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ùÀ�Ø�ÝµÆ�¨ ×þ ¤¢ é�÷����ó ý�Þ÷ ×Þî �� ü±Êä ý�û�Ø±ª ýÂµõ�¤���÷ Âð¢¤ø�Â� ü±÷�¹õ âþ¥�� �õ�÷ö�þ�� ßþ��µ¨�¤ ßþ� ¤¢ .´¨� ��ª� ¥� ýÂÚÜÞä ÓþÂã� ×þ é�÷����ó ý�Þ÷ ö¢�� ´±·õ .À�îüõ ��µ�µ¨� �¤ ,í����ª�Âð¢¤ø�Â� ß���Ýû ø Ý��îüõ ¢¤ø�Â� é�÷����ó ý�Þ÷ §�¨� Â� ��ª� ��®Âê ö�õ¥� ý�Â� ý¤�õ� ýÀ��°ó�ì©¤��ð ×��î ý�û�÷�Þ÷ ¢ÂØÜÞä ü��þ¥ ¤� ý�Â� ý¥�¨ ��±ª �ãó�Îõ ×þ .Ý��îüõ üêÂãõ �¤ ¤�Àþ�� Å÷�þ¤�ø,¢¤��õ ÂµÈ�� ¤¢ .ÝþÂ�üõ ¤�î�� �÷�¥ø ¤ ��ú¨ üµÈðÂ� ý�ûù¢�¢ ý�Â� �¤ ö�õ¤�î ©ø¤ ß���Ýû .´¨� ùÀªüµÈð¥�� ý�ûÛþÀ±� ¥� üÌã� ¤¢ ��·µ¨� ×þ�� À¬¤¢ ×þ ¼Î¨ ¤¢ ��ú¨ üµÈð¥�� ý�ûýÂ¨ ��ª� ��®Âê.´¨� ùÀª ¢¤ ,ÕÜÎõ



¤�µÔÚÈ��ö� õ¥� ß þ� .´ ¨� × � õ� � þ¢ Ý µ Æ � ¨ × þ ü þ� þ� � ¥� À � Ô õ ù¥�À ÷� × þ é� ÷� �� � ó ý� Þ ÷ýÂ�ðù¥�À÷� ,À÷¤�¢ ��óø� ý�û¤�ÀÖõ ¤¢ üîÀ÷� �ø�Ô� �î üþ�ûÂ�Æõ ß�� �¤ üþ�Þ÷ üþ�Âð�ø �þ üþ�ÂÚÞû ß�Ú÷��õ[10℄ ¤¢ 1ñø¤ ø ßÞ¿þ� 1985 ñ�¨ ¤¢ ùÀª ùÀû�Èõ ý�ûù¢�¢ ¥� é�÷����ó ý�Þ÷ ö¢¤ø� ´¨¢�� ý�Â� .À�îüõö���ä �� ©ø¤ ßþ��î À÷¢�¢ ¢�ú�È�� ýÂµõ�¤���÷ ö��¨Âð¤ �þ�� Â� ©ø¤ ×þ ,[9℄ ¤¢ 2ßÞ¿þ� 1986 ñ�¨ ¤¢ øß���î�� ©ø¤ ö���ä �� À÷���üõ ýÂµõ�¤���÷ ö��¨Âð¤ Âð¢¤ø�Â� Âû �îüó��¤¢ .¢�ªüõ �µ¡��ª ß���î�� ©ø¤ý�û�Ø±ª §�¨� Â� é�÷����ó ý�Þ÷ Âð¢¤ø�Â� ©ø¤ ßþ� ý¢Â�¤�î ù¢�Ôµ¨� ßþÂµÈ�� ¥� üØþ ¢�ª ù¢Â� ¤�î��ý�û¢Â�¤�î ù¢�Ôµ¨� ñ�·õ ý�Â� .´¨� [18℄ ¤¢ 3Ç÷�¤�ØÞû ø �Ø»�÷ Í¨�� 1992 ñ�¨ ¤¢ ùÀª �ÂÏ ü±Êäø �þ�¹� ,[19℄ ¤¢ 4 Åµ�óÂ¨ Í¨�� 1995 ñ�¨ ¤¢ üó�� �µ¨¢ ýø¤ �ãó�Îõ Ûõ�ª ¢�Êµì� ¤¢ ¢ÂØþø ¤ ßþ�ý�ûýÂ¨ Û�Ü½� ø � þ�¹� , [7℄ ¤¢ 5üÆ�ð ø �¤�»þ¢ Í¨� � 1992 ñ�¨ ¤¢ ü�¤�¡ ¥¤� ¤�ÀÖõ Û� Ü½�.¢�ªüõ [1℄ ¤¢6ö�¤�ØÞû ø ¤�Ø÷�ú�� Í¨�� 1997 ñ�¨ ¤¢ ��ú¨ üµÈð¥��×þ .Ýþ¤ø�üõ ´¨À� �¤ é�÷���� ó ý�Þ÷ ü±Êä �Ø±ª Âð¢¤ø�Â� ¥� ü±÷�¹õ âþ¥�� �Àµ�� �õ�÷ö�þ� � ßþ� ¤¢üêÂãõ ü±÷�¹õÅ÷�þ¤�ø ¥� ¤�Àþ�� Âð¢¤ø�Â� �þ�� Â� ,´¨� é�÷����ó ý�Þ÷ ´õ�ä �î ý¢�¢¤�Âì ý¤�õ� ���¤��¥� �î ß���î�� �þ�� Âð¢¤ø�Â� ¥� ü±÷�¹õ ö¢�� ñ�õÂ÷ ,[21℄ ¤¢ 7 ö�µ��ó ø Ù÷�ø Í¨�� 1999 ñ�¨ ¤¢ .¢�ªüõø Ù÷�ø ýÂÑ÷ ¸þ�µ÷ °�îÂ� üÜ¬� ùÀþ� .´¨� ùÀõ� ´¨¢�� ùÀª ù¢�Ôµ¨� �µÆû á�÷ ýÂµõ�¤���÷ ö��¨Âð¤ ×þø [21℄ ¤¢ 8 ´þ�ø ø ß� Í¨�� 1999 ñ�¨ ¤¢ ùÀõ� ´¨À� ü±Êä ý�û�Ø±ª ü±÷�¹õ Â�¡� ¸þ�µ÷ ø ö�µ��óü±Êä �Ø±ª ý�ûñÀõ ¤¢ ö�ú�� ý�ûÀ��ø ¢�Àã� ÂÑ÷ ¥� ,Âð¢¤ø�Â� ü±÷�¹õ ñ�õÂ÷ ý�Â� Íþ�Âª .´¨� ö�ÂÚþ¢Ruelle1Ekmann2Nyhka3Serletis4Dehart,Genay5Abhyankar6wang, Linton7Chen,White81



ñ�Ï ¥� �¥� ¢�ã¬ ¤�ÀÖõ ,´¨� ùÀõ� ´¨À� ýÀã� ×þ ø ýÀã� À�� ´ó�� ø¢ Âû ý�Â� ,í�Ü� ñ�Ï À�÷�ÞûÀ�µÆû �µÆû Âð¢¤ø�Â� �þ�� Â� �î üþ�ú÷� �� é�÷����ó ý�Þ÷ ¥� ü±Êä �Ø±ª Âð¢¤ø�Â� ¥� üþ�ÂÚÞû ¤�ÀÖõ ø í�Ü�ý¢�¢¤�Âì ÓþÂã� ×þ ,¤�À÷�Âî ùÀ��î ÓÜ� üÎ¡ Â�è ÝµÆ�¨×þ ¤¢ é�÷����ó ý�Þ÷ ö¢�� ´±·õ .¢�ªüõ �Æþ�Öõ×þ ¤¢ üê¢�Ê� ��ª� ¢��ø ö�� .(1985 ñ�¨ ¤¢[10℄ ¤¢ ñø¤ ø ßÞ¿þ�)´¨� ��ª� ¥� �µê¤ ¤�î�� üõ�Þäý¤�õ� ���¤�ú� ×þ é�÷���� ó ý�Þ÷ Âð¢¤ø�Â� ¥� ü±÷�¹õ Å÷�þ¤�ø ¤�Àþ� � Âð¢¤ø�Â� ,Ý�µêÂþÁ� �¤ ÝµÆ�¨�¤�±ä �� ,À�îüõ ¢�ú�È�� üê¢�Ê� Í�½õ×þ ¤¢ é�÷����ó ý�Þ÷ ö¢�� ´±·õ ��®Âê ö�õ¥� ý�Â� ý¢�¢¤�Âì¤�î ßþ� ¤¢ ùÀª ¢�ú�È�� ¤�Àþ�� ¢¤�À÷�µ¨� ý�Î¡ �� ��ª� ù¢�Ôµ¨� ý�Â� Ý�ÖµÆõ ö�õ¥� ×þ Ý�÷���üõ ÂÚþ¢¤¢ é�÷� �� � ó ý�Þ÷ ü±Êä �Ø±ª Âð¢¤ø�Â� ¥� ý¤�õ� «��¡ ýø¤ Õ��¨ ýÂÑ÷ ��ãó�Îõ ¥� Àã� .Ýþ¥�Æ�üä��Êõ ü±Êä ý�û�Ø±ª ¥� ö�ú�� �þ� ×� ¤�¡ Ç�� ù¢¤ ×þ ýø¤ ,[15℄ ¤¢ 9 üê�Øõ Í¨�� 1992ñ�¨ü±þÂÖ� «��¡ ü±Êä ý�û�Ø±ª ù¢�Ôµ¨� ¥� ���� Û��ì ýÂÑ÷ ´þ�õ ßþÂµÈ�� À¨¤ üõ ÂÑ÷ �� .Ý��îüõ �îÂÞ�¤¢ Ûì�À� °þÂÖ� ý�û©ø¤ ÂÚþ¢ �� ´±Æ÷ ü±Êä ý�û�Ø±ª ¢ø¤üõ ¤�Ñµ÷� ýÂÑ÷ ¤�Ï �� ,Àª�� �ú÷� üõ�Þä¤¢ ¢���õ ý¥�¨ ��±ª ¸þ�µ÷ üÜî ¤�Ï �� .À��îüõ ÛÞä Âµú� ùÀª �µêÂð ÂÑ÷ ¤¢ â���� ¥� ü¬�¡ ù¢¤ ù¢øÀ½õü±Êä ý�û�Ø±ª ýÂþÁ� é�Îã÷� �� ���� �� ,À��îüõ ���� ü±Êä ý�û�Ø±ª ©ø¤ �� ß�È�� ��ãó�Îõüê�î ù¥�À÷� �� üÎ¡Â�è â��� Âð� üµ� ,Àû¢üõ ö�È÷ �¤ ü±Êä ý�û�Ø±ª Õ�ì¢ �� ×þ¢�÷ ü±þÂÖ� «��¡.´¨� ö�ú�� ý�ûÀ��ø ¢�Àã� ��¿µ÷� �� ü±Êä ý�û�Ø±ª ýÀ�õøÂ�÷ ,Àª�� ��ª� À�ó�� ý�Â� ùÀ�»��
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1 ÛÊê
ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�



�õÀÖõ.´¨� ùÀª ù¢¤ø� �õ�÷ö�þ�� á�®�õ �� üþ��ª� ´ú� ü��õÀÖõ Ý�û�Ôõ ø �þ�Ìì ø Óþ¤�ã� ÛÊê ßþ� ¤¢é�ó���¨ �Â÷ üêÂãõ ý�Â� ü��õÀÖõ Óþ¤�ã� �� ñø� Ç¿� ¤¢ .Àª��üõ Ç¿� ¤�ú� Ûõ�ª ÛÊê ßþ��þÂÑ÷ ü��õÀÖõ Ý�û�Ôõ �ø¢ Ç¿� ¤¢ .Ýþ¥�¢Â�üõ ý¤�õ� ü��õÀÖõ Ý�û�Ôõ ø ë�½ó� ýø�Æõ�÷ ø�¤�ú� Ç¿� ¤¢ .¢¤�¢ «�Êµ¡� üØ�õ��þ¢ ý�ûÝµÆ�¨ üêÂãõ �� ��¨ Ç¿� .Ý��îüõ ö��� �¤ ��ª�.Ý��îüõ ö��� �¤ ü±Êä ý�û�Ø±ª Ý�û�Ôõ
ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� 1-1.Ý��î üõ ö��� �¤ ý¤�õ� ø ü®�þ¤ ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� Ç¿� ßþ� ¤¢×þ �¤ X ý�û�ä�Þ¹õ Âþ¥ ¥� S �þ�¢Âð ,Àª�� üú��÷ �ä�Þ¹õ ×þ X À��îÂê .1.1.1 ÓþÂã�:À�î ëÀ¬ Âþ¥ ´�¬�¡ �¨ ¤¢ Âð� ,À�þ�ð �ÖÜ�Ý�÷;Àª�� S �� ÕÜãµõ üú� �ä�Þ¹õ (1);A \ B 2 S ù�Ú÷� ,A;B 2 S ù�ð Âû (2)¥� ý�Ìä� ¥� üû��µõ üä�Þµ�� �¤�¬ �� ö��� �� �¤ �ú÷� Û®�Ô� ,S ¥� �ä�Þ¹õ ø¢ Âû ý�¥� �� (3)�µª�¢ ¢��ø S ¤¢ Cn; :::; C1 ö�� üþ�û�ä�Þ¹õ ,A;B 2 S Âû ý�¥� �� ,ü�ãþ ,´ª�÷ S ý�À� Ýû.Ci \ Cj = ; ,i 6= j ø A�B = Sni=1Ci �î À�ª��ø¢ ¥� �î ´¨� X �ä�Þ¹õ ¥� R À�÷�õ ,�û�ä�Þ¹õ ¥� üú��÷ ý��þ�¢Âð �ÖÜ� ×þ .2.1.1 ÓþÂã�:´¨� ¤�¢¤�¡Â� Âþ¥ ´�¬�¡;A [B 2 R ù�Ú÷� ,A;B 2 R ù�ð Âû (1)7



.A�B 2 R ù�Ú÷� ,A;B 2 R ù�ð Âû (2)ý�� ä� Þ¹ õ â �� � .À ª� � X ý�û�ä� Þ¹ õ Â þ¥ ¥� ý�� Ö Ü �Ý � ÷ S À � � î Â ê .3.1.1 Ó þÂ ã �:Àª�� Âþ¥ «��¡ ý�¤�¢ Âð� ,À�þ�ð S ýø¤ ù¥�À÷� ×þ �¤ � : S ! [0;1℄;�(;) = 0 (1)ù�Ú÷� ,Àª�� 1Sn=1An 2 S �î S ¥� �À�Ýû ¥� ý��ó�±÷¢ fAng ù�ð Âû (2)�0� 1[n=1An1A = 1Xn=1� (An):� ø X ý�û�ä�Þ¹õ Âþ¥ ¥� ý��ÖÜ�Âþ¥ S ,üú��÷ �ä�Þ¹õ ×þ X ö� ¤¢ �î (X;S; �) üþ�� �¨.¢¤�¢ ��÷ ù¥�À÷� ý�Ìê ×þ ,´¨� S ýø¤ ù¥�À÷� ×þÛØª � � � û�ä�Þ¹õ ��Þ � ø üú � �ä�Þ¹õ ¥� °îÂõ �Ö Ü�Ý � ÷ S À� � î Âê .4.1.1 ÓþÂã ��� � : S ! [0;1) ý��ä�Þ¹õ â��� .Àª�� �1 < ai < bi <1 ,i Âû ý�¥� �� �î A = nQi=1 [ai; bi)üõ S ýø¤ Ù±ó ù¥�À÷� �¤ ö� �î ´¨� ù¥�À÷� ×þ � " nQi=1 [ai; bi)# = nQi=1 [bi � ai) ,�(;) = 0ÓþÂã�.À�õ�÷ù�ð Âû ,À�þ�ð ü�¤�¡ ù¥�À÷� �¤ �� ý��ä�Þ¹õ üÔ�õ Â�è üÖ�Ö� �µê�þ �ã¨�� â��� .5.1.1 ÓþÂã�:Àª�� Âþ¥ «��¡ ý�¤�¢;��(;) = 0 (1);A � B ) ��(A) � ��(B)(2)ù�Ú÷� ,Àª�� X ý�û�ä�Þ¹õÂþ¥ ¥� ù��¿ó¢ �ó�±÷¢ ×þ En Âð� (3)��0� 1[n=1En1A � 1Xn=1�� (En) :8



�� Âð� ´¨� (ñ�Þµ�� ¤¢ �þ) ù¥�À÷� ¤¢ f 2 m �� �ÂÚÞû ÂþÁ�ù¥�À÷� â���� ¥� ffng �ó�±÷¢ .6.1.1 ÓþÂã�," > 0 Âû ý�¥�lim�(fx 2 X : jfn(x)� f(x)j � "g) = 0.À�û¢üõ Çþ�Þ÷ fn �! f �� �¤ ö� øjf jp ,Àª�� ÂþÁ�ù¥�À÷� â��� ×þ f Âð� .Àª�� ù¥�À÷� ý�Ìê ×þ (X;S; �) À��î Âê .7.1.1 ù¤��ð.´¨� ÂþÁ�ù¥�À÷� p > 0 Âû ý�¥� �� ��÷.¢�ª �ã��Âõ [22℄ �� .ö�ûÂ�jf jp �î f ÂþÁ�ù¥�À÷� â��� � ��Þ� � þ�¢Âð �¤�¬ ßþ� ¤¢ 0 < p < 1 À��î Âê .8.1.1 ÓþÂã�.¢�ªüõ ù¢�¢ ö�È÷ Lp(�) �� ´¨� ÂþÁ�ñ�ÂÚµ÷�.´¨� ý¤�¢Â� ý�Ìê ×þ Lp(�) .9.1.1 ù¤��ð.¢�ª �ã��Âõ [22℄ �� .ö�ûÂ�X �X ýø¤ ùÀª ÓþÂã� d üÖ�Ö� â��� .Àª�� üú��÷ �ä�Þ¹õ ×þ X À��î Âê .10.1.1 ÓþÂã�:Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª x; y; z 2 X Âû ý�Â� ù�ðÂû ,À�õ�÷ X ýø¤ Âµõ ×þ �¤;x = y Âð� �ú�� ø Âð� d(x; y) = 0 ø d(x; y) � 0 (1);d(x; y) = d(y; x) (2).d(x; y) � d(x; z) + d(z; y) (3)
9



ý��ÎÖ÷ Ûõ�ª p üÚþ�ÆÞû Âû ù�ð Âû ,´¨� E �ä�Þ¹õ ýÀ� �ÎÖ÷ ×þ p �ÎÖ÷ .11.1.1 ÓþÂã�.Àª�� p ¥� Â�è q 2 E ö��ñ�Ú� X ¤¢ E .Àª�� X ¥� ý��ä�Þ¹õ Âþ¥ E ø ýÂµõ ý�Ìê ×þ X À��îÂê .12.1.1 ÓþÂã�.Àª�� ø¢ Âû �þ ø E �ÎÖ÷ ×þ �þ E ýÀ� �ÎÖ÷ ×þ X �ÎÖ÷ Âû ù�ð Âû ,´¨�.À÷�ùÀª ÓþÂã� E �ä�Þ¹õ ýø¤ �î Àª�� â���� ¥� ý��ó�±÷¢ ffng À��î Âê .13.1.1 ÓþÂã��îý¤�Ï�� Àª�� M À�÷�õ ý¢Àä ù�ð Âû ,´¨� ¤�À÷�Âî ´¡���Øþ¤�Ï �� E ýø¤ ffngjfn(x)j �M (x 2 E; n = 1;2;3; :::):�� ´¡���Øþ ¤�Ï �� E ýø¤ ,n = 1;2;3; ::: �î ffng À�÷�õ â���� ¥� ý��ó�±÷¢ .14.1.1 ÓþÂã�n � N �îý¤�Ï�� Àª�� N À�÷�õ ü½�½¬ ¢Àä " > 0 Âû ý�¥� � � ù�ð Âû ,´¨�ÂÚÞû f â�� �.À�î ��¹þ� x 2 E Âû ý�¥� �� �¤ jfn(x)� f(x)j � " ýø�Æõ�÷â��� .Àª�� R üÖ�Ö� Í¡ ýø¤ ù¥�� ×þ I ø ýÂµõ ý�Ìê ×þ (X; d) À��îÂê .15.1.1 ÓþÂã�ø¢ ��ø¢ üû��µõ �ó�±÷¢ ×þ ø ý� Æ > 0´±·õ " Âû ý�Â� Âð� ,´¨� ÕÜÎõ �µ¨��� I ýø¤ f : I ! R:À��î ëÀ¬ Âþ¥ �Î��¤ ¤¢ �î À�ª�� �µª�¢ ¢��ø I ¥� (xk; yk) ��¹õXk jyk � xkj < Æ )Xk jf(yk)� f(xk)j < ":�� �¤ x 2 X ¤�¢Â� �Â÷ .Àª�� F Âó�Ø¨� ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê X À��îÂê .16.1.1 ÓþÂã�k:k : X ! R+ [ f0g ö�� üã��� ×þ X ýø¤ ùÀª ÓþÂã� �Â÷ ×þ âì�ø ¤¢ .À�û¢üõ Çþ�Þ÷ kxk:´¨� Âþ¥ «��¡ À��ø x �! kxk �î;x = 0 Âð� �ú�� ø Âð� kxk = 0 ø kxk � 0 ;x 2 X Âû ý�¥� �� (1);k�xk = j�j : kxk ,� 2 F Âû ø x 2 X Âû ý�¥� �� (2)10



.kx + yk � kxk + kyk ,x; y 2 X Âû ý�¥� �� (3).´¨� ¤�¢�Â÷ ý¤�¢Â� ý�Ìê ×þ (X; k:k) °�Âõ �ø¥ �¤�¬ ßþ� ¤¢´ª�Ú÷ .À�ª�� Rp ø Rn ¤¢ °��Â� �� ý¥�� ý�û�ä�Þ¹õ V ø U �î À��î Âê .17.1.1 ÓþÂã�ö�� üÎ¡ ´ª�Ú ÷ ×þ ù� ð Â û ,´¨� Â þÁ �Õ µÈõ x0 2 U �ÎÖ ÷ ¤¢ f : U � Rn ! V � Rp. limk~hk!0 f(x0+~h)�f(x0)�(Df)x0~h~h = 0 �îý¤�Ï�� Àª�� ¢���õ (Df)x0 : Rn ! Rp:¢�ªüõ ß��ã� Âþ¥ ÅþÂ��õ Í¨�� �µØþ ¤�Ï �� (Df)x0 ù�Ú÷� ,Àª�� ÂþÁ� ÕµÈõ x0 2 U �ÎÖ÷ ¤¢ f Âð�
(Df)x0 = 266666664 �f1�x1 �f1�x2 : : : �f1�xn�f2�x1 �f2�x2 : : : �f2�xn... ... . . . ...�fp�x1 �fp�x2 : : : �fp�xn

377777775(x0)x0 ¤¢ f ß���î�� ÅþÂ��õ �¤ (Df)x0 ÅþÂ��õ ø x0 �ÎÖ÷ ¤¢ f ÕµÈõ ´ª�Ú÷ �¤ (Df)x0 ´ª�Ú÷.À�þ�ð.¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� Óó���¨ �Â÷ ñ��ø ü Ô � õÂ � è ¼ � ½¬ ý� û´ �� � ¥� ý¤�¢Â � � = (�1; :::; �d)t À � � î Â ê .18.1.1 Ó þÂ ã �g(x) üÖ�Ö� â��� Âû ý�Â� �î ,Àª�� x = (x1; :::; xd)t ÛØª �� ¤�¢Â� ×þ x ö� ¤¢ �î ,x� = dQi=1x�ii�¤ D�g(x) �¤�¬ ßþ� ¤¢ .Àª�� ¤�ÂìÂ � D�g(x) = �j�jg(x)�x�11 ;:::;�x�dd �Î��¤ � Â ó�Ø¨� Âû ý�Â� ø Rd ¤¢.Ý�õ�÷ üõ x ¤¢ g ��� �±�Âõ ÕµÈõý�Ì ê Çþ� Þ ÷ ý�Â � �md ¥� .Ý � � îü õ ù¢� Ô µ ¨� D1g(x) = Dg(x) ø D0g(x) = g(x) ¢�¢¤�Â ì ¥�ù¢�Ôµ¨� À÷¤�¢ m �±�Âõ �� �µ¨��� ø ¤�À÷�Âî ´¡���Øþ¤�Ï�� ÕµÈõ �î Rd ¤¢ ü÷¥ø â���� �Þû Óó���¨
11



:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� Óó���¨ �Â÷ø Ý��îüõkgk�md � max0�j�j<m supx2Rd jD�g(x)j <1 8g 2 �md :ø fg 2 L1(�) ù�Ú÷� .f; g 2 L2(�) À��î Âê .(��¤��ª üª�î ýø�Æõ�÷)19.1.1 ÓþÂã�Z jfgjd� � (Z jf j2d�)1/2:(Z jgj2d�)1/2 = kfk2 : kgk2 :.¢�ª �ã��Âõ [22℄ �� .ö�ûÂ�ÂþÁ�ù¥�À÷� â��� f(x) ø üÖ�Ö� Í¡ ¥� üÎ¡ù¤�� S À��î Âê .(ë�½ó� ýø�Æõ�÷ )20.1.1 ÓþÂã�¼�½¬ ¢�Àä� 0 � k < l ö� ¤¢ �î k; l ø üÖ�Ö� ¢�Àä� ,1 � r; p; q ,Àª�� S ýø¤ ùÀª ÓþÂã�ß���Ýû ,À�ª��kfkLp(s) = 8>>><>>>: �Rs jf(x)jpdx�1=p 1 � p <1ess supx2s jf(x)j p =1Âð� ,¢¤�¢ ÕÜã� W lp;r(s) ù¢¤ �� f(x) â��� Ý�þ�ð �¤�¬ ßþ� ¤¢,Àª�� ÕÜÎõ �µ¨��� [a; b℄ � S Í¡ ù¤�� Âû ýø¤ f (l�1)(x) ø f(x) (1).kfkLp(s) <1 ,f (l)Lr(s) <1 (2)â �� � Âû ø p; q; r; k; l; �; � ¢�Àä� ¥� ùÀª ù¢�¢ �ä�Þ¹õ ý�Â � �î �î À�î üõ ß� �ã �Â þ¥ ý� þ�Ìì,ýø�Æõ�÷ �þ� f(x) 2 W lp;r(s)fkLq(s) � k kfk�Lp(s) f l�Lr(s)W lp;r(s) â���� ý�Â� ýø�Æõ�÷ �¤ ýø�Æõ�÷ ßþ� ¢¤�À÷ üÚµÆ� f �� k ´��� ö� ¤¢ �î ,´¨� ¤�ÂìÂ�ù�Ú÷� ,(l � k)p�l + kr�l � lq�l ø 0 � k < l ø p; q; r � 1 Âð� �î ¢�ª üõ �Ñ��õ .Ý�õ�÷üõ12



:´¨� ¤�Âì Â� Âþ¥ ýø�Æõ�÷ 0 < Æ � s �î Æ Âû ý�Â� ø W lp;r(s) â���� ¥� ý� ù¢¤ ý�Â�fkLq(s) � A(Æ�k�p�1+q�1 kfkLp(s) + Æl�k�r�1+q�1 f (l)Lr(s));.¢¤�À÷ üÚµÆ� S ø Æ �� A ö� ¤¢ �î.¢�ª �ã��Âõ [20℄ �� . ö�ûÂ�E = [0;1) ø ¼�½¬ 0 � k < l �î k; l ø üÖ�Ö� ¢�Àä� p; q; r � 1 À��îÂê .21.1.1��Ìì:´¨� ¤�ÂìÂ� W lp;r(E) â���� ¥� ý� ù¢¤ ý�Â� Âþ¥ ýø�Æõ�÷ ù�Ú÷� .À�ª��f (k)Lq(E) � K kfk�Lp(E) f (l)�Lr(E) ;:À�µÆû üê�î ø �¥� Íþ�Âª ýø�Æõ�÷ ßþ� ¢��ø ý�Â� Âþ¥ Íþ�Âª ö� ¤¢ �î;� = k�q�1+p�1l�r�1+p�1 ø � = l�k�r�1+q�1l�r�1+p�1 (1);(l � k)p�1 + kr�1 � lq�1 (2).¢�ª �ã��Âõ [19℄ �� .ö�ûÂ���Üãõ�÷ ��Þãõ �î ,À�þ�ð �ãõ�� ö� Âµõ�¤�� �¤ �ãõ�� ×þ ��Üãõ�÷ üðÄþø �þ ´Ô¬ .22.1.1 ÓþÂã�.À��îüõ ¢¤ø�Â� �þ À÷¤ø�üõ ´¨À� �Â÷� ø ´¨�üÖ�Ö� Âþ¢�Öõ �� â��� ×þ X ø ñ�Þµ�� ù¥�À÷� ×þ �� ý��÷�Þ÷ ý�Ìê ×þ S Âð� .23.1.1 ÓþÂã�.¢�ªüõ ùÀ�õ�÷ üê¢�Ê� Â�çµõ X ù�Ú÷� ,´¨� ùÀª ÓþÂã� S Â¬��ä ýø¤ �î Àª��,z üÖ�Ö� ¢Àä Âû ý�Â� ù�ðÂû ,À�õ�÷ üõ âþ¥��Ýû �¤ Y ø X üê¢�Ê� Â�çµõ ø¢ .24.1.1 ÓþÂã�P (X � z) = P (Y � z):13



,À�µÆû X ¥� ü��� n üê¢�Ê� �÷�Þ÷ ×þ Xn; :::; X2; X1 üê¢�Ê� ý�ûÂ�çµõ .25.1.1 ÓþÂã�.À�ª�� âþ¥��Ýû X �� ø ÂÚþÀØþ ¥� ÛÖµÆõ ù�ðÂûö� ¤¢ � î �¤ Xn; :::; X2; X1 üê¢�Ê � � ÷� Þ ÷ ¥� U = g(X1; X2; :::; Xn) â �� � .26.1.1 ÓþÂ ã �.À�õ�÷üõ ù¤�õ� ×þ ,Àª�±÷ ñ�ú¹õ Âµõ�¤��U = g(X1; X2; :::; Xn) ù¤�õ� ¤¢ �¤ ö� ý�û�µê�þ üê¢�Ê� �÷�Þ÷ ý�� �� ù�ðÂû .27.1.1 ÓþÂã�ü±þÂÖ� ¤�ÀÖõ ö���ä �� �¤ ¢Àä ßþ� Âð� .¢�ªüõ u = g(x1; x2; :::; xn) ¢Àä ù¤�õ� ßþ� �µê�þ ,Ýþ¤�ÁÚ�.À�þ�ðüõ � Âµõ�¤�� ý�Â� ¢¤ø�Â� ×þ �¤ u ¢Àä ø Âð¢¤ø� Â� ×þ �¤ U ù¤�õ� ù�Ú÷� ,ÝþÂ� ¤�î�� Âµõ�¤��ñ�Þµ�� ,üê¢�Ê� ý�ûÀõ�È�� ¥� �ÜÆÜ¨ ×þ ¤¢ �î ´�¬�¡ ßþ� �� üê¢�Ê� À�þ�Âê .28.1.1 ÓþÂã�.À�õ�÷üõ1Óî¤�õ À�þ�Âê �¤ ¢¤�¢ üÚµÆ� ö� Û±ì�õ �¹�µ÷ �� �ú�� Àõ�È�� Âû á�ìøüÖ � Ö� â �� � .Àª� � ñ� Þ µ�� ×þ ýø¤ ü ê¢�Ê � Â � ç µ õ ×þ X À � � î Â ê .29.1.1 ÓþÂ ã �.À�õ�÷üõ X âþ¥�� â��� ,´¨� üÖ�Ö� ¢Àä ×þ x ö� ¤¢ �î �¤ Fx(x) = P (X � x)â��� À�îüõ ß��ã� �µÆÆð üê¢�Ê� Â�çµõ ý�Â� �ÎÖ÷ Âû ¤¢ �¤ ñ�Þµ�� �î üã��� .30.1.1 ÓþÂã�.À�þ�ð ñ�Þµ�� üó�Ú�ñ�Þµ�� ù�Ú÷� .P (B) > 0 �î ý��÷�ð �� À�ª�� Àõ�È�� ø¢ B ø A À��îÂê .31.1.1 ÓþÂã�ÓþÂã� Âþ¥ �¤�¬ �� ø ù¢�¢ Çþ�Þ÷P (AjB) �� �¤ ´¨� ù¢�¢  ¤ B �î üõ�Ú�û A Àõ� Ç�� üÏÂªMarkov1
14



:Ý��î üõP (A jB ) = P (A \B)P (B) ; P (B) 6= 0:fx : R! [0;1℄ ñ�Þµ�� üó�Ú� â��� Âð� ,´¨� ÕÜÎõ �µ¨��� X üê¢�Ê� Â�çµõ .32.1.1 ÓþÂã�.P (X 2 [a; b℄) = R ba fX(x)dx ,[a; b℄ � R ù¥�� Âû ý�Â� �îý¤�Ï�� Àª�� �µª�¢ ¢��ø X ý�Â��� ý¢Àä X ü®�þ¤ À�õ� .Àª�� f(x) üó�Ú� �� üê¢�Ê� Â�çµõ ×þ X À��îÂê .33.1.1 ÓþÂã�:¢�ª üõ ÓþÂã�Âþ¥ �¤�¬E (x) = 8><>: Px xf(x)R +1�1 xf(x)dx:ù¢�¢ ö�È÷ � �� ü®�þ¤ À�õ� .´¨� �µ¨��� ´ó�� ý�Â� �ø¢ �¤�±ä ø �µÆÆð ´ó�� ý�Â� ñø� �¤�±ä.¢�ª üõÀ�õ� ,Àª�� üÖ�Ö� â��� ×þ y = g(x) ø f(x) üó�Ú� �� üê¢�Ê� Â�çµõ ×þ X Âð� .34.1.1 ÓþÂã�:´¨� Âþ¥ �¤�¬ �� g(x) ü®�þ¤E [g(x)℄ = 8><>: Px g(x)f(x)R+1�1 g(x)f(x)dx;.´¨� �µ¨��� ´ó�� ý�Â� �ø¢ �¤�±ä ø �µÆÆð ´ó�� ý�Â� ñø� �¤�±ä �î¤�ÀÖõ Y �µÆÆð üê¢�Ê� Â�çµõ �î üõ�Ú�û X �µÆÆð üê¢�Ê� Â�çµõ üÏÂª À�õ� .35.1.1 ÓþÂã�:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� ¢¤�¢ �¤ yE (X jY = y ) =Xx xfxjy (x jy ) :�� ,À�û¢üõ ö�È÷ �2 �þ var(x) �� ø À�õ�÷üõ X Å÷�þ¤�ø �¤ (X � �)2 ß�Ú÷��õ .36.1.1 ÓþÂã�.var(X) = �2 = E((X � �)2) � 0 ÂÚþ¢ �¤�±ä15



Å÷�þ¤��î .À�ª�� �Y ø �X ý�ûß�Ú÷��õ �� üê¢�Ê� Â�çµõ ø¢ Y ø X À��îÂê .37.1.1 ÓþÂã�:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� Â�çµõ ø¢ ßþ�Cov(X; Y ) = E[(X � �X)(Y � �Y )℄::À�õ�÷üõ �2 ø � ý�ûÂµõ�¤�� �� ñ�õÂ÷ üó�Ú� �¤ Âþ¥ üó�Ú� .38.1.1 ÓþÂã�f(x;�; �2) = 1p2��2 e� 12�2 (x��)2 �1 < x <1:ø � ý�ûÂµõ�¤�� �� ñ�õÂ÷ âþ¥�� ý�¤�¢ X À�þ�ðüõ ,Àª�� üó�Ú� ßþ� ý�¤�¢ X üê¢�Ê� Â�çµõ ù�ð Âû.¢�ªüõ ù¢�¢ Çþ�Þ÷ X � N(�; �2) �� ø Àª��üõ �2F (x) âþ¥�� ¥� üê¢�Ê� �÷�Þ÷ ×þ Xn; :::; X2; X1 À��îÂê .(ý�îÂõ À� ��Ìì)39.1.1 ��Ììø¢ ,Àª�� ï¤�� üê�î ù¥�À÷� �� n Âð� .�2 < 1 �îý¤�Ï �� ,Àª�� �2 ø �Å÷�þ¤�ø ø ß�Ú÷��õ ��:Ýþ¤�¢ �¤ Âþ¥ ü±þÂÖ� �¹�µ÷;´¨� N(n�; n�2) âþ¥�� ý�¤�¢ �±þÂÖ� Tn = X1 +X2 + :::+Xn (1).´¨� N(�; �2n ) âþ¥�� ý�¤�¢ �±þÂÖ� �Xn = X1+X2+:::+Xnn (2).¢�ª �ã��Âõ [22℄ �� .ö�ûÂ�:À�û¢üõ ö�È÷Âþ¥ �¤�¬ �� �¤ ü±þÂÖ� ý�ûâþ¥�� ßþ�Tn � N(n�; n�2) ; �Xn � N(�; �2n )::Ýþ¤�¢ z Âû ý�Â� ýÀ� �¤�¬ �� ,Àª�� ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥�� � Âð�limn!1P (Tn � n�pn� � z) = �(z);16



limn!1P ( �Xn � ��pn � z) = �(z):.�(z) = P (Z � z) ù�Ú÷� ,Àª�� ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥�� ý�¤�¢ z Âð�À��î Âê .ÀþÂ�Ú� ÂÑ÷ ¤¢ f(x; �) üó�Ú� �� �¤ Xn; :::; X2; X1 üê¢�Ê� �÷�Þ÷ .40.1.1 ÓþÂã��ûXi�� Â��Â� f(xi; �) ���� üó�Ú� ø Xi �Â®Û¬�� �� Â��Â� �û � �ä�Þ¹õ �� � Âµõ�¤�� üãì�ø ¤�ÀÖõö�� .Àª�� �µª�¢ ÕÜã� ,Âµõ�¤�� �ä�Þ¹õ ��÷ ��Xi Âû üó�Ú� ßþ�Â���� ,À�µÆû ÛÖµÆõ ø âþ¥��Ýûüþ�Þ÷´¨�¤ â��� �¤ ö� ø À�û¢üõ ö�È÷ L(�)�� �¤ ���� üó�Ú� â��� ßþ� .Àª��üõ �ú÷� ý�ûüó�Ú�:Ýþ¤�¢ �¬�¡ ¤�Ï �� .À�õ�÷üõ üê¢�Ê� �÷�Þ÷ ý�Â�L(�) = nYi=1 f(x; �):üþ�Þ÷´¨�¤ ¢¤ø�Â� ,À�îüõ ÝÞþ�î�õ �¤ L(�) �î Âµõ�¤�� ý�Ìê ¤¢ � ¥� ý¤�ÀÖõ .41.1.1 ÓþÂã�üþ�Þ÷´¨�¤ ¢¤ø�Â� ý�¤�¢ �̂ 2 � ,� ý�Â� ü�ãþ ,Ý�û¢üõ ö�È÷ �̂ �� �¤ ö� ø ¢�ªüõ ùÀ�õ�÷ ÝÞþ�î�õÝ�ª�� �µª�¢ ù�ð Âû ,´¨� ÝÞþ�î�õL(�̂) � L(�) 8� 2 A:
�þ�� ý�û ÝµÆ�¨ 2-11600 ý�ûñ�¨ Í¨�ø� ¥� �ûÝµÆ�¨ ßþ� �ãó�Îõ �î Àû¢üõ ö�È÷ �þ�� ý�ûÝµÆ�¨ ���È�� ü¨¤Â�ß�÷��ì ����� ø 2ß���÷ Í¨�� Û�Æ÷�ÂÔþ¢ ��¢�ãõ üêÂãõ ø ´îÂ� ø ��£�� ß�÷��ì ÓÈî �� ý¢��õNewton217



�ó�Æõ Û� �� ¤¢�ì ß���÷ °��Â� ßþÀ� .´¨� �µêÂð ÛØª �ú÷� �þ�� Â� ��¤��¨ ´îÂ� ¢¤�õ ¤¢ 3ÂÜ³î�¨ �� �ó�Æõ Ý�Þã� ý�Â� ö�÷�¢×þ��ê ø ø ö�÷�¢ü®�þ¤ ©�� .Àþ¢Âð À�ª¤�¡ ¤ø¢ �� ß�õ¥ ´îÂ�,´¨� ßØÞõÂ�è �¨�¨� ÝÆ� �¨ �ó�Æõ Û� �î Àª �µØ÷ ßþ� Ýúê �� Â¹�õ (ù�õ ,ß�õ¥ ,À�ª¤�¡)ÝÆ�ý�� �� ø� .´ÆþÂÚ÷ ÝÆ� �¨ �ó�Æõ �� ýÀþÀ� Àþ¢ �� 4ù¤�Ø÷��� ýÂ÷�û ý¢��õ1800 Â¡�ø� ¤¢ÝµÆ�¨ ý¤�Àþ���÷ �þ ý¤�Àþ�� �ó�Æõ ,¢¤ø� ´¨À� �ûö�õ¥ ��Þ� ¤¢ �¤ ��¤��¨ Õ�ì¢ ö�Øõ Àû��¿� �Ø�þ�.´¡�¨ �ÂÎõ �¤ ��ª� ¥øÂ� ö�Øõ� ø ù¢�¢ ¤�Âì ���� ¢¤�õ �¤ ýÀ�ª¤�¡,À÷�ªüõ ñ�½� ©�¿µ¨¢ ö�õ¥ ¤Áð ¤¢ �î ¢�ªüõ ù¢�¢ üþ�ûÝµÆ�¨ �� �þ�� ÝµÆ�¨ ö���ä �î ��ö� ¥�ñ�½� ù�½÷ ÂÚ÷��� �î üþ�ûùÀä�ì ø �û´ó�� ,ö�õ¥ Âµõ�¤�� �¨ Í¨�� ö���üõ �¤ �þ�� ÝµÆ�¨ ×þ �Áó�Ï��� ÝµÆ�¨ Â� Ýî�� ��óø� Íþ�Âª Â� üµÆþ�� �þ�� ÝµÆ�¨ í¤¢ ý�Â� .¢�¢ ÛØª ,´¨�ûÝµÆ�¨ ßþ�À�÷�õ ¤�ÂØ� ý�û´ª�Ú÷ °ó�ì ¤¢ ÝµÆ�¨ À��þ ñ�½� ö�õ¥ �� �µÆÆð ¤�Ï �� ÝµÆ�¨ Âð� .´ª�¢.´¨� ýÀã� ×þ �ø¢ ��¤¢ ´ª�Ú÷ ×þ �î ¢Â�ðüõ ¤�Âì �ãó�Îõ ¢¤�õ 5 ×�µÆ¹ó ´ª�Ú÷�¤ ,Àª�� ¤�ÂìÂ� ´�ãì�õ ø ´äÂ¨ ö��õ üÎ¡ �Î��¤ ×þ �ú÷� ¤¢ �î üþ�ûÝµÆ�¨ .1.2.1 ÓþÂã��ú÷� á�Þ¹õ ,Ý�ª�� �µª�¢ üÎ¡ ÝµÆ�¨ ý�Â� ���� ø¢ Âð� .À�õ�÷üõ üÎ¡ ý�þ�� ý�ûÝµÆ�¨�ú÷� �î À÷¤�¢¤�¡Â� ´�Ü��ì ßþ� ¥� üÎ¡ ý�ûÝµÆ�¨ ß���Ýû .´¨� ÝµÆ�¨ ý�Â� ���� ×þ ��÷,¸þ�µ÷ ýÀ��âÞ� �� Å³¨ ø ù¢�¢ ¤�Âì ü¨¤Â� ¢¤�õ ,Â�×��î ���� �� ,�ó�fÆõ �þ�¹� �� ö���üõ �¤ö�¨� �¤ üÎ¡ ý�ûÝµÆ�¨ Û�Ü½� �î ´¨� ý¢¤��õ �ÜÞ� ¥� ßþ� .¢Âî ��Àì� �ú÷� üÜî Û�Ü½� ��.¢¥�¨üõ¤¢ .´¨� üÎ¡ Â�è ý�þ�� ÝµÆ�¨ ,Àª�� üÎ¡Â�è ´�ãì�õ ø ´äÂ¨ ö��õ �Î��¤ Âð� .2.2.1 ÓþÂã�kepler3Hanry poinare4lgisti518


