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¯
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¯
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a
¯
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�õÀÖõÂ� �î ´¨� ü÷�ðâ��� ,Ý�û¢üõ ö�È÷ H i
a
¯
(−) �� �î ,a

¯
�� �µÆ��ø üã®�õ ý��ó�Þû�î ö�ðâ��� ß�õ�-iÂû ý�Â� ,Àª�� R ¥� üó�ùÀþ� a

¯
Âð� .À�îüõ Â�� ,Àª�� ýÂ��÷ ø üþ�¹��� ý��ÖÜ� R �î üþ�ûñøÀõ-R:¢�ªüõ ÓþÂã� ß��� ,a

¯
�� �µÆ��ø M üã®�õ ý��ó�Þû�î ß�õ�-i ,i üÔ�õ�÷ ¼�½¬ ¢Àä

H i
a
¯
(M) := lim

−→
n∈N

ExtiR(
R

a
¯

n
,M).�î ùÀª ¶ä�� �ÜÿÆõ ßþ� ø .¢¤�¢ ýÂ±� �¨À�û ø üþ�¹��� Â±� ¤¢ ü÷�ø�Âê ¢Â�¤�î ö�ðâ�� � ßþ�ö¢�� üû��µõÝû �� ö���üõ ö�ðâ��� ßþ� ý�û´�¬�¡ ¥� .¢Â�Ú� �¤�¬ ö� ýø¤ ü÷�ø�Âê ��ãó�Îõ:´¨� ù¢Âî �ÂÎõ �¤ Âþ¥ §À� 1×þÀ��øÂð .¢Âî ù¤�ª�.´ ¨� ü û� � µ õ n Â û ý�Â � HomR(R

a
¯
,Hn

a
¯
(M)) ,M ü û� � µ õ ñøÀ õ-R Â û ø a

¯
ñ�ùÀ þ�Â û ý�Â�:¢Âî �ÂÎõ �¤ ñ��¨ ßþ� ø ,´Æ�÷ ´¨¤¢ Ûî ¤¢ §À� ßþ� �î ¢�¢ ö�È÷ üó�·õ �� 2ö¤�È�¤�ûüû��µõ j ø i Âû ý�Â� ExtiR(R

a
¯
,Hj

a
¯
(M)) ü�¤�¬ �� ¤¢ ,Àª�� üû��µõ üóøÀõ-R ,M ø ñ�ùÀþ� a

¯
Âð�?´¨�ß��»Þû ø� .À�î ÓþÂã� �¤ üû��µõÝû-a

¯
ý�ûñøÀõ �î ´ª�¢ ö� Â� �¤ ö¤�È�¤�û ñ��¨ ßþ� �� ¾¨��¤¢ ,H i

a
¯
(M) ù�Ú÷� ,Àª�� üû��µõ üóøÀõ-R ,M ø Ûõ�î ÝÑ�õ üã®�õ �ÖÜ� (R,M) Âð� �î ¢�¢ ö�È÷:´¨� üû��µõÝû-a

¯
´ó�� ø¢.Àª�� ÂÔ¬ Â�è üÜ¬� ñ�ùÀþ� a

¯
Âð� (1

Grothendieck 1
Hartshorne 24



5 .Àª�� dim R
a
¯

= 1 Àã� �� ñø� ñ�ùÀþ� a
¯
Âð� (2�î Àª� � ö� ¥� üó�ùÀþ� a

¯
ø ßþ� µÈ÷Âð Ûõ�î üã®�õ ù¥�� R Âð� �î À÷¢Âî ´�� � 4�î ø 3�Ø� ÷�û.´¨� üû��µõÝû-a

¯
,H i

a
¯
(M) ,M üû��µõ À�ó�� �� ñøÀõ-R Âû ø i Âû ý�Â� ù�Ú÷� ,dimR

a
¯

= 1.¢Âî ö��� ö¢�� ßþ�µÈ÷Âð Âê ý�Â� �¤ üþ�ûßþ�Úþ�� 5���Ôó¢üã®�õ �ÖÜ� ¥� a
¯
ý�ûñ�ùÀþ� �Þû �� �¤ ö¤�È�¤�û ��Ìì (2) ¯Âª ,7üó¤�õ ø ���Ôó¢ ø 6�À�ª�þ ø�õ ,�ó�¨¤ ßþ� ¤¢ .À÷¢Âî éÁ� ö� ¥� �¤ ö¢�� Ûõ�î ¯Âª ø À÷¢�¢ Ý�Þã� ,À�µÆû 1 Àã� ¥� �î ù��¿ó¢üã®�õ ý��ó�Þû�î ý�ûñøÀõ ¥� üÔ�¬�� ,ö¤�È�¤�û ��Ìì ¥� ö¢�� üã®�õ ¯Âª éÁ� �� �î Ý�÷�Â�¥� �ó�¨¤ ßþ� .Ý�û¢ ���¤� �¤ ´¨� R üã®�õÂ�è �ÖÜ� ¤¢ Àã�-1 ñ�ùÀþ� a

¯
�î üµìø ,üû��µõÝû-a

¯:´¨� ùÀª Û�ØÈ� ÛÊê ¤�ú�.Ý��îüõ ö��� �¬�¡ ¤�Ï �� �¤ ×þ��ó�Þû Â±� ø ÂþÁ�Ëþ�ã� Â±� ¥� ¥��÷ ¢¤�õ ��õÀÖõ ,ñø� ÛÊê ¤¢¥� üÌã� ø ù¢Âî ÓþÂã� �¤ üû��µõÝû ý�ûñøÀõ ø üã®�õ ý��ó�Þû�î ý�ûñøÀõ ,�ø¢ ÛÊê ¤¢.Ý��îüõ �ÂÎõ �¤ �ú÷� ý�ûüðÄþøÓ�¬�� �¤ üû��µõÝû�a
¯
ü���¤� üã®�õ ý��ó�Þû�î ý�ûñøÀõ ü¬�¡ Íþ�Âª ¤¢ ,��¨ ÛÊê ¤¢.Ý��îüõ���Öõ �î ´¨� Âî£ �� �¥� .Ýþ¥�¢Â�üõ Ó�ã® üû��µõÝû ý�ûñøÀõ üêÂãõ �� ,�¤�ú� ÛÊê ¤¢ ø.À�µÆû ℄2[ ø ℄1[ ���Öõ ,À÷��µêÂð ¤�Âì ù¢�Ôµ¨� ¢¤�õ �ó�¨¤ ßþ� ¤¢ �î üÜ¬�
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1 ÛÊê
�û¥��÷ Ç��

ü��õÀÖõ ��Ø÷ 1-1.À�µÆû ü÷�Øþ ñøÀõ-R ,�ûñøÀõ ��Þ� ø ´¨� ¤�ÀØþ ø ÂþÁ�Ëþ�ã� ý��ÖÜ� R ,�ó�¨¤ ßþ� Â¨�Â¨ ¤¢
ü ó�ùÀ þ� a

¯
ø ,M ¥� ü þ� ûñøÀ õÂ þ¥ ,L ø N ,ñøÀ õ-R × þ M Ý � � î Â ê 1.1.1 Ó þÂ ã �:�¤�¬ ßþ� ¤¢ .À�ª�� R ¥�

(N :R L) = {r ∈ R | ∀x ∈ L , rx ∈ N}. (1
(N :M a

¯
) = {r ∈ M | ∀x ∈ a

¯
, rx ∈ N}. (2

AnnR(M) = {r ∈ R | ∀x ∈ M , rx = 0}. (36



7 �û¥��÷ Ç�� 1 ÛÊê.´¨� ¤�¢�êø ñøÀõ-R ×þ M Ý�þ�ð ,AnnR(M) = 0 Âð� (4ø ,R ¥� üû��µõ À�ó�� �� üó�ùÀþ� ,a
¯
ø ,R ¥� ü�Â® �µÆ� �ä�Þ¹õÂþ¥ ×þ ,S Ý��î Âê 2.1.1 ù¤��ð:ù�Ú÷� .Àª�� M ¥� üóøÀõÂþ¥ N

(S−1N :S−1M S−1a
¯
) = S−1(N :M a

¯
).

3.1.1 Ýóßþ� ¤¢ .Àª� � R ¥� ü�Â® �µÆ� �ä�Þ¹õ Â þ¥ S ø ýÂ�� ÷ Â þÁ �Ëþ�ã � �ÖÜ� R À��î Âê (1.´¨� ýÂ��÷ ��÷ ,S−1R ü�ãþ ,S �� ´±Æ÷ R ý�ûÂÆî �ÖÜ� ,�¤�¬.´¨� ýÂ��÷ ñøÀõ-S−1R ,S−1M ù�Ú÷� ,Àª�� ýÂ��÷ üóøÀõ-R ,M Âð� (2.´¨� ü���¤� ñøÀõ-S−1R ,S−1M ù�Ú÷� ,Àª�� ü���¤� üóøÀõ-R ,M Âð� (3:��±��.℄19[ â�Âõ ¥� 3.8 Ýó �� ¢�ª �ã��Âõ (1.℄19[ â�Âõ ¥� 11.9 ßþÂÞ� �� ¢�ª �ã��Âõ (2.℄19[ â�Âõ ¥� 11.9 ßþÂÞ� �� ¢�ª �ã��Âõ (3



8 �û¥��÷ Ç�� 1 ÛÊê:�¤�¬ ßþ� ¤¢ .Àª�� R ¥� üó�ùÀþ� a
¯
ø ñøÀõ-R ×þ M Ý��î Âê 4.1.1 Ýó

.
R

a
¯

⊗R M ∼=
M

a
¯
M

.℄10[ â�Âõ ¥� 1.2.26 �¹�µ÷ �� ¢�ª á��¤ :��±��
Â þÁ �Ë þ� ã � � Ö Ü � ýø¤ ü þ� ûñøÀ õ ,n ≥ 2 ø n ∈ N � î M1, . . . ,Mn Â ð� 5.1.1 ù¤�� ð�ó�±÷¢ ù�Ú÷� ,À�ª�� R0 −→ M1 f

−→
n

⊕

i=1(Mi)
g

−→
n

⊕

i=2(Mi) −→ 0 .´¨� Õ�ì¢,(m1, . . . ,mn) ∈
n

⊕

i=1Mi Âû ý�¥� �� ø ´¨� üã�±Ï ×þ �� ×þ ´ª�Ú÷ f �ó�±÷¢ ßþ� ¤¢
g((m1, . . . ,mn)) = (m2, . . . ,mn).

¥� Õ � ì¢ � µ ª¤ Â û ý�Â � ù� ðÂ û Ý � õ� ÷ ´ ¨À Ø þ ñøÀ õ-R �¤ M ñøÀ õ 6.1.1 Ó þÂ ã �À�÷�õ �ûüµ¿þÂÞû-R ø �ûñøÀõ-R

· · · −→ M ′ −→ M −→ M ′′ −→ · · ·



9 �û¥��÷ Ç�� 1 ÛÊê�µª¤
· · · −→ M ′ ⊗ N −→ M ⊗ N −→ M ′′ ⊗ N −→ · · · .Àª�� Õ�ì¢ ��÷

� � À ª� � � û� Ö Ü � ü µ ¿ þÂ Þ û × þ f : R −→ S ø � Ö Ü � ø¢ S ø R Â ð� 7.1.1 Ó þÂ ã �×þ ,S Ý�þ�ð ø Ý�õ�÷ ´¨ÀØþ üµ¿þÂÞû ×þ �¤ f ù�Ú÷� ,Àª�� ´¨ÀØþ üóøÀõ-R ,S �î ý�½÷.´¨� ´¨ÀØþ Â±�-R

ñøÀ õ-R × þ M ø ,R ¥� ü �Â ® � µ Æ � � ä� Þ ¹ õÂ þ¥ × þ ,S Ý � � î Â ê 8.1.1 ù¤�� ðù�Ú÷� ,Àª��
.S−1R ⊗R M ∼= S−1M

.´¨� ´¨ÀØþ ñøÀõ-R ×þ S−1R �ÖÜ� 9.1.1 �¹�µ÷
� µ ª�À ÷ ©¢� ¡ ø < 0 > � � ü óøÀ õÂ þ¥ º � û ù� ðÂ û Ý � þ� ð ù¢� ¨ �¤ ñøÀ õ 10.1.1 Ó þÂ ã �.Àª��
N ñøÀ õ ù� Ú ÷� .À ª� � R Â þÁ �Ë þ� ã � � Ö Ü � ýø¤ ü óøÀ õ N À � � î Â ê 11.1.1 � � Ì ì



10 �û¥��÷ Ç�� 1 ÛÊê�î Àª�� �µª�¢ ¢��ø m
¯
∈ Max(R) Âð� ÍÖê ø ÍÖê ´¨� ù¢�¨

R

m
¯

∼= N.

.℄19[ â�Âõ ¥� 32.7 Ýó �� ¢�ª á��¤ :��±��
ü ¨� ¨� â � ¨� � �¤ L ;M ⊂ L � î À � ª� � ñøÀ õ-R ø¢ ,M ø L Ý � � î Â ê 12.1.1 Ó þÂ ã �.N ∩ M 6= 0 Ý�ª�� �µª�¢ L ¥� N ÂÔ¬ Â�è ñøÀõÂþ¥ Âû ý�Â� Âð� Ý�þ�ð M

ù� Ú ÷� ,Ni ⊂ Mi � î À � ª� � ü þ� ûñøÀ õ-R ,Mi ø Ni ,i ∈ Ω Â û ý�Â � Â ð� 13.1.1 ù¤�� ð.Àª�� ⊕

i∈Ω Ni ü¨�¨� â�¨�� ⊕

i∈Ω Mi Âð� ÍÖê ø ÍÖê ´¨� Ni ü¨�¨� â�¨�� Mi ,i ∈ Ω Âû ý�Â�
ñøÀ õÂ þ¥ 0 6= Kl Ý � � îü õ Â ê ø ,Ý � � îü õ Â ê ù�� ¿ ó¢ �¤ l ∈ Ω (⇒) :�� ± ��;Ll = Kl �î Ý�û¢üõ ¤�Âì ý�½÷ �� �¤ ⊕

i∈Ω Mi ¥� 0 6=
⊕

i∈Ω Li ñøÀõÂþ¥ ø ,Àª�� Ml ¥� üû��¿ó¢.Lj = 0 ,j 6= l Âû ý�Â� øÝþ¤�¢ ,´¨� ⊕i∈Ω Ni ü¨�¨� â�¨�� ⊕

i∈Ω Mi �Ø�þ� �� ���� ��
.(

⊕

i∈Ω

Li) ∩ (
⊕

i∈Ω

Ni) 6= 0



11 �û¥��÷ Ç�� 1 ÛÊêßþ�Â����
.
⊕

i∈Ω

(Li ∩ Ni) 6= 0,�¹�µ÷ ¤¢ .Li ∩ Ni = 0Å� ,Lj = 0 ö�� ,j 6= l Âû ý�Â� ,ÓþÂã� Õ±Ï
.Ll ∩ Nl 6= 0 .´¨� Ll ü¨�¨� â�¨�� Ml ,�Áó.´¨� ´��� ÝØ� ,l ö¢�� ù��¿ó¢ �� ���� �� ,ñ���î ¢¤�¢ ¢��ø ý�l ∈ Ω ,�Áó .Àª�� ⊕

i∈Ω Mi ¥� üû��¿ó¢ ñøÀõÂþ¥ 0 6=
⊕

i∈Ω Ki Ý��î Âê (⇐).´¨� Kl ⊆ Ml ø 0 6= Kl.Kl ∩ Nl 6= 0 Ýþ¤�¢ ü¨�¨� â�¨�� ÓþÂã� ¥� �¹�µ÷ ¤¢ .´¨� Nl ü¨�¨� â�¨�� Ml Âê �� ���� ��Å�
(
⊕

i∈Ω

Ki) ∩ (
⊕

i∈Ω

Ni) 6= 0.´¨� ⊕ Ni ü¨�¨� â�¨�� ⊕

Mi ßþ�Â���� øü ¨� ¨� â � ¨� � ,E ø ;M ⊂ E � î À ª� � � � µ îÄ ÷� ü óøÀ õ E Ý � � î Â ê 14.1.1 Ó þÂ ã �.Ý�û¢üõ ö�È÷ E(M) �� ø Ý�õ�÷ M ��µîÄ÷� ©�� �¤ E .Àª�� M.E ∼= E′ ù�Ú÷� ,À�ª�� M ��µîÄ÷� ©�� E ø E′ Âð� �î ´¨� ¼®�ø
ù�Ú÷� ,p

¯
∈ Spec(R) ø Àª�� ýÂ��÷ �ÖÜ� R Âð� 15.1.1 ��Ìì



12 �û¥��÷ Ç�� 1 ÛÊê.´¨� ÂþÁ��÷�þ�¹� E(R
p
¯
) (1.´¨� E(

R

p
¯

) ÛØª �� ý�p
¯
∈ Spec(R) ý�Â� ÂþÁ��÷�þ�¹� ��µîÄ÷� ñøÀõ-R Âû (2.℄16[ â�Âõ ¥� 18.4 ��Ìì �� ¢�ª �ã��Âõ :��±��

:Ýþ¤�¢ R ýÂ��÷ �ÖÜ� ýø¤ ý�ûñøÀõ ý�Â� 16.1.1 ��Ìì.´¨� ��µîÄ÷� ,��µîÄ÷� ý�ûñøÀõ ¥� ¢�Àã� Âû ¥� Ý�ÖµÆõ âÞ� Âû (1.Ý�Æþ��� ÂþÁ��÷�þ�¹� ��µîÄ÷� ý�ûñøÀõ Ý�ÖµÆõ âÞ� �¤�¬ �� Ý�÷���üõ �¤ ��µîÄ÷� ñøÀõ Âû (2.´¨� ¢Âê �� ÂÊ½�õ ,(2) ´ÞÆì Ý�ÖµÆõ âÞ� (3.℄16[ â�Âõ ¥� 18.5 ��Ìì �� ¢�ª �ã��Âõ :��±��
ñø� ñ�ùÀ þ� �¤ R ¥� p

¯
ñø� ñ�ùÀ þ� ù� Ú ÷� ,À ª� � R � Ö Ü � ¥� ü ó�ùÀ þ� a

¯
Â ð� 17.1.1 Ó þÂ ã �,a

¯
⊆ p

¯
′ ⊆ p

¯
�î Àª�� �µª�¢ ¢��ø p

¯
′ À�÷�õ ýÂÚþ¢ ñø� ñ�ùÀþ� Âð� �î ü�¤�¬ ¤¢ Ý�þ�ð a

¯
ñ�Þ���õ.p

¯
= p

¯
′ ù�Ú÷�

Ó þÂ ã � ß � � � �¤ a
¯
©� � .À ª� � R � Ö Ü � ¥� ü ó�ùÀ þ� a

¯
Ý � � î Â ê 18.1.1 Ó þÂ ã �:Ý��îüõ

.V (a
¯
) = {p

¯
∈ Spec(R) | a

¯
⊆ p

¯
}
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ß þ� ¤¢ .À ª� � R Â þÁ �Ë þ� ã � � Ö Ü � ùÂ ¨ ñ�ùÀ þ� a

¯
Ý � � î Â ê 19.1.1 Ó þÂ ã � ø � � Ì ì,�¤�¬

V (a
¯
) := {p

¯
∈ Spec(R) : a

¯
⊆ p

¯
}ñø� ý�ûñ�ùÀþ� �¤ V (a

¯
) ñ�Þ���õ ý�û�Ìä .¢¤�¢ ´�ó�Þª �Î��¤ �� ´±Æ÷ ñ�Þ���õ �Ìä ×þ Ûì�À��� �¤ a

¯
ñ�Þ���õ ñø� ý�ûñ�ùÀþ� �ä�Þ¹õ .Ý�õ�÷üõ a

¯
Ûõ�ª ñ�Þ���õ ñø� ý�ûñ�ùÀþ� � þ a

¯
ñ�Þ���õ.Ý�û¢üõ ö�È÷ Min(a

¯
)

.℄19[ â�Âõ ¥� 52.3 ��Ìì ø ÓþÂã� �� ¢�ª á��¤ :��±��
ö� Þ û ,R Â Ô ¬ ñ�ùÀ þ� ñ� Þ � � � õ ñø� ý� ûñ�ùÀ þ� ,À ª� � Â Ô ¬� ÷ R Â ð� 20.1.1 � ¹ � µ ÷.À�µÆû R ñ�Þ���õ ñø� ý�ûñ�ùÀþ�

.´¨� üúþÀ� ,ë�ê ��Ìì ø ÓþÂã� �� ���� �� :��±��
21.1.1 ù¤��ð



14 �û¥��÷ Ç�� 1 ÛÊê¥� ñ�Þ���õ ñø� ñ�ùÀþ� ×þ Ûõ�ª p
¯
ù�Ú÷� ,Àª�� R ¥� p

¯
ñø� ñ�ùÀþ� ¤¢ ñ�ÞÈõ R ¥� a

¯
ñ�ùÀþ� Âð� (1.Àª��üõ a

¯.¢¤�¢ ñ�Þ���õ ñø� ñ�ùÀþ� ×þ Ûì�À� üãì�ø ñ�ùÀþ� Âû (2(ñø� ñ�ùÀþ� ¥� ���µ�� ��Ìì) 22.1.1�� Àª�� R �ÖÜ� ¥� üó�ùÀþ� a
¯
Âð� .À�ª�� R �ÖÜ� ¥� üóø� ý�ûñ�ùÀþ� p

¯1, . . . ,p¯n
Ý��î Âê (1.a

¯
⊆ p

¯i
�î ´¨� ¢���õ 1 ≤ i ≤ n ù�Ú÷� ,a

¯
⊆

⋂n
i=1 p

¯i
�î ý¤�Ïù�Ú÷� ,⋂n

i=1 a
¯i ⊆ p

¯
Âð� .À�ª�� R �ÖÜ� ¥� üþ�ûñ�ùÀþ� a

¯1, . . . , a¯n ø ñø� üó�ùÀþ� p
¯
Ý��î Âê (2.a

¯i = p
¯
,ý�i ý�Â� ù�Ú÷� ,⋂n

i=1 a
¯i = p

¯
Âð� ,ùÄþø �� .a

¯i ⊆ p
¯
�î ´¨� ¢���õ 1 ≤ i ≤ n.℄3[ â�Âõ ¥� 11.1 ��Ìì �� ¢�ª �ã��Âõ :��±��

ñ� Þ � � � õ ñø� ñ�ùÀ þ� ,p
¯
ø ýÂ �� ÷ ø Â þÁ �Ë þ� ã � ý�� Ö Ü � R À � � î Â ê 23.1.1 Ý óßþ� ¤¢ .p

¯
∩ S = ∅ �î Àª�� R ¥� ü�Â® �µÆ� �ä�Þ¹õ Âþ¥ S À��î Âê .Àª�� R ¥� a

¯
ùÂ¨ ñ�ùÀþ�.´¨� S−1R �ÖÜ� ¥� S−1a

¯
ñ�ùÀþ� ñ�Þ���õ ñø� ñ�ùÀþ� ,S−1p

¯
�¤�¬

.℄19[ â�Âõ ¥� 1.15 Ýó �� ¢�ª á��¤ :��±��
üã�±Ï üûøÂð üµ¿þÂÞû ù�ðÂû Ý�þ�ð Ûõ�î �¤ R �ÖÜ� 24.1.1 ÓþÂã�

ϕ : R −→ R
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ϕ(r) = (r + a

¯
i)i∈N .Àª�� üµ¿þÂØþ ×þ

ù� ðÂ û Ý � þ� ð Ý � Ö µ Æ õ � þ ¤�¢´ ú � �¤ (a
¯
,≤) ° �Â õ ü �� � � ä� Þ ¹ õ 25.1.1 Ó þÂ ã �.j ≥ k ø i ≥ k �î ¢�ª ´ê�þ k ∈ a

¯
,a
¯
¥� ù��¿ó¢ j ø i Âû ý�Â�

¥� {Mi}i∈a
¯
� þ�¢Â ð .À ª� � Ý � Ö µ Æ õ ý�� ä� Þ ¹ õ (a

¯
,≤) Ý � � î Â ê 26.1.1 Ó þÂ ã �ùÀ�õ�÷ Ý�ÖµÆõ ù�Úµ¨¢ ×þ {µij : Mi −→ Mj}i≤j ý�ûüµ¿þÂÞû-R ù¢��÷�¡ ù�ÂÞû �� �ûñøÀõ-R:À�ª�� ¤�ÂìÂ� Âþ¥ ¯Âª ø¢ ù�ðÂû ¢�ªüõ.Àª�� Mi ýø¤ ü÷�Þû ´ª�Ú÷ µii ,i ∈ a

¯
Âû ý�¥� �� (1.µik = µjk ◦ µij Ý�ª�� �µª�¢ i ≤ j ≤ k ¯Âª�� i, j, k ∈ a
¯
Âû ý�Â� (2.Ý�û¢üõ ö�È÷ M = {Mi, µij}i,j∈a

¯
�� �¤ ë�ê Ý�ÖµÆõ ù�Úµ¨¢

(a
¯
,≤) Ý�ÖµÆõ �ä�Þ¹õ ýø¤ Ý�ÖµÆõ ù�Úµ¨¢ ×þ M = {Mi, µij}i,j∈a

¯
Ý��î Âê 27.1.1 ÓþÂã�ù�ÂÞû �� M ñøÀõ-R �� ´¨� Â��Â� ¢�ªüõ ù¢�¢ ö�È÷ lim

−→
i∈ a

¯

Mi �� �î ù�Úµ¨¢ ßþ� Ý�ÖµÆõ À� .Àª���µª�¢ ,i ≤ j �î i, j ∈ a
¯
Âû ý�Â� �î ý¤�Ï �� ,{µij : Mi −→ Mj}i≤j ý�ûüµ¿þÂÞû-R ù¢��÷�¡
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µi = µj ◦ µijý�µØþ üµ¿þÂÞû-R ,Àª��üõ ë�ê ´�¬�¡ ý�¤�¢ �î {N,hi}i∈ a

¯
À�÷�õ ýÂÚþ¢ ù¢��÷�¡ Âû ý�Â� ø,i ∈ N Âû ý�Â� �î ý¤�Ï �� ´¨� ¢���õ f : M −→ N

f ◦ µi = hi.

.´¨�µØþ üµ¿þÂØþ ´½� Ý�ÖµÆõ À� ,âì�ø ¤¢ .´¨� üµ¿þÂØþ ×þ f �î ¢�ªüõ ´��� ü÷�¨� ��
ö� §� Ø ã õ À � ø � ûü µ ¿ þÂ Þ û-R ø � ûñøÀ õ-R ¥� §� Ø ã õ ù� Ú µ ¨¢ 28.1.1 � µ Ø ÷.¢¢Âðüõ ÓþÂã� ���Èõ ¤�Ï �� ��÷

SuppR(M) ø AssR(M) 2-1ø Ý�û¢üõ ö�È÷ SuppR(M) �� �¤ M ù�ð��Ø� .Àª�� R �ÖÜ� ¥� üóøÀõ M Ý��î Âê 1.2.1 ÓþÂã�:Ý��îüõ ÓþÂã� ß���
SuppR(M) = {p

¯
∈ Spec(R) | Mp

¯
6= 0}.
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:À÷¤�ÂìÂ� Âþ¥ ý�ûù¤��ð ,M ù��¿ó¢ ñøÀõ-R ý�Â� 2.2.1 ù¤��ðÀª�� üû��µõ À�ó�� �� M Âð� (1

SuppR(M) = {p
¯
∈ Spec(R) | ∃ 0 6= m ∈ M s.t. (0 :R m) ⊂ p

¯
}.

.SuppR(M) 6= ∅ Âð� ÍÖê ø ÍÖê M 6= 0 (2
.SuppR(R

a
¯
) = V (AnnR(R

a
¯
)) (3�ó�±÷¢ ø ÂþÁ�Ëþ�ã� ý��ÖÜ� R Âð� (40 −→ M ′ −→ M −→ M ′′ −→ 0ù�Ú÷� ,Àª�� �ûüµ¿þ¤Ýû-R ø �ûñøÀõ-R ¥� üÖ�ì¢ �ó�±÷¢

SuppR(M) = SuppR(M ′) ∪ SuppR(M ′′).

.SuppR(M) =
∑

SuppR(Mi) ù�Ú÷� ,M =
∑

Mi Âð� (5ù�Ú÷� ,À�ª�� üû��µõ À�ó�� �� üþ�ûñøÀõ-R ,M ø N Âð� (6
SuppR(M ⊗R N) = SuppR(M) ∩ SuppR(N).
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ù�Ú÷� ,Àª�� R ¥� üó�ùÀþ� a

¯
ø üû��µõ À�ó�� �� ñøÀõ-R ,M Âð� (7

SuppR(
M

a
¯
M

) = V (a
¯

+ AnnR(M)).

.℄3[ â�Âõ ¥� 3 ÛÊê 19 ßþÂÞ� �� ¢�ª á��¤ :��±��
� � �¤ 0 6= M ñøÂ î À ã � .À ª� � R � Ö Ü � ¥� ü óøÀ õ M Ý � � î Â ê 3.2.1 Ó þÂ ã �:Ý��îüõ ÓþÂã� ß��� ø Ý�û¢üõ ö�È÷ dimR(M)

dimR(M) = sup{n ≥ 0 | ∃ p
¯0 ⊂ p

¯1 ⊂ · · · ⊂ p
¯n

s.t. p
¯i

∈ SuppR(M)}

ù�Ú÷� ,Àª�� üû��µõ À�ó�� �� ñøÀõ-R ×þ M Âð� 4.2.1 ù¤��ð
.dim(M) = dim(

R

AnnR(M)
)

.℄3[ â�Âõ ¥� 3 ÛÊê 19 ßþÂÞ� �� ¢�ª á��¤ :��±��



19 �û¥��÷ Ç�� 1 ÛÊê� ä� Þ ¹ õ �¤ AssR(M) .À ª� � R � Ö Ü � ¥� ü óøÀ õ M Ý � � î Â ê 5.2.1 Ó þÂ ã �:Ý��îüõ ÓþÂã� ß��� ø Ý�õ�÷üõ M �� �µÆ��ø ñø� ý�ûñ�ùÀþ�
AssR(M) = {p

¯
∈ Spec(R) | ∃ 0 6= m ∈ M s.t. (0 :R m) = p

¯
}.

:�¤�¬ ßþ� ¤¢ .Àª�� R ýÂ��÷ �ÖÜ� ¥� üóøÀõ M Ý��î Âê 6.2.1 ù¤��ð.M = 0⇐⇒ AssR(M) = ∅ (1¥� üÖ� ì¢ � ó� ± ÷¢ ,0 −→ M ′ −→ M −→ M ′′ −→ 0 �ó� ± ÷¢ ø Â þÁ �Ëþ�ã � ý��ÖÜ� R Âð� (2ù�Ú÷� ,Àª�� �ûüµ¿þ¤Ýû-R ø �ûñøÀõ-R

AssR(M) ⊂ AssR(M ′) ∪ AssR(M ′′).

.AssR(
R

p
¯

) = p
¯
,R �ÖÜ� ¥� p

¯
ñø� ñ�ùÀþ� Âû ý�¥� �� (3ù�Ú÷� ,Àª�� üû��µõ À�ó�� �� ñøÀõ-R ×þ M Âð� (4.´¨� üû��µõ AssR(M) (i.À�÷�ÆØþ AssR(M) ø SuppR(M) �ä�Þ¹õ ø¢ ñ�Þ���õ Â¬��ä �ä�Þ¹õ (ii.AssR(M) = SuppR(M) ù�Ú÷� ,Àª�� ü���¤� ñøÀõ-R ×þ M Âð� (5.´¨� R ñ�Þþ�î�õ ñ�ùÀþ� üû��µõ ¢�Àã� Ûõ�ª �ä�Þ¹õ ßþ� ß��»Þû



20 �û¥��÷ Ç�� 1 ÛÊê�¤�¬ ßþ� ¤¢.Àª�� üû��µõ À�ó�� �� ñøÀõ-R ×þ ,M ø ýÂ��÷ ý��ÖÜ� R Ý��î Âê 7.2.1 ��Ìì:À÷¥ ¤�Ýû Âþ¥ Íþ�Âª.dim(M) = 0 (1.´¨� ü���¤� R

Ann(R)
(2.¢¤�¢ üû��µõ ñ�Ï M (3.´¨� R ¥� ñ�Þþ�î�õ ñ�ùÀþ� ×þ p

¯
∈ AssR(M) Âû (4.´¨� R ¥� ñ�Þþ�î�õ ñ�ùÀþ� ×þ p

¯
∈ SuppR(M) Âû (5.´¨� üúþÀ� :��±��

À ª� � � µ ª�¢ ¢� �ø N À � ÷� õ M ¥� ü óøÀ õÂ þ¥ Â ð� Í Ö ê ø Í Ö ê a
¯
∈ Ass(M) 8.2.1 � � Ì ì�î

.N ∼=
R

a
¯

.℄3[ â�Âõ ¥� 200 �½Ô¬ �� ¢�ª á��¤ :��±��
ýø¤ � î À � ª� � R ¥� ýÂ ¬� � ä � ä� Þ ¹ õ ZR(M) ø ýÂ �� ÷ ý�� Ö Ü � ,R Â ð� 9.2.1 ù¤�� ð


