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5 �õÀÖõ

�õÀÖõ
�� ß�¨À�úõ ø ö�À�ÞÈ÷�¢ ùÀ�þ�Ãê �ì�ä ,üÎ¡ Â�è Û��Æõ âþÂ¨ �ã¨�� �� Â�¡� ý�û�û¢ ¤¢
¢¤��õ ¥� ý¤��Æ� ¤¢ .´¨� ùÀª ¤�Øª� üÎ¡ Â�è ø üÎ¡ Û��Æõ Û� ý�Â� üÜ�Ü½� ý�û×��Ø�
ñ�µ¡� ý�û©ø¤ ,üÜ�Ü½� ý�û×��Ø�ÂÚþ¢ À�÷�Þû �õ� .À÷�ªüõ ù¢Â� ¤�î �� ñ�µ¡� ý�û×��Ø�
×þ Àþ�� �î ßþ� §�¨� Â� üÞþÀì ñ�µ¡� ý�û©ø¤ �Þû �f±þÂÖ� .À�µÆû üþ�û´þ¢øÀ½õ ý�¤�¢ Ã�÷
Â�è Û��Æõ Â·î� �î üó�� ¤¢ .À÷�ùÀª ý¤�Áð�þ�� Àª�� �µª�¢ ¢��ø �ó¢�ãõ ¤¢ ×��î Âµõ�¤��
ø ùÄþø ý�û×��Ø� �� ¥��÷ ×��î Âµõ�¤�� ß��ã� ß��»Þû ,À÷¤�À÷ �¤ ×��î Âµõ�¤�� ßþ� üÎ¡
��¿µ÷� ×þ ø ¢�ªüõ Â¹�õ ñ�ùÀþ� �¹�µ÷ �� ×��î Âµõ�¤�� ¥� °¨��õ ��¿µ÷� ×þ .¢¤�¢ «�¡
ý�û���� ùø�ä �� ,´ª�¢ Àû��¡ ¸þ�µ÷ ¤¢ �¤ ýÀ� Â�� ¢¤��õ üÌã� ¤¢ ×��î Âµõ�¤�� ¥� °¨��õ�÷
�ûÂµõ�¤�� ¥� ×��î Âþ¢�Öõ ý�Â� ÍÖê ¢¤��õ üÌã� ¤¢ ñ�µ¡� ý�û©ø¤ �Ü�¨ø �� ùÀª Û� ü±þÂÖ�
¤¢ ×��î Âµõ�¤�� ×þ ¢�¹þ� ¥� üª�÷ ñ�µ¡� ý�û©ø¤ ý�û´þ¢øÀ½õ ßþ� ô�Þ� .À�µÆû Â±µãõ
ü����Þû Ã�ó�÷� ©ø¤ ø 1 üû ü����Þû ñ�µ¡� ©ø¤ À�÷�õ ý¢�þ¥ ÀþÀ� ý�û©ø¤ .´¨� �ó�bÆõ

.À÷�ùÀª �ÂÎõ ´þ¢øÀ½õ ßþ� âê¤ ý�Â� 2ø��ó
�î ùÀª �µ¡�¢Â� ü��õÀÖõ ý�þ�Ìì ø ��óø� Ý�û�Ôõ ø Óþ¤�ã� ���¤� �� �õ�÷ ö�þ�� ñø� ÛÊê ¤¢
ø ùÀª üêÂãõ üû ü����Þû ñ�µ¡� ©ø¤ ôø¢ ÛÊê ¤¢ .´¨� ¥��÷ ¢¤�õ ýÀã� ý�ûÛÊê ¤¢
À�� �Âµóø-�Ø��ó �ó¢�ãõ Û� ¤¢ ©ø¤ ßþ� ø ´¨� �µêÂð ¤�Âì ü¨¤Â� ¢¤�õ ©ø¤ ßþ� üþ�ÂÚÞû
üþ�ÂÚÞû ø ùÀª üêÂãõ ø��ó ü����Þû Ã�ó�÷� ©ø¤ ô�¨ ÛÊê ¤¢ .´¨� ùÀª �µêÂð ¤�î �� ý��÷�ð
ý��÷�ð À�� �Âµóø-�Ø��ó �ó¢�ãõ Û� ¤¢ ©ø¤ ßþ� ¢Â�¤�î ß��»Þû .´¨� ùÀª ü¨¤Â� ©ø¤ ßþ�
����Ã� �� �î ,´¨�û©ø¤ �Æþ�Öõ ýø¤ Â� �õ À�î�b� ô¤�ú� ÛÊê ¤¢ .´¨� �µêÂð ¤�Âì ���� ¢¤�õ
ý�û�õ�÷Â� Ûõ�ª ÝÈª ÛÊê ø üÜî ýÂ�ð�¹�µ÷ Ûõ�ª Ý¹�� ÛÊê .¢�ªüõ �µ¡�¢Â� ö� ��

J.H. He1

Liao2
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.´¨� ùÀª ý¤ø�¢Âð ]13, 14[ ���Öõ §�¨� Â� �õ�÷ ö�þ�� ßþ� °ó�Îõ .Àª��üõ ýÂ���³õ�î
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.Ýþ¥�¢Â�üõ ,´¨� ¥��÷ �ûö� �� ýÀã� ý�ûÛÊê ¤¢ �î üþ�þ�Ìì ø Óþ¤�ã� �� ÛÊê ßþ� ¤¢

Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 1.1
�ó¢�ãõ ,Àª�� ÛÖµÆõ Â�çµõ À�� �þ ×þ �� ´±Æ÷ Ç��ÖµÈõ ø �µÆ��ø Â�çµõ ×þ Ûõ�ª �î ý��ó¢�ãõ

.¢�ªüõ ùÀ�õ�÷ Û�Æ÷�ÂÔþ¢
�ó¢�ãõ ¤¢ ö� üó��µõ ��ÖµÈõ ø ¢�¡ �î ´¨� üã��� ßµê�þ ,Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ ���� ¥� ¤�Ñ�õ

.À��îüõ ëÀ¬

üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 1.1.1

:�¤�¬ �� ô� n �±�Âõ üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 1.1 ÓþÂã�
F (x, y,

dy

dx
,
d2y

dx2
, · · · , dny

dxn
) = 0

�þ
F (x, y, y′, · · · , y(n)) = 0

.Àª��üõ

.¢¤�¢ ¢��ø ÛÖµÆõ Â�çµõ ×þ �ú�� üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ¤¢ :�µØ÷

Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ö� �±�Âõ �¤ �ó¢�ãõ ×þ ¤¢ ¢���õ ÕµÈõ ßþÂ���� �±�Âõ 2.1 ÓþÂã�
.À�õ�÷üõ
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ÛØª �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 3.1 ÓþÂã�
a0(x)y(n) + a1(x)y(n−1) + · · ·+ an−1(x)y′ + an(x)y = Q(x),

.À�þ�ð n �±�Âõ üÎ¡ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ �¤
�±�Âõ �� �î À�µÆû [a, b] ýø¤ ùÀª ÓþÂã� â���� �ä�Þ¹õ Cm[a, b] ¥� ¤�Ñ�õ 4.1 ÓþÂã�

.À�ª�� �µ¨��� ø ù¢�� ÂþÁ�ÕµÈõ ô� m

¤¢ ö� üó��µõ ��ÖµÈõ ø y ¤�ÀÖõ ,ùÀª ù¢�¢ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ Â� ùø�ä Âð� 5.1 ÓþÂã�
.À�þ�ðüõ ��óø� ¤�ÀÖõ �ó�bÆõ �¤ ö� ,Àª�� ß�ãõ x = x0 �ÎÖ÷

�÷�ð�À� �ÎÖ÷ ø¢ ¤¢ üÎþ�Âª ý�¤�¢ «�¡ ´ó�� ¤¢ ôø¢ �±�Âõ �ó¢�ãõ Âð� 6.1 ÓþÂã�
.À�õ�÷ üõ ý¥Âõ ¤�ÀÖõ �ó�bÆõ �¤ �ó�bÆõ ù�Ú÷� ,Àª�� x0 = b ø x0 = a

:´¨� ý¥Âõ ¤�ÀÖõ �ó�bÆõ ×þ Âþ¥ �ó�bÆõ ñ�·õ ö���ä ��

y′′ = f(x, y), y(a) = A, y(b) = B.

:ý¥Âõ ¤�ÀÖõ �ó�bÆõ ¤¢ f â��� À��î Âê :(ý¢ÂÔ� ÂÊ½�õ ��Ìì) 7.1 ��Ìì
y′′ = f(x, y, y′), a ≤ x ≤ b, y(a) = α, y(b) = β

:�ä�Þ¹õ Â�

D = {(x, y, y′)| a ≤ x ≤ b, −∞ < y < ∞, −∞ < y′ < ∞}

:Ý�ª�� �µª�¢ ù�ðÂû .À�ª�� �µ¨��� D Â� df

dy′
ø df

dy
ø ù¢�� �µ¨���

df

dy
(x, y, y′) > 0 ,(x, y, y′) ∈ D Âû ý�¥� �� (1
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, (x, y, y′) ∈ DÂû ý�¥� �� �î Àª�� �µª�¢ ¢��ø M ´��� ×þ (2

|df
dy

(x, y, y′)| ≤ M

.¢¤�¢ ¢Âê �� ÂÊ½�õ ���� ë�ê ý¥Âõ ¤�ÀÖõ �ó�bÆõ ù�Ú÷�
2 .]1[ �� À��î á��¤ .ö�ûÂ�

ô� (n + 1) �± �Âõ ÕµÈõ x0 �ÎÖ÷ üÚþ�ÆÞû ¤¢ f â�� � Âð� :(¤�Ü � � ��Ìì) 8.1 ��Ìì
�¤�¬ �� ,üÚþ�ÆÞû ßþ� �� ÕÜãµõ x �ÎÖ÷ Âû ¤¢ f ¤�ÀÖõ �¤�¬ ßþ� ¤¢ ,Àª�� �µª�¢ üû��µõ

f(x) = f(x0) + (x− x0)f
′(x0) +

1

2!
(x− x0)

2f ′′(x0) + · · ·

+
1

n!
(x− x0)

nf (n)(x0) + Rn(x),

ö� ¤¢ �î ,Àþ�üõ ´¨¢ ��

Rn(x) =
1

(n + 1)!
(x− x0)

n+1f (n+1)(ξ),

ø

f (k)(x0) =
dkf

dxk
|x=x0 ,

.´¨� x ø x0 ß�� ý��ÎÖ÷ ξ ø
2 .]2[ �� À��î á��¤ .ö�ûÂ�

ø ù¢�¢ ö�È÷ I = (x0 − ε, x0 + ε) �� �¤ x0 �ÎÖ÷ üÚþ�ÆÞû ¤�Ü�� ��Ìì ¤¢ 9.1 ÓþÂã�
:∀x ∈ I ��¥�� À��î Âê

lim
n−→∞Rn(x) = 0
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:�¤�Ê�þ�¤¢

f(x) = f(x0) + hf ′(x0) +
1

2!
h2f ′′(x0) + · · ·+ 1

n!
hnf (n)(x0) + · · ·

.¢�ªüõ ùÀ�õ�÷ x0 ¤¢ f ¤�Ü�� ýÂ¨ ,´¨�¤ ´Þ¨ ü÷��� ýÂ¨ �î

.¢�ªüõ ùÀ�õ�÷ ö¤�ó×õ ýÂ¨ ,x0 = 0 �ÎÖ÷ ¤¢ ¤�Ü�� ýÂ¨ :�µØ÷

�¤� ¬ � � ü ã �� � d ø ü ú �� ÷ � ä� Þ ¹ õ × þ X À � � î Â ê 10.1 ÓþÂã�
∀x, y, z ∈ X ù�ðÂû À�þ�ð ×þÂµõ ý�Ìê ×þ �¤ (X, d) �ø¥ .Àª�� d : X ×X −→ R+ ∪ {0}

Ý�ª�� �µª�¢
,d(x, y) ≥ 0 ∧ d(x, y) = 0 ⇐⇒ x = y (1

,d(x, y) = d(y, x) (2
.d(x, y) ≤ d(x, z) + d(z, y) (3

ôÂ÷ ×þ �¤ || . || : X −→ R â��� ,Àª�� ý¤�¢Â� ý�Ìê ×þ X À��î Âê 11.1 ÓþÂã�
Ý�ª�� �µª�¢ ∀λ ∈ R ø ∀x, y, z ∈ X ù�ðÂû ,À�þ�ð X ýø¤

,||x|| = 0 ⇐⇒ x = 0 ø ||x|| ≥ 0 (1
,||λx|| = |λ| || x|| (2

.||x + y|| ≤ ||x||+ || y|| (3
ý�Â� ø À÷�ªüõ ù¢�¢ ö�È÷ l1 ø l∞ ,l2 ý�û¢�Þ÷ �� °��Â� �� ×þ ø ´þ�ú÷ü� ,ü¨À�Üì� ý�ûôÂ÷

:Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� x = (x1, · · · , xn) ¤�¢Â�
,‖ x ‖2= (

n∑

i=1

xi)
1
2 (1
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,‖ x ‖∞= Max|xi|, 1 ≤ i ≤ n (2
.‖ x ‖1=

∑n
i=1 |xi| (3

.À�þ�ðüõ ¤�¢ôÂ÷ ý�Ìê ,ö� ýø¤ ùÀª ÓþÂã� ôÂ÷ ù�ÂÞû �� �¤ X üÎ¡ ý�Ìê :�µØ÷

α ∈ X Âð� ,À�þ�ð X ¤¢ �ÂÚÞû �¤ X ¤�¢ôÂ÷ ý�Ìê Â¬��ä ¥� {xn} �ó�±÷¢ 12.1 ÓþÂã�
:�Øþ¤�Î� ,Àª�� �µª�¢ ¢��ø

lim
n−→∞ ‖ xn − α ‖= 0,

:�î ´¨� ö� ôÃÜµÆõ ßþ� ø

∀ε > 0 ∃N ( n ≥ N −→ ‖ xn − α ‖< ε ).

ù�ðÂû À�þ�ð üª�î �ó�±÷¢ �¤ X ¤�¢ôÂ÷ ý�Ìê Â¬��ä ¥� {xn} �ó�±÷¢ 13.1 ÓþÂã�
∀ε > 0 ∃N ∀k ( n ≥ N −→ ‖ xn+k − xn ‖< ε ).

.´¨� üª�î ý��ó�±÷¢ ,×þÂµõ ý�Ìê ¤¢ �ÂÚÞû �ó�±÷¢ ×þ :�µØ÷

.Àª�� �ÂÚÞû ,ö� ¤¢ üª�î �ó�±÷¢ Âû �î ´¨� üþ�Ìê ,ô�� �þ Ûõ�î ý�Ìê 14.1 ÓþÂã�

ùÀª ÓþÂã � Â µõ � � �î ´¨� ¤�¢ ôÂ ÷ üÎ¡ ý�Ìê ×þ  � ÷� � ý�Ìê Âû 15.1 ÓþÂã�
.Àª��üõ ô�� ý�Ìê ×þ ÇõÂ÷ �Ü�¨��
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x ∈ X ù�Ú÷� ,Àª�� ©¢�¡ ýø¤ �� X üÎ¡ ý�Ìê ¥� ÂÚÜÞä ×þ T Âð� 16.1 ÓþÂã�
.Tx = x ù�ðÂû ,À�þ�ð T ´��� �ÎÖ÷ �¤

üµ��� Âð� À�þ�ð �±Ö÷� ´ª�Ú÷ B(z, r) ý�ð ¤¢ �¤ T : X → X ´ª�Ú÷ 17.1 ÓþÂã�
:�Øþ¤�Î� Àª�� ¢���õ 0 ≤ θ < 1 ö��

∀x1, x2 ∈ B(z, r) ‖ Tx1 − Tx2 ‖≤ θ ‖ x1 − x2 ‖ .

:�¤�Ê� �î ´¨� r á�ãª ø z ÃîÂõ �� ý��µÆ� ý�ð ,B(z, r) ý�ð ø À�þ�ð �±Ö÷� °þÂ® �¤ θ

B(z, r) = {z | ‖ z − z0 ‖≤ r}

.¢�ªüõ ÓþÂã�

(  �÷�� ´��� �ÎÖ÷ �þ �±Ö÷� ´ª�Ú÷ ��Ìì) 18.1 ��Ìì
À��î Âê

, �÷�� ý�Ìê ×þ X (1
,T : X → X (2

,(0 ≤ θ < 1 �±Ö÷� °þÂ® �� ) �±Ö÷� ´ª�Ú÷ ×þ B̄(u0, r) ý�ð ¤¢ T (3
, 1
1−θ
||u1 − u0|| = r0 ≤ r (4

ù�ð ö�
.Àª��üõ B̄(u0, r) öø¤¢ u∗ ¢ÂÔ�ÂÊ½�õ ´��� �ÎÖ÷ ý�¤�¢ T (Óó�

.´¨�ÂÚÞû u∗ ´��� �ÎÖ÷ �� ,k = 1, 2, ... ,uk = Tuk−1 ¤�ÂØ� �ó�±÷¢ (�
.||uk − u∗ || ≤ θkr0 (�
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Ýþ¤�¢ ßþ�Â���� ´¨� �±Ö÷� ´ª�Ú÷ ×þ T .ö�ûÂ�

∀k ‖uk+1 − uk‖ = ‖Tuk − Tuk−1‖ ≤ θ‖uk − uk−1‖

= θ‖Tuk−1 − Tuk−2‖

≤ θ2‖uk−1 − uk−2‖
...
= θk‖u1 − u0‖

= θk(1− θ)r0.

¤�ÂìÂ� Âê Õ±Ï k = 1 ��¥� �� ÝØ� .‖uk − u0 ‖ ≤ r0(1 − θk) ¢�¢ ö�È÷ ö���üõ ��ÂÖµ¨� ��
.´¨� ¤�ÂìÂ� Ã�÷ k + 1 ý�Â� Ý��îüõ ´��� ,Àª�� ¤�ÂìÂ� k ��¥� �� Ý��î Âê .´¨�

∀k ‖uk+1 − uk ‖ = ‖uk+1 − uk + uk − u0 ‖ ≤ ‖ uk+1 − uk ‖+ ‖uk − u0 ‖

≤ θk(1− θ)r0 + (1− θk)r0

= (θk − θk+1)r0 + (1− θk)r0

= r0(1− θk+1).

ü�ãþ ,´¨� üª�î �ó�±÷¢ ×þ {uk} Ý�û¢üõ ö�È÷ ñ��

∀ε > 0 ∃N ∀n (k ≥ N =⇒ ‖ un+k − uk ‖ < ε).

‖un+k − uk ‖ = ‖un+k − un+k−1 + un+k−1 − ... + uk+1 − uk ‖

≤ ‖ un+k − un+k−1 ‖+ · · ·+ ‖uk+1 − uk ‖

≤ θn+k−1‖u1 − u0 ‖+ · · ·+ θk‖u1 − u0 ‖
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≤ θk[θn−1 + θn−2 + · · ·+ θ + 1](1− θ)r0

≤ θk(1− θ)r0[
1

1− θ
]

= θkr0

≤ ε.

u∗ �� uk �î ý¤�Ï �� ∃u∗ ∈ X Å� .´¨�ÂÚÞû , �÷�� ý�Ìê ¤¢ üª�î �ó�±÷¢ Âû Ý�÷�¢üõ
Ýþ¤�¢ ßþ�Â���� ,Àª�� �ÂÚÞû

u∗ = Tu∗

.´¨� T ´��� �ÎÖ÷ u∗ ü�ãþ
.Àª�� T ü®�±Ö÷� ´ª�Ú÷ ý�Â� ýÂÚþ¢ ´��� �ÎÖ÷ um Ý��î Âê .´¨�µØþ u∗ Ý��îüõ ´���

ü�ãþ

∀u∗, um ∈ X u∗ = Tu∗, um = Tum,

Ýþ¤�¢ �¤�¬ ßþ� ¤¢

‖u∗ − um ‖ = ‖Tu∗ − Tum ‖

≤ θ‖u∗ − um‖

< ‖u∗ − um‖.

Ýþ¤�¢ .´¨�µØþ u∗ Å� .´¨� Ëì��� ×þ �î

lim
k→∞

‖uk − u0 ‖ ≤ lim
k→∞

(1− θk)r0,

ü�ãþ ßþ� ø

‖u∗ − u0 ‖ ≤ r0.
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2 .´¨� B̄(u0, r) öø¤¢ u∗ Å�


