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WI G
 PG
MCWQ
�G[F N C E^
 D M jC UA��Y �lSp USlHT 
COI �MW lQ EY D CW � EeD W T MD OY ]RL GT EY D CM PCW a EHIJ RSp �

�G[F UlAa PMWa PG�nY C GT PCO\ EY �O�OY �
 C UT UIO\ GT ����	 RqM EY 
D D Oa�Y D CM PCWa EHIJ RSp Ee C�D
RSp Wq ]MD Ji EY KeM UT D CW^\ Eq GSnY MCRX\ D M CD USlHT 
COI Ua MD Ji KeM UT E`n
D Od� C EHIJ RSp Ee C�D
� U� GQ J U\O � Ga �MD CRF E
 CD Ga ]kMGe Z� G�Y jCWT c I UT EHIJ RSp Ee C�D �G[F MG
N MCRX\ W� GB UT �lS^\ �
 C

RFMCM MGHSolg E�B�jW�a E��eJ M UA��Y Zm jCW T
Kth − Best 	n
D Od� C bGF UT ELJD ]���� �Ge D M

���	 RqM EY U� CD C UA��Y Zm jCWT �J G_nY ELD G̀ L 
W� �
 Ua



Multi Level Programming�
Decenteralize Programming�
Karush-Kuhn-Tucker Condition�
Calvete, Gale



J M UA��Y Zm jCWT � EqM PNJ 	JD UT �JWXY Wd
M 	JD �
 ]���� �Ge D M � CWolY Gn
J Ge �lS�`q
UA��Y �
 UT �e GSY jGq PNJ �nV G
 GT CD E�B�jW�a E��e J M UA��Y Ua MCM U� CD C E�B�jW�a E��e

COI K�M J �G�e G�Y PGYN �G�� N CD Oa�Y 	JD J M Wq ����	 RSa EY Zm J kMWa Z
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	q �MOL EY kMCM �l�O\ ]E��eJ M Z� G�Y Zm jCW T jN GV EF GYDi jc 
D UY GFW T 	JD ]	�Sg Z�V D M •

kMD Ji E��e J M Z� G�Y Zm jCWT jN GV jc 
D UY GFWT 	JD ]	JD �
 C 
WL N C �lg ]Z�V �
 CD M ]�lSp
�MMWQ EY U�
 G[Y ]jN GV EF GYDi jc 
D UY GFWT 	JD GT 	JD �
 CN C Z� Gm �
 GnF J Ke C kRL



����

�� �
 �����	
�� ���
�

5= �> 5��7��P�� �>��� � ��4�� 5��7��P�� �A�
	l
OQ J RFD CM bGF W� GS� ]� GlL C �
 C Ua Ke Cc 
 G̀ nY J �lXY � GlL CN C jC U
 CMWQ U�O`�Y �
 ]�le�a U
W�F D M
O�� W�S� Wq Ua 	l
OdT ��� D O� UT 	lF CO\ EY �le�a jGq U�O`�Y MD OY D M �RSL GT EY U�O`�Y jGqO��
kCD �RL GT

X D M �E�O`XY��le�a U�O`�Y �
 A J �IW Y jU�O`�Y X
RlSa �W V �UF G
 K�q U�O`�Y

�Ke C U�O`�Y Pi W� GS� KeWHV ]�
 G̀ F kO�F �l�J C Ua MD CM MOIJ U�O`�Y �
 C �
 G̀ F jCWT E_An
Y jGq

A = {x �, x�, . . . , xn}

�RL GT EY U�O`�Y W� GS� �Gl�O�B �
WX\ ]�
 G̀ F kO�F �lYJ M

A = {x ∈ X | P (x)}�
 G̀ F kO�F �lYOe J RL GT UnL CM CD P Kl� GB
x

Ua Ke C �
 CWdF GlT J Ke C G̀ F kD CcQ �
 P (x) ]Pi D M Ua
�Ke C U�
oY �T G\ N C kMG_ne C ]U�O`�Y

χA : X −→ {�, �} χA(x) =




� x ∈ A

� x 6∈ A

U�O`�Y ]�l\W\ �
 C UT �RSa EY W 
O�\ ]�
 J W_� D CR[Y J M UT CD X �IWY U�O`�Y W� GS� ]U�
oY �T G\
U�O`�Y D M MOL EY U�m�Y Ua D O� PG̀ q �MCM �
 G̀ F 	q A = {(x, χA(x))|x ∈ X} �D O� UT PCO\ EY CD A

�K�l F �D GB K� Gm J M �
 CN C ESX 
 ]K�l F G
 K�q W� F MD O Y U�O `�Y O�� G
 W�S� �
 �le�a jGq
ZT G� �
oY J EX�� D O� UT Ua RS�e GSY E`lq G_Y jCW T �le�a jGq U�O `�Y ]�O V �� G�Y UT UIO \ GT

jN WY J Rm Gq Pi jCWT �
oY J EX�� D O� UT PCO\ E`F Ua RFD CM MOIJ E`lq G_Y Ua E� Gm D M ]RSn�q �
WX\



� �� �� ��� ����	
 ���
� �� � ���

D M �
WX\ 	OB Kl� GB �
 P ]Wd
M �D G�� UT �MCM Zl^o\ CD �le�a U�O`�Y Pi �Ge CWT J MWa �
oY
��G�Y PCOS� UT �Ke C bGHT C jCD CM J K�lF X

��Y MCWV C U�O`�Y �
W_� UT �
McF E[l[m MCR� C U�O`�Y �

R� N CWn`a EAlB K��Y �l�� MCR� C U�O`�Y �
�eOnY KBOe �W�Y GT jGq Zl�YO\ C U�O`�Y �

USY CM Gq U�O`�Y E�XT Ua RSqM EY PGoF MD CO Y �
 C �RFD CM MO IJ EX� CJ jGlF MD M Ua W d
M MD CO Y jD Gl�T J
�RFMOT CD CM CD �
oY J kRL �
WX\ EQ�
J �
 �le�a jGq U�O`�Y Ua E� Gm D M �RFD CRF E�
oY J �LJD
�eO\ ]���� �Ge D M jN GV jGq U�O`�Y U
W�F �R
MWQ U� CD C jN GV jGq U�O`�Y U
W�F ]Z^oY �
 C Zm jCWT
]EeRSHY J jMWTD Ga bOA� k�
J UT bOA� jGq UB GL W�a CD M Eq G\Oa �RY D M J RL �CRT C ]kMCN W^�� E_�� WnaM
EY �	H�Y� @l�MGF �
 CW L J PGSl`� C bR� �
 CWL D M CD Ga jC U
W�F ]jN GV jGq U�O`�Y U
W�F �KV G
 	W n�Q

E� G
D ��RY� jRST �D O� ]RSn�q @l�MGF Ua CD E
 GqW l�nY J 	lq G_Y N C jD Gl�T RF CO \ EY U
W�F �
 C �RL GT

�MD Ji 	q CW V @l�MGF ]PGSl`� C bR� �
 CW L D M jW lQ 	l`�\ J �W nSa ]�GnSne C ] ��Rne C jCW T CD USlYN J Ro
T
E�J RSn�lF kMG_ne C ZT G� �le�a jGq U�O`�Y U
W�F D M . . . J 	a G��
W[\ ]PMOT R� RSAT ]E
 G�
N RSF GY E`lq G_Y

�	
D Ji D M E� G
D PGTN UT jN GV jGq U�O`�Y U
W�F D M CD Gq Pi PCO\ EY
N C

Ã jN GV U�O `�Y W 
N ]RL GT � EX�� U�O `�Y �
 X
RlSa �W V �µ� ©¨ Ò��®×° ������ ���

�Ke CW
N �D O� UT �\WY jGq�JN N C jC U�O`�Y ]X U�O`�Y

Ã = {(x, µÃ(x))| x ∈ X}

�MOL EY kRlY GF
ÃD M x K
O�� UID M µÃ(x) J K
O�� �T G\ µÃ : X −→ [�, �] ]Pi D M Ua

5= �> 5��7��P�� 
 � ���
P� �A�
����	RFOL EY EVWXY jN GV jGq U�O`�Y jJD WT �G̀ nI CJ �CWnL C ] �Z̀ ^Y Ee Ge C �GlA`� ]�
T �
 CD M

	W� GS� U`q K
O�� UID MW Q C Ke C EH\ Ã jN GV U�O`�Y �
 �§�� µ� ©̈ Ò��®×° �� ��� ���
�∀x ∈ X : µÃ(x) = �ESX
 RL GT W_�



Crisp�
Complement



� �� �� ��� ����	
 ���
� �� � ���

W Q C GHS\ J W Q C RSn�q �MGXY B̃ J Ã jN GV U�O `�Y J M �µ� ©¨ µ©
Ò��®×° � �́ Ï �´©�°  � ��� ���
�∀x ∈ X : µÃ(x) = µB̃(x)

�∀x ∈ X : µÃ(x) ≤ µB̃(x) WQ C GHS\ J WQ C
Ã ⊆ B̃

�� �́Ï Ò��®×° ±�� �� ��� ���
�T G\ Ua Ke C

X D M Ãc jN GV U�O `�Y ]Ã jN GV U�O `�Y 	`nY �µ� ©¨ Ò��®×° �®²° �� ��� ���
�MOL EY �
WX\ W
N �D O� UT Pi K
O��

µÃc(x) = �− µÃ(x) , ∀x ∈ X.

D M Ã ∩ B̃ jN GV U�O`�Y ]B̃ J Ã jN GV U�O`�Y J M �CWnL C �µ� ©̈ µ©
Ò��®×° � Î±²� Î �� ��� ���
�MOL EY �
WX\ W
N �D O� UT Pi K
O�� �T G\ Ua Ke C

X

µÃ∩B̃(x) = µÃ(x) ∧ µB̃(x) = min{µÃ(x), µB̃(x)}.

D M Ã ∪ B̃ jN GV U�O`�Y ]B̃ J Ã jN GV U�O`�Y J M �G̀ nI C �µ� ©̈ µ©
Ò��®×° �©®²º Î �� ��� ���
�MOL EY �
WX\ W
N �D O� UT Pi K
O�� �T G\ Ua Ke C

X

µÃ∪B̃(x) = µÃ(x) ∨ µB̃(x) = max{µÃ(x), µB̃(x)}.

PCO\ EY CD jN GV U�O`�Y J M �G̀ nI CJ �CWnL C �
D GX\ ]max J min jGqWdA`� jW
�g KaWL Kl� GB Zl�M UT
WdA`� jMCRX\ ]�GT D M kRL �
WX\ jGq WdA`� WT kJ�� �MCM 	l`X\ ]jN GV jGq U�O`�Y N C Eq GSnY MCRX\ Wq UT

jN GV jGq U�O`�Y jCW T W 
N Kl� GB J M ]�lSp 	q ����	 RF C kRL �
W X\ jN GV jGq U�O`�Y W T c lF W d
M
�RSn�lF �MG�

{
A ∪ Ac = X
A ∩ Ac = ∅

�	 �
 ��� (�
��) �� ����) �%�% $ ��� ��) �����

jN GV Wlh U�O`�Y �
 ]X D M Ã jN GV U�O`�Y kGQ Ul^\ �µ� ©̈ Ò��®×° �� ��©� ÒÔ�� �� ��� ���
EY �
WX\ W 
N �D O� UT J RSn�q K��Y K
O�� UID M jCD CM Ua RL GT EY X

N C E
 GqO�� bG̀ \ ZY GL J Ke C
�MOL

Supp(Ã) = { x ∈ X | µÃ(x) ≥ �}.


Support



� �� �� ��� ����	
 ���
� �� � ���

EY EH\ jN GV U�O`�Y Pi ]RL GT EH\ jN GV U�O`�Y �
 kGQ Ul^\ WQ C Ua MOL EY U�lnF ]�OV �
WX\ N C

�RL GT

K
O�� UID M W �a CRm W T CW T jN GV U�O `�Y �
 �G_ \D C �µ� ©¨ Ò��®×° �� ��©� �¬ Î �� ��� ���
ESX
 �Ke C U�O`�Y Pi W� GS�h(Ã) = sup

x∈X
{µÃ(x)}.

ESX
 �RL GT �
 WT CWT Pi �G_\D CWQ C Ke C �GYWF ]Ã jN GV U�O`�Y � ��©°±Ó µ� ©̈ Ò��®×° �� ��� ���
�MOL EY kRlY GF �GYWF W
N jN GV U�O`�Y ]�D O� �
 CWlh D M �h(Ã) = �

Wlh U�O`�Y �
 ]Ã jN GV U�O`�Y �
 	W T�
α �µ� ©̈ µ©
 Ò��®×° ¬ ´ 
�±Ï�α

��� ��� ���
ESX
 �RFD CM α jJ G�Y G
 WnQDcT En
O�� W 
MG[Y Ua RL GT EY X

N C E
 GqO�� bG̀ \ ZY GL Ua Ke C
Aα jN GV

Aα = { x ∈ X | µÃ(x) ≥ α}, α ∈ (�, �]
EQ�
J jCD CM J RSqM EY U� CD C EX�� jGq U�O`�Y N C kMG_ne C GT jN GV jGq U�O`�Y N C E_l�O\ Gq 	W T�

α

�RSn�q W
N jGq

��< α ≤ β ≤ �=⇒ Aβ ⊆ Aα
�ESX
 Ke COS^
 {Aα| α ∈ (�, �]} kMCOF GB ��

�Ã ⊆ B̃ WQ C �[V J WQ C
Aα ⊆ Bα, ∀α ∈ (�, �] ��

�(Ã ∩ B̃)α = Aα ∩ Bα, (Ã ∪ B̃)α = Aα ∪ Bα
��

�"�) �	 �
 ���(�
��) �����

	l`X\ jN GV jGq U�O`�Y UT PCO\ EY CD 
R�\ bOH_Y ]RL GT
Rn jRXT

n jG�V ]X �IWY U�O`�Y Ua EY GdSq
�MCM

jGq 	WT �
α WQ C Ke C 
R�Y Rn D M Ã jN GV U�O`�Y �
 � � ¸­̄ ° µ� ©̈ Ò��®×° ��� ��� ���

�RL GT 
R�Y U�O`�Y �
 ]α ∈ (�, �] Wq jCN C UT
(Aα)

Pi


Height�
Normal�
α - cut�
Convex Fuzzy Set



� �� �� ��� ����	
 ���
� �� � ���

�RqM EY U� CD C 
R�Y jN GV U�O`�Y �
 jCWT E�MGXY �
WX\ W
N Ul��

x£� �z� | x£� Ã�� �y�� ��s� ����Â� �t �
Rn � �

Ã
��s� ����Â� �t � � �� (���

∀x �, x� ∈ Rn, �≤ λ ≤ �: µÃ(λx �+ ( �− λ)x�) ≥ min{ µÃ(x �), µÃ(x�)}.
�MOL UXI CWY ���	 �IWY UT ����� $

�

µ

x

1

0

(x)


R�Y jN GV U�O`�Y ���� Ẑ L
µ

x

1

0

(x)


R�Y GF jN GV U�O`�Y ���� Ẑ L

��	
� �
 $ � ( ��� �
 $ �����

jCW T RSF CO \ EY Ua RSqM EY EX�� jGq U�O `�Y N C jCkMCO F GB Zl^o\ jN GV U�O `�Y �
 jGq 	W T �
α

�Ke C kRL U��B W
N Ul�� �� G� D M �A�Y �
 C �MOL kMG_ne C ]X D M Ã kRL kMCM jN GV U�O`�Y �
 �
 G̀ F

�
Aα

���� ¢� | y¤sw
µÃ(x)

Ãt��� �ws{ sw �
X � � ��s� ����Â� �t

Ã
y��� �x� ��� �� (���

�s£ rÉ y¤sw
α ∈ (�, �] �

Aα

vÆ�Ê ����Â� ��¥�� �ws{
χAα

(x)
|

Ã
��s� ����Â� �xw �

α



� �� �� ��� ����	
 ���
� �� � ���

µÃ(x) = sup
α∈(�, �]

(α ∧ χAα(x)), x ∈ X.

�MOL UXI CWY ���	 �IWY UT ����� $
�

UT �OTWY jGq 	W T �
α ��m WT RF CO\ EY X D M Ã jN GV U�O`�Y W q � � Ò��×� �ª Î ��� �� (��	*

�MOL kMCM �
 G̀ F W
N �D O� UT MOB

Ã =
⋃

α∈(�, �]
(αAα)

E� G
D 	lq G_Y 	l`X\ jCW T RF CO\ EY Ua Ke C 	W n�Q Z� C jN GV jGq U�O`�Y U
W�F Ee Ge C 	lq G_Y N C E^

�
 C �
W X\ J jW �I jGqW dA`� 	l`X\ D M k� 
J UT Z� C �
 C �MOL UnVW Q D Ga UT jN GV jGq U�O`�Y UT EX��
x ∈ X Wq UT �T G\ �
 C �R
WldT W�F D M CD f : X −→ Y E�O`XY �T G\ �
 �Ke C Rl_Y jN GV MCR� C jCWT GqWdA`�
Ua �
 C jGI UT Ua 	lqM 	Wn�Q jC UFOQ UT CD f �T G\ 	lq COB EY �Gm �RqM EY K��F CD y ∈ Y

RSF GY jMR�
N C Z� Gm D CR[Y �
WX\ Ke C 	HY U�Fi �RSa Z̀ � Pi N C jN GV U�O`�Y W
N �
 WT ]RSa Z̀ � X

N C U�[F �
 WT
RL G�F Y

N C U�[F �
 Wd
M f(Ã)
Ua 	
D CMD G�nF C G�`A�Y �Ke C

Ã
RSF GY X

N C jN GV U�O`�Y W 
N �
 WT
f Z`�

�RSa EY PGlT CD 	l`X\ �
 C 	JD 	Wn�Q Z� C �RL GT
B̃

RSF GY Y
N C jN GV U�O`�Y W
N �
 Û AT

X
N C jN GV jC U�O `�YW 
N Ã J �T G\ �
 f : X −→ Y

RlSa �W V � � �± ²�� �ª Î ��� ��� ���
�Ua jD O� UT MOT Rq COB

Y
N C jN GV U�O`�YW
N �
 f(Ã) = B̃ �D O� �
 CD M ]RL GT

µB̃(y) =





sup
x, y=f(x)

{µÃ(x)} f− �({y}) 6= ∅

� f− �({y}) = ∅

5= �> ���� � �A�
�
McF� ]��
 MJ Rm� RSF GY E
 Gq UA`I ]	lSa kMG_ne C jMR� @l�MGF �G��� CN C Ke C bN� �� COY N C jD Gl�T D M
E
�GT Kl`q CN C RFOL EY �
WX\ E[l[m MCR� C jJD Ua jN GV jGq U�O`�Y �RFJD EY D Ga UT �Ah C

. . . J �Ue
�RL GT EY W
N �D O� UT jN GV jGq U�O`�Y �OF �
 C K
O�� �T G\ �RFD CMD OBWT

µ : < −→ [�, �]


Decomposition Principle�
Extension Principle



� �� �� ��� ����	
 ���
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G
 jN GV MCR� C PCOS� UT RSF CO\ EY E� GB �
 CWL K�\ J UnL CM E`a bOH_Y jN GV jGq U�O`�Y N C �OF �
 C

]jN GV jWlQ 	l`�\ ]jN GV �WnSa ZlA�\ J jN Ge �RY D M jN GV jGq kN GT J MCR� C �RFOL 
W�Y jN GV jGq kN GT

�RSSa EY G_
 C E`HY D Gl�T �[F E�
W[\ �� G̀ nm CJ D GYi J jN Ge USlHT ]E�
W[\ ��Rne C

WQ C MOL EY kRlY GF jN GV MR� �
 Ã �RL GT
< D M jN GV U�O`�Y �
 Ã

RlSa �WV ������ ���

�RL GT �GYWF ��
�RL GT Un�T jCkN GT

Aα ] ∀α ∈ (�, �] ��
�RL GT D CRF CWa

Ã kGQ Ul^\ ��
MCR� C jCW T CD jD CM ESXY ET G�m �GlA`� �
WX\ kN GI C kGQ Ul^\ PMOT D CM PCW a J Gq Aα

PMOT Un�T kN GT �
 CWL

�MCM Rq COB GY UT jN GV

�	 �
 �$"� $ �$
* $ �����

K
O�� �T G\ GT
< D M jN GV U�O`�Y �
 ]Ã E�A�Y jN GV MR� �
 � �§�Õ�° µ� ©̈ ´­�  ����� ���

�Ke CW
N

µ
Ã
(x) = µ

Ã
(x; a, b, c) =





x − a

b − a
a ≤ x < b

c − x

c − b
b ≤ x ≤ c

� x > c or x < a

�RqM EY �
 G̀ F CD E�A�Y jN GV MR� ����� Ẑ L



Triangular Fuzzy Number



� �� �� ��� ����	
 ���
� �� � ���

x

1

0 a b c

µ (x)

E�A�Y jN GV MR� ���� Ẑ L

�ws{ sw
< � � ��s� ����Â� �t �

Ã
�� �z��|� ��s� �y� �t � � µÎ Ò�Ó�� � µ� ©̈ ´­� ������ ���

�Ã�� xt� Ãt���

µ
Ã
(x) = µ

Ã
(x; a, b, c, d) =





x − a

b − a
a ≤ x < b

� b ≤ x ≤ c

d − x

d − c
c < x ≤ d

� x > d or x < a

�RqM EY �
 G̀ F CD jC U[FN J � jN GV MR� ����� Ẑ L

x

1

0 a b c

µ (x)

d

jC U[FNJ � jN GV MR� ���� Ẑ L



Trapezoid Fuzzy Number


