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A �'�B �3�<G� @�	−α Ãα

�'�B �5���+�	 δ(X̃)

�'�B >�	 �5���+�	 δBf

A �'�B �3�<G� -��P3 X	�� μÃ(x)

X �'�B ��]�� X�'�� X	�� F̃ (x̃)
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X �'�B (B��H� ��]�� X�'�� X	�� (�x�	 @�	 −α FU
α (x̃)

X �'�B ��]�� ($��� 4��� Ẽ(X̃)
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α (X̃)

A �3�<G� �'�B d�<��� P (Ã)

θ�'�B ������! -��P3 X	�� μ(θ)
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� ���	 �� �* 
�'�B ��* �3�<G� ���Z� � ���+ ���Z� ,4)�	 (� -�<*� >b�� ���+ ���Z� � ���+
� (B��H� ��*4��1�! �	 t�W6� ����+ -��
? 243 �	 (6�Q� ��*�0�� ����
� ���	 (��� 
4�� /4) X$�-��
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�	 �46	 ^�W��Y� �� �� ,-.� ���+ ^�3  �5���5 `��Q� �� �'�B ��* @�� '� /��F�.� 
�'�B ���+ '� ��Z6� X?�� ��

;4)�	 (� ��' ���S
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�-��� ���J, ��) (�
./
;��� ^�<�� �Q67 ��:[ '�  ��� (� �� ����+ d4�Y�

,-B�5 �Z� �� �'�B (B��H� ��*��]�� ���S �	 �� d4� (B��H� ��*��]��|C
,46)�	 %�?��� ��4*�1� �:�+ �	 U�	�� ��4*�1� ��� 
4��)r�B (��<�� ���S �	 �* ��]��|L

,4��)r�B �'�B d4� ��*������! ��� 
46)�	 (��<�� ��4*�1� � �*��]��|D
X	��� �� �* r�B �� �*��]�� ��� 
46)�	 (��<�� (0<* 
(�S� d4� ��*������! � �*��]�� �	 U�	�� ��4*�1� 
�* ��]��|j

,46)�	 %�?��� � _
�6� ,,, �  ��'+ ����r�B 
^�<H� X	�� 
 ��' X	�� 46��� d4� �	 JQ���

����� (�)�*� � +,-�./ 9I'
'� �P3 Y� �5� ,��) (� gh1� "��� � %�?� (5=�� Y� �	 
Y�.T� �� (��<�� �3�<G� Y� I'I9I' +,�./
T~� ,-W�� �3�<G� �P3 
4)�	  + 4?�B �5� � -.� �Z� ���� �3�<G� �P3 
4)�	 ��)�� �� (5=��  + 
X7�� �3�<G�
p /�0�+ 
^���0	 �Z� �� �� ��� (���. ��� '� ��46�	 (5=�� p � 4)�	X = [�, 	��] �:��W�� 4? d�A �	 U�	�� �3�<G� �5�
���cm '� ��46�	 4? �	 (��*  �W�� '� -.� ���Q3 �� 46� (�_���� �� A 46��� �3�<G�Y� ��-.� %�?� (5=��Y�
�0�� ���Q3 �	 ,^���� �����. ^:Q� � %�?��� (5=��Y� �	 
^�6� �0�F5 4? 46�	 ��*  �W�� ���� �� ^�*��h	 �5� d��,
4? 46�	 ���cm �	 ��BY� ��+ ,-W��gh1� � (�
? 4? 46�	 ��*  �W�� '� �� �����5 �� ���B� -��P3 243 �� -��P3

v��
[ ���cm �	 v��) (� t�W&�
�	 (��* �3�<G� ���S �	 � 46�W* (��?��� ^�*�F� X?�� �� ^���� ��� ��.  + �	 /�� '�� (54�' �� �� (�b�W� ��1�	
x�	 ���W	  �9 ��1B 
x�	 2��� ��� 
"���! ()�* ���$ 
���' �<3 d�A �	 (��* ��x T~� ,46)�	 (� (Q���� ��*  ���
(��QA ^:B �  �	' �	 %B��� �� -.� Y�.T� ��* �3�<G� ���Z� '� (<�<�� X?�� �� �'�B ��* �3�<G� ���Z� , ,,, �

,-.�*  �W��

2�B �	 -.� (�	�� X X7�� �3�<G�Y� '� A /��h�� �3�<G� ��' �* �0��1� X	�� I9I9I' +,�./
IA(x) : X −→ {�, �}

;��� c��<�  ��� (� ��' ���S �	 �� 4)�	 (�

IA(x) :

⎧⎪⎨
⎪⎩
� x ∈ A

� x ∈ Ac

c��<� Y� �43 �	 �3�<G� �	 -��P3 � �FS �43 �	 �3�<G� �	 �H63 -��P3 243Y�.T� %
6� �� x ∈ X ���	
U�	�� �3�<G� �� ���S "�� �� ,46� (� ����9� [�, �] /'�	 '� �� ��43 �* �0��1� X	�� �'�B %
6� �� ��� ��) (� /���
,^�*� (� -QW� �� Y�Y��>� ��43� ��>	 ������ �	 � �FSY��>� ��43� 4? d�AY[�� ������ �	 
4? 46�	 ���B� �	
4? 46�	 �
 � T~� �7�� �	 �� ^���5 (� 
4)�	 (� 4? 46�	 ���cm 4? d�A �	 gh)Y� ^���0	 ���+ ��7 �	 X?�� ��

,��) (� t�W&�

X '� x �	 �� ^�.� (� (�	�� �	 ^�*� ��.�� [�, �] �	 {�, �}��P3 �� �3�<G� '� �� �0��1� X	�� ��	 �5� I:I9I' +,�./
A(x) �	 ��H�9� �	 �� μA(x) �	 ��  + � ^���5 (� A-��P3 X	�� �� X	�� "�� ,4*� (� -QW� [�, �] � /'�	 �� �� ��43
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^�*� (�c��<� Ã�	 �� -.� �'�B �3�<G�Y� ���	 
-W�� Y�.T� �3�<G�Y� �0�� AY6�� , ^�*� (�c��<�

-��P3 X	�� �	

μÃ(x) : X −→ [�, �]

;���S �	 4)�	 (� (x, μÃ(x)) ��* -F7 '� �3�<G�Y� X ��PB a� ��� �	 �'�B �3�<G�
Ã = {(x, μÃ(x)) | x ∈ X,μÃ(x) ∈ [�, �] ⊆ R}

(���� ��43� '� Y� � �FS ��*  ��� "�	 �7�� "�� ,46��5 Ã �'�B �3�<G� �� x �H63 -��P3 �7�� �� μÃ(x) ��
,���5 (� ���?

μÃ(x) = �

,���4� %��� �'�B �3�<G� �	 x (6��
μÃ(x) = �

(<�� 
-W�� �'�B �� �3�<G� �0�� 46� 4���� �� {�, �} ������ �:6� -��P3 X	�� �5� ,���� %��� �'�B �3�<G� �	 x(6��
,-.�

Y[�� %�?��� (5=��  + ��P3� �� ^�6� _���� �'�B �3�<G�Y� ^�*��9 (� , X = {�, 	,�, ...,�} 4�6� r�B
/4���5 ^�<H� �Z� �	 (0�W	 �� �'�B �3�<G� -��P3 X	�� -.� (B�� �3�<G� "�� �'�. d4� ���	 ,46)�	 ��)�� ��

-.� ���5 "�� ��B 2�:F� �'�. d4� ���	 -��P3 X	�� Y� T~�, ^�6� t�h��� ��
 ����

μÃ(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

� x = �

�
 � x = 	

�
 � x = �

�
 � x = �

�
 � x = �

�
 � x = �

� x = �

Y[�� ��43� �'�B �3�<G� �	 �
 � /'�4�� �	 � �43 /4���5 ^�<H� �Z� '� �� -.� (6�� "�4	 μÃ(�) = �
 � d�~� ���	
,���� %���

���� ��) �1�
2� K�4 (�)�*� 'I9I'
���S "�� �� 4���� ��7� B̃ � Ã �'�B �3�<G� �� 4�6�r�B I@I9I' +,�./

Ã = B̃ iff μÃ(x) = μB̃(x) ∀x ∈ X

-��P3 X	�� �	 ^�*� (�c��<� ˜̄A �	 �� Ã ^<�� μÃ(x)-��P3 X	�� �	 4)�	 �'�B �3�<G�Y� Ã �5�
μ ˜̄A

(x) = �− μÃ(x) ∀x ∈ X

a�) �	 (���P3 X	��� �	 �'�B �3�<G�Y� ���S �	 �� B̃ � Ã �'�B �3�<G� ��p���)� � #�<�7� I?I9I' +,�./

j



;^�6� (� _���� ��'
μÃ∪B̃(x) = max [μÃ(x), μB̃(x)] ∀x ∈ X

�
μÃ∩B̃(x) = min [μÃ(x), μB̃(x)] ∀x ∈ X

_���� ��' -��P3 X	�� �	 �'�B �3�<G�Y� ���S �	 B̃ � Ã�'�B �3�<G� �� ��Q7 t�$ ;_�� I;I9I' +,�./
��) (�

(Ã.B̃)(x) = Ã(x)B̃(x), x ∈ X

��) (�_���� ��' -��P3 X	�� �	 �'�B �3�<G�Y� B̃ � Ã �'�B �3�<G� �� (��<��� �� ��Q7 X<7 ;t
(Ã+ B̃)(x) = Ã(x) + B̃(x)− Ã(x)B̃(x), x ∈ X

�5� ,-3�. �W� �	 4)�	 (� ��x #�� Y� �<3 d�A "�<� ������ �3�<G� X = [�,∞] 4�6�r�B IAI9I' ��L�
;46)�	 ��' -��P3 X	��� �	 -3�. ���� ���4� �<3 d�A �0���	 B̃ � ^� �<3 d�A �0���	 Ã �'�B �3�<G�

μÃ(x) =

⎧⎪⎨
⎪⎩

����−x
���� x < ����

� x ≥ ����
�

μB̃(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x−���
�	�� ��� ≤ x < ����
�	��−x
�	�� ���� ≤ x < �	��

� U��� ���.

 �G��� ��

μÃ∪B̃(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

����−x
���� � ≤ x < ��	
 �

x−���
	�� ��	
 � ≤ x < ����

�	��−x
	�� ���� ≤ x < ����

����−x
���� ����
 � ≤ x < ����

� ���� ≤ x < ����

� U��� ���.
,4)�	 (�

���� �����
�'�B ��* �3�<G� (Ãi 
= X, ∅) �� Ãi �* ���	 Ã�, ..., Ãn � 4)�	 X7�� #�<G�Y�X 4�6�r�B I0I9I' +,�./
(� ���S "�� �� ,46� �4S 4���� U�) �� (6�� 
4)�	∑n

i=�Ai(x) = � 
 x ∈ X �* ���	 �� (<W? �	
46)�	 X '�
,46*� (� a��1� X ���	 �'�B '��B� Y� Ã�, ..., Ãn �'�B ��* �3�<G� ^���5

n



�) <�4 −α 9I9I'
���A �	 α(5�>	 �	 a?�4� Ã�'�B �3�<G� �� �:�+ -��P3 �7�� �� ��X '� (��P3� �<* �3�<G� IMI9I'+,�./
(:�4	 ,^�*� (�  �1� Ãα ��<� �	 ��  + � ^���5 (� Ã �	 ��W	�� α '��� �3�<G� �� Ã@�	 −α 
4)�	 (� � ≤ α ≤ � ��

;4)�	 (� ��' ���S �	 �'�B ��w �3�<G�Y� ��9 Ãα �� -.�
Ãα = {x ∈ X : μÃ(x) ≥ α}

,^���� (� ��? ()�	 −α �� Ã@�	 −α
4)�	 �4��� ���S �	 x�	 ���W��� /�5�*

���Q) ��B��H� ��4�� �	 U�	�� ".��! (B��H� ��]��Y� ������ #�<G�X = {�, �, 	, ....} 4�6�r�B I'BI9I' ��L�
��)_���� ��'-��P3 X	�� �	 ^���B��H� ��4�� �0���	X '� Ã�'�B �3�<G� 4�6�r�B � 4)�	 �����Y� �� �'��

Ã = { �� ,
�
 �
� ,
�
 �
	 ,
�
 �
� ,
�
 	
� }

'� 46���Q3 A@�	 −α 46[ ���S "�� ��
Ã�
	 = {�, �, 	,�,�} Ã�
� = {�, �, 	} Ã�
�� = {�}

(6�� 
-.��6�� {(Ãα | α ∈ [�, �])} /�����9 ; _�� I''I9I' ��NO
∀� ≤ α ≤ β ≤ � =⇒ Ãβ ⊆ Ãα

; t
Ã ⊆ B̃ ⇐⇒ Ãβ ⊆ Ãα α ∈ [�, �]

;f
(Ã ∩ B̃)α = Ãα ∩ B̃α (Ã ∪ B̃)α = Ãα ∪ B̃α

�,P2/ ��Q/�

 �� ���A �	 ��� ��>G�  + '��� ��* �3�<G� �W� �	  ��� (� �� Ã 46��� �'�B �3�<G� �* I'9I9I' ��NO

A = ∪ααÃα α ∈ [�, �]

;-.� /4) �b��� ��' ���S �	 (����) C ��  �� � ���� ��<7 '�  ��� (9�	 �� ��

μÃ(x) = sup�≤α≤�{α : x ∈ Ãα}

= sup�≤α≤�{α : μÃ(x) ≥ α}

= sup�≤α≤�αIÃα
(x)

���Q�� �	 �'�B �3�<G�Y� ��>G� ���	 �:6� �� ��>G� ��&�� '� ,4)�	 (� Ãα '��� �3�<G� �0��1� X	�� IÃα
(x)  + �� ��

-.4	 � (��<�� ��* �3�<G� '� �� ���Q�� ����� ���	s�3 �	 ���	 
��� /��F�.�  ��� (� (��<�� ��* �3�<G� '� ��
C���� ��� 	
��

k



,��<� /��F�.�  ��� (� >�� �'�B �3�<G�Y�  ���+

7�Q� ���� �1�
2�
Y� Ã
 -F5  ��� (� d���� ��A �	,4)�	 t4&� � ≤ α ≤ � �* ��'� �	 Ãα �5� 46��5 (� t4&� �� Ã�'�B �3�<G�

�5� �:6� � �5� -.� t4&� �3�<G�
μÃ(λx+ (�− λ)y) ≥ min(μÃ(x), μÃ(y)) λ ∈ [�, �]

<���R GS� :I9I'
���$��� ��*���9�. � ^�*�F� ^�<�� ���	 �.�6� ���>	� � �'�B ��* �3�<G� ���Z� (.�.� d�S� '� (��@��W5 aS�

,4) (B��� (����)L /��' J.�� aS� "�� ,-.� �'�B ���$��� �	 Y�.T�

Y '� �� �
�� X �	 %���� x �* �	 ���S "�� �� 
4)�	 f : X −→ Y ���S �	 (�	�� f 4�6�r�B I':I9I' +,�./
a<3X '� �'�B �3�<G� ��' �	X '� �
��Y� �	 ��� ��G	 �� ^�*�@��W5 ���A �� f ^�*��h	 �5� ,4*� (�-QW� ��
�3�<G� ��' ���	 4)�Q� Y '� �
�� Y� �:6� �0�� 
 Ã �'�B �3�<G� �	 f a<3 aS�� (6�� f(Ã) �� ^���� ��Z��� 
46�
(� _���� ���06�� B̃ �'�B �3�<G� aS� "�� %QA ,46��5 (� @��W5 aS� �� -���� "�� ,4)�	 B̃ 46��� Y '� �'�B

,��)
B̃ = f(Ã) = {(y, μB̃(y)) : y = f(x), x ∈ X}

 + �� ��
μB̃(y) = supx=f−�(y)μÃ(x)

��43� �� ���43� ���	 t�$ � %��F� 
X<7 46��� (��<�� ��Q7 ��*�0�<3 ^�<�� 
@��W5 aS� ��* ��	��� '� (��
,^�6� (� _���� ��
� ����� �� �� 4��) (� /4���� �'�B

��B ��43� �3�<G� A �5� ,��)_���� f(x) = 	x �
	�$ �	 f : X −→ Y �X = Y = Z 4�6�r�B I'@I9I' ��L�
/�0�+ 
 A = {�,�, �, ...} (6�� 
4)�	 -Q~�

f(A) = {f(a) ∈ Y | a ∈ A} = {	, �, ��, ��, ...}

4)�	 /4)_���� ��' ���S �	 � �Q���� ��43� �0���	 X '� A �'�B �3�<G� 4�6�r�B  �6��
Ã = { �
 �� ,

�
 �
� ,

�
� ,
�
 �
� ,
�
 �
� }

X�.�� aS� %QA /�0�+
B̃ = f(Ã) = { �
 �� ,

�
 �
� ,

�
�� ,
�
 �
�	 ,

�
 �
�� }

T�$�/ GS� C� ����
�:�+ (����� t�$ aS�� X = X� ×X	... ×Xn � X7�� �3�<G� n X�, X	..., Xn 4�6� r�B I'?I9I' +,�./
-)�0� Y� y = f(x�, ..., xn) /�T3 �	 ,46)�	 Xn, ..., X� '� ����� �	 �'�B �3�<G� n
 (Ã�, ..., Ãn) "�6}<* ,4)�	
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��' -��P3 X	�� �	 Y '� B̃ �'�B #�<G� ���S �	 Ã�, ..., Ãn �'�B �3�<G� n �	 f a<3 aS�� ,4)�	 Y �	 X '�
��) (�_����

B̃(y) = f(Ã�, ..., Ãn)(y)

=

⎧⎪⎨
⎪⎩

supy=f(x�,...,xn)min{Ã�(x�), ..., Ã�(xn)} f−�(y) 
= ∅
� f−�(y) = ∅

,-.� f -&� y q���� -)�0� f−�(y)  + �� ��

�,�N1 T4��/ U��
� @I9I'
��.Y� (���	) /��' ,4�+ (� -.4	 �'�B ��* �3�<G� '� (���F�� #���� 
-��P3 X	��� �W� �	 I';I9I' +,�./
��* J9 q�.� �	 �� �� ��.� ;_�� ��� �46	 ^�W�� /��5 �� �� ��  +  ��� (� �� ��� ��:61�! �� -��P3 X	��� '�

,��) (� ��9�. ^���W�
,46�W* ��� (6&6� �� d���� ��* 2�B �	 �� �� ��.� ;t

CL�L� �,�N1 T4��/
;4)�	 (� ��' a�) �	 X	�� Y� 
a�) (~�~� -��P3 X	�� I'AI9I' +,�./

μÃ(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

� x < a

x−a
m−a x ∈ (a,m]

b−x
b−m x ∈ (m, b]

� x ≥ b

�6:! ��4�� �5� ,4)�	 (� a < m < b �� ^�6� (� (B��� J.��� ��4�� �� �<� �� m� x�	 4� b
"���! 4� a  + �� ��
a�) �  ����� (~�~� -��P3 X	�� Y� 
_�� a�) ,^���5 (�  ����� (~�~� ��  + 46)�	 ���W�m− a �	 b−m (6��

,4*� (�  �1� ��  ����� ��w (~�~� -��P3 X	�� Y� t

(~�~� -��P3 X	�� ����<� ;C,C a�)

m



���� ���1� ?I9I'
/�5�* 
^���5 (� �'�B �43Y� �� R '� Ñ �'�B �3�<G�

N(x◦) = � �� 4)�	 ��)�� ��7� x◦ ∈ RY� ���?� �Y� (6�� 
4)�	 (��<� Y� ;_��
,46)�	 ��W	 ��* /'�	 ���S �	 α ∈ (�, �] �* ���	 Ñ ��* @�	 −α;t

z �'�B �43 ���	 d4� Y� �� L  ��� (� ,-.� �'�B �43 Y� ��' -��P3 X	�� �	 L �'�B �3�<G� I'0I9I' ��L�
,��� ��Q�� z �FS �Q����

L(x) = �− | x | −� ≤ x ≤ �

LR ���� ���1�

4)�	 ��' ���S �	 N �'�B �43 -��P3 X	�� ���9�. �5� I'MI9I' +,�./

N(x) =

⎧⎪⎨
⎪⎩

L(m−x
a ) x ≤ m

R(x−m
b ) x > m

�	 �� LR �'�B �43 ���S "�� �� , L(�) = R(�) = � �� 46)�	 (� [�, �] �	 R+ '� (��>� ��w X	��� R � L  + �� ��
��<�

N(m, a, b)LR

'� 46���Q3 R �:	�1� � L ���	 ���� X	��� ,46�W* N -.�� � �[ ��6:! b � a � �<�m �� ^�*� (�  �1�
L(x) = max{�, �− | x |p}

L(x) = �− | x |p

L(x) =
�

�+ | x |p

,4)�	 (� p > � ��
/�0�+ L = R
 LR �'�B �43 �� �5� I9BI9I' +,�./

L(x) = max{�, �− | x |} 2�B �	 ��L�5� ^�*�(�  �1�N(m, a, b)T ��<� �	 � ^���5(�(~�~��'�B �43Y� ��N ;_��
,^�6� _����

,4)�	 L(x) = exp(−x	) �5� 
^�*� (�c��<� N(m, a, b)N �	 � ^���5 (� d���� �'�B �43Y� �� N ;t
,4)�	 L(x) = max{�, �− x	} �5� ^�*� (�  �1� N(m, a, b)P �	 � /4���� ��<:. �'�B �43Y� �� N ;f

(�  �1� N = (m, a)T ��<� �	 � ^���� (�  ����� �'�B �43Y� �� N /�0�+ 4)�	 a = b �5� N �'�B �43 �* ���	 ;�
,^�*�

���S "�� �� 
a = b = � �m = � � L(x) = R(x) = exp(−x	) � LR  ����� �'�B �43Y� N 4�6�r�B

N(x) =

⎧⎪⎨
⎪⎩

L( �−x
� ) = exp(−x	) x ≤ �

R(x−�� ) = exp(−x	) x > �

,-.� x ∈ R (6�� 
4)�	 (�
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