢ 3ßÚÞû�¤ üÔî¤�õ Â�¹÷¥
.Àª�±÷

ý�ù¤ø¢ 4.4.1

�ú÷� ý�¥��� �î ,´¨� n üã�±Ï ¢�Àä� íÂµÈõ ��Üä ô�ÆÖõ ßþÂµð¤Ã�Â��Â � x ´ó�� ý�ù¤ø¢
dx > 1 Âð�ø ý�ù¤ø¢�÷ x ´ó�� dx = 1 Âð� .Ý�û¢ üõ ö�È÷ dx ¢�Þ÷���¤ x ý�ù¤ø¢ .K(n)

xx > 0

Closed Set1

Absorbing Set1

Irreducible2

Homogeneity3

5



x �¹�µ÷ ¤¢ø dx = 1 ù�ð ö� Kxx > 0 Âð� �î ´¨� üúþÀ� .Ý�õ�÷ üõ dx ù¤ø¢�� 4ý�ù¤ø¢�¤ ö�
.´¨� ý�ù¤ø¢�÷

. ��Ìì .1.1 J

ù�Ú÷� x ! y ø À�ª�� Óî¤�õ Â�¹÷¥ ×þ ¥� ´ó�� ø¢ y ø x Âð�

dx = dy:

�.À��î�ã��Âõ [28] ��:ö�ûÂ�

ý�ù¤ø¢ Â�¹÷¥ ���� ¥� üØþ ù�ðÂû ,Ý�þ�ð ý�ù¤ø¢ �¤ ýÂþÁ��÷ Ûþ�½� Óî¤�õ Â�¹÷¥ ßþ�Â����
���� ¥� üØþ ù�ð Âû ,Ý�þ�ð ý�ù¤ø¢�÷�¤ ýÂþÁ��÷ Ûþ�½� Óî¤�õ Â�¹÷¥ .Àª�� (dx > 1; x 2 
)

.Àª�� (dx = 1; x 2 
) ý�ù¤ø¢�÷ Â�¹÷¥

´±·õ üµÈð¥��ø üµÈð¥�� ý�û �ä�Þ¹õ 5.4.1

A � ä� Þ ¹ õ ,À ª� � ý�� ÷� Þ ÷ ý�Ì ê ¤¢ ýÀ õ� È � � ø ü ú �� ÷ ý�� ä� Þ ¹ õ A À � � î Â ê
�Àõ¥� Å� x ´�ã®ø �� ´Èð¥�� ñ�Þµ�� x ´�ã®ø¥� áøÂª��Âð� ÍÖêø Âð� ,Ý�þ�ð1üµÈð¥���¤
üµÈð¥�� Â�¹÷¥ ßþ� ���� ô�Þ� ù�ðÂû ,Ý�þ�ð üµÈð¥���¤ üÔî¤�õÂ�¹÷¥ .Àª�� 1 üû��µõ ö�õ¥
À÷�õ üõ�¹÷� ,À�î üõ�À�� ñ�Öµ÷� üµÈð¥�� ´ó�� �� üÔî¤�õ Â�¹÷¥ üµìø ,ÂÚþ¢ �¤�±ä �� .À�ª��

.À�î üõ ��ì�õ �È�Þû ý�Â�ø�û¤���¤ üû��µõ�÷ �ä�Þ¹õ Âþ¥ Âûø
,ÀÈî üõ ñ�Ï �î üÜ��Â õ ¢�Àã � À � õ� Â ð� ,Ý � þ� ð 2´±·õ üµÈð¥� ��¤ üÔî¤� õ Â �¹ ÷¥
Óî¤�õ Â�¹÷¥ .Àª�� üû��µõ À�î ��ì�õ ù¤��ø¢ �¤ (üú��÷ A,A 2 
)A üµÈð¥�� �ä�Þ¹õÂ�¹÷¥��
�ä�Þ¹õÂ�¹÷¥�� ,ÀÈî üõ ñ�Ï �î üÜ��Âõ ¢�Àã� À�õ� Âð� ,Ý�þ�ð ��� üµÈð¥���¤ üµÈð¥��

.Àª�� (1) üû��µõ�÷ À�î ��ì�õ ù¤��ø¢�¤ (A 2 
)A üµÈð¥��

�¤Áð ý�û �ä�Þ¹õ 6.4.1

,À ª� � ý� � ÷� Þ ÷ ý�Ì ê ¤¢ ýÀ õ� È � � A ø Óî¤� õ Â � ¹ ÷¥ × þ fXt : t � 0g À � � î Â ê
â��� IXt2A ö� ¤¢ �î .Ý��î üõ ÓþÂã� ,�A =

P1
n=1 IXt2A �¤�¬ �� �¤ A ¤¢ �ú��ì�õ ¢�Àã�

Period4

Recurrence1

Positive Recurrence2
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,¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �î ´¨�ÂÚ÷�È÷

IXt2A =

(
1 Xt 2 A
0 o:w:

.¢Âî ÓþÂã� A ¤¢ �ú��ì�õ ¢�Àã� À�õ� °Æ�Â� ,ö��� üõ �¤ üµÈð¥�� ø 1�¤Áð ý�û �ä�Þ¹õ
,x 2 A Âû Ǳ�¥� �� �î üÞÆì �� Àª�� ¢���õ M üÖ�Ö� ¢ÀäÂð� ,´¨�¤Áð A �ä�Þ¹õ

E[�A] �M: (7� 1)

. E[�A] =1 ,x 2 A Âû Ǳ�¥� �� Âð� ,´¨� üµÈð¥�� A �ä�Þ¹õ
,À ª� � K(x;A) ñ� Ö µ ÷� � µ Æ û� � ýÂ þÁ �� ÷ Û þ� ½ � Ó î¤� õ Â � ¹ ÷¥ Xt À � � î Â ê
Û þ� ½ � Ó î¤� õ Â � ¹ ÷¥�¤ ö� ,À ª� � ùÀ ª Ó þÂ ã �( ü µ È ð¥� �)�¤Á ð � ä� Þ ¹ õ ýø¤ XnÂ ð�

.Ý�þ�ð(üµÈð¥��)�¤ÁðÂþÁ��÷

üþ�÷�õ 7.4.1

Â�¹÷¥ �Ø�þ� ñ�Þµ�� �î ,Ý�û¢ üõ ö�È÷ P (x; y) �� �¤ ñ�Öµ÷� ñ�Þµ�� Àª ö��� �f ±ì �î ¤�Î÷�Þû
.À�î üõ �±¨�½õ �¤ ,¢øÂ� y ù��¿ó¢ �ÎÖ÷ �� x ù��¿ó¢ �ÎÖ÷ ¥� Àû��¿� Óî¤�õ
.À�î ëÀ¬ Ûþ£ Íþ�Âª¤¢ù�ðÂû ,Ý�þ�ð Óî¤�õ Â�¹÷¥ 2ý�÷�õ âþ¥���¤ �(x)P

x �(x)P (x; y) = �(y): (8� 1) �µÆÆð ´ó�� ý�ÌêR
�(x)P (x; y)dx = �(y): (9� 1) �µ¨��� ´ó�� ý�Ìê

�¤�¬ �� ý� �Ü�Âõ ¤¢ À� þ�Â ê â þ¥� � Âð� . � = �P ÝþÂ�ð üõ �¹�µ ÷ ë�ê ��¢�ãõ¥�
�¤� ± ä � � .¢� � À � û�� ¡ â þ¥� � ß � Þ û ý�¤�¢Ã � ÷� û xt ô� Þ � Å � ö�¥� ,À ª� � â þ¥� � ß þ�
´ó�� ���Èõ ü���Þµ��ÂÑ÷¥� �Ü�ÂõÂû¤¢Â�¹÷¥ ´ó�� ù�Ú÷� ,À�î áøÂª�÷�õ âþ¥����Â�¹÷¥Âð�ÂÚþ¢

.¢�� Àû��¡Â�¹÷¥ ßþ¥�è�
�� �¤ �÷�õ âþ¥�� ¢��ø ¯Âª ö��� üõ �÷�õ âþ¥�� ý�Â� ë�ê ¤¢ ùÀª ���¤� Óþ¤�ã� �� ���� ��

:¢Âî ö��� Âþ¥ �¤�¬
Âþ¥ ýø�Æ� Â�¹÷¥ ´ó�� ý�Ìê ¤¢ x; y �ø¥Âû ý�¥� ��(�(x)) �÷�õ âþ¥�� ¢��ø �¤�¬ ¤¢

:´¨� ¤�ÂìÂ�

P (x; y)�(x) = P (y; x)�(y) (10� 1)
Transience1

Stationarity2
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. ��Ìì .2.1 J

� Âð� ,Àª�� üþ� ù¤ø¢�÷ ø ´±·õ üµÈð¥�� , ÂþÁ��÷ Ûþ�½� ýÂ�¹÷¥ fXn : n � 0g ,À��î Âê
ù�Ú÷� ,Àª�� Â�¹÷¥ ßþ� ý�÷�õ âþ¥��

lim
n�!1P (n)

xy = �(y): (11� 1)

�.À��î�ã��Âõ [ 33] ��:ö�ûÂ�

. ñ�·õ .3.1 J

�� ö� ñ�Öµ÷� ý�û ñ�Þµ�� �î ,
 = (0;1) ¥� ´¨� �¤�±ä üÔî¤�õ Â�¹÷¥ ´ó�� ý�Ìê
:À÷� Âþ¥ �¤�¬

P (x; y) =

(
ex�y y � 0; x > 0

0 o:w:

,´¨� ��ÜÎõ
.ýÂþÁ��÷ Ûþ�½� ß��ã�(Óó�

.�¤Áðø üµÈð¥�� ý�úµó�� ß��ã�( �
.�µÆ�ø �£�� ý�úµó�� ß��ã�(�

: Ý��î üõ �±¨�½õ �¤ x ´ó�� �� x ´ó�� ¥� ñ�Öµ÷� ñ�Þµ�� �Àµ��

r(x) = 1�
Z


P (x; y)dy = 1�

Z 1

0

ex�ydy = 1� (�ex�y]10 ) = 1� ex:

Â��Â� Ûì�À�) ´±·õ üó�Þµ�� �� �¤�¬ ßþ� ¤¢ ,À�ª�� Â�¹÷¥ ßþ� ¤¢ ù��¿ó¢ ´ó�� ø¢ y ø x Âð�
ô�Þ� ßþ�Â���� ,À÷¢�� ù��¿ó¢ y ø x ö�� ,´ê¤ x �� y¥� ÅØãÜ� �þ ø y �� x ¥� ö��� üõ (ex�y

.´¨� ÂþÁ��÷ Ûþ�½� ýÂ�¹÷¥ ,Â�¹÷¥ ßþ�ø À÷ÂÚþÀØþ §Âµ¨¢ ¤¢ Â�¹÷¥ ����
:Ýþ¤�¢ Àª�� ù¢Âî ´îÂ� �� áøÂª x ¥� À�þ�Âê �î ¯Âª ßþ� ��

Kn(x;
) =
Z


K(x; dy)K(n�1)(y;
) = ::: =

Z


K(z; du)K(u;
) = 1;

,�î ´êÂð �¹�µ÷ ö��� üõ Â�¹÷¥ ö¢�� ÂþÁ��÷ Ûþ�½� �� ���� ��

E(�
) =
1X
n=1

E(IXn2
) =
1X
n=1

P (Xn 2 
) =
1X
n=1

Kn(x;
) =
1X
n=1

1 =1:
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