
srat C}@ QD x=oWv=O

QDw}Bt=m w |[=} Q swra |xOmWv=O

� |OOa R}r=v;� |OQ@ Q=m |[=} Q OWQ= |U=vWQ=m xt=vu=}=B

u=wva

p=QoDv= CqO=at |=Q@ u}qBU= |v=mt sy |}=Qoty
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%CWwv u=wD|t Qw_vt u}O@
kTxkY
kxkX = kT (

x
kxk)k = kT (y)kY � kTkX�!Y :

&kTkX�!Y |=Q@ q=@ h} Q=aD x@ xHwD =@ TB

kTxk � kTk:kxk:

Q_v QO =@ "CU= kTxkYkxkX |=Q@ q=@ u=Qm u} QDmJwm kTkX�!Y '�3"5"1� |x]@=Q w xOW u=}@ pO=at h} QaD xU x@ xHwD =@
u}=Q@=v@ .CU= kTxkYkxkX |=Q@ |}q=@ u=Qm 'sy M '1"5"1 h} QaD uDiQo
kTkX�!Y �M:

"kTk �M CiQo xH}Dv u=wD|t 'OW=@ Q=Ou=Qm 1"5"1 h} QaD j@=]t T Qorta Qo = Qo}O CQ=@a x@

"3"5"1 p=Ft
'x 2 [0; 1] w f 2 X Qy |=R= x@ =Q T : X �! X Qorta w OW=@ C}=yv|@ sQv x@ RyHt X = C[0; 1] s}vm ZQi
'f 2 X Qy |=R= x@ xm |Qw] x@ CU= |]N |Qorta T CU= uWwQ "s}vm|t h} QaD T (f)(x) = xf(x) |x]@=Q =@

"CU= Q=Ou=Qm |Qorta T wQv}= R= "kTk � 1 '1"5"1 h} QaD x@ xHwD =@ "kT (f)k1 � kfk1

"4"5"1 h} QaD
�x0 w " x@ xDU@=w� � > 0 l} " > 0 Qy |=Q@ x=oQy CU= xDUw}B x0 2 X x]kv QO T : X �! Y |]N Qorta

%xm |Qw] x@ OW=@ xDW=O OwHw

kx� x0k < � =) kTx� Tx0k < ":

"s}} wo xDUw}B X |wQ =Q T Qorta x=ov; 'OwW Q=QkQ@ |oDUw}B u}= x0 2 X Qy |=Q@ Qo =
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"5"5"1 h} QaD
�x0 2 X R= pkDUt� � > 0 l} '" > 0 Qy |=Q@ Qo = 'OwW|t xO}t=v CN=wvm} |xDUw}B |]N Qorta T : X �! Y

xm |Qw] x@ OW=@ xDW=O OwHw

kx� x0k < � =) kTx� Tx0k < ":

?r=k QO ?r]t u}= "Ov=pO=at =yQorta u}= QO |oDUw}B w uOw@ Q=Ou=Qm xm CU= u}= |]N |=yQorta syt |=y|oS} w R=
"CU= xOW u=}@ �11"5"1� |x}[k

"6"5"1 h} QaD
x@ x=oQy 'CU= 1xDUw}B sy x 2 X |x]kv QO S |xawtHt s}} wo|t "OW=@ C(X) |xawtHtQ} R l} S s}vm ZQi
'y 2 V |x]@=Q R= 'f 2 S Qy |=R= x@ xm |Qw] x@ OW=@ xDW=O OwHw V Ovv=t x |o}=Uty l} " > 0 Qy |=R=
"CU= xDUw}B sy |=xawtHt S s}} wo|t 'OW=@ xDUw}B sy X |x]kv Qy QO S Qo = "s} Q}o@ xH}Dv =Q jf(y)� f(x)j < "

|=[i l} X Qo = |rw 'CU}v xOQWi ,=twRr l} QDt |=[i l} Q=Ou=Qm w xDU@ |xawtHtQ} R l} s} wW|t Qw;O=}
sy Qo = =yvDw Qo = CU= xOQWi �CN=wvm} l} QDt x@ RyHt� C(X) Q=Ou=Qm w xDU@ |xawtHtQ} R l} x=ov; OW=@ xOQWi

"OwW|t x}=Q= Q} R QO w OQ=O s=v 2|rwmU;�qRQ; |x}[k xH}Dv u}= "OW=@ xDUw}B

�|rwmU;�qRQ;� "7"5"1 x}[k
%OvRQ=sy Q} R |=yxQ=Ro CQwY u}= QO "OW=@ C(X) |xawtHtQ} R l} S w xOQWi |=[i l} X s}vm ZQi

"CU= �CN=wvm} l} QDt x@ RyHt� C(X) l} QDt |=[i |xOQWi |xawtHtQ} R l} S �1

"CU= xDUw}B sy w Q=Ou=Qm 'xDU@ S �2

"OwW|t pY=L Q} R |xH}Dv 'x}[k u}= R=
xm OwW|t C@=F |v=U; x@ "OW=@ C(X) Q=Ou=Qm w xDUw}B sy |xawtHtQ} R l} S w xOQWi |}=[i X s}vm ZQi
|xawtHtQ} R l} �S '|rwmU;�qRQ; |x}[k Q@=v@ wQv}= R= w CU= xDUw}B sy w Q=Ou=Qm R}v ' �S |va} 'S �CN=wvm}� Q=DU@

"CU= C(X) |xOQWi
1) Equicontinuous 2) Arzela- ascoli
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"8"5"1 h} QaD
QO C}=yv|@ sQv x@ RyHt =Q C[a; b] |Q=OQ@ |=[i "OW=@ xDUw}B |a@=D K : [a; b] � [a; b] �! C[a; b] s}vm ZQi

|x]@=Q =@ x 2 C[a; b] Qy |=R= x@ =Q K : C[a; b] �! C[a; b] Qorta w s} Q}o|t Q_v

Kx(t) =
Z b

a
K(t; s)x(s)ds; (4 � 5 � 1)

Qo = "CU= |]N |Qorta K CU= uWwQ "s}t=v|t K Qorta |xDUy =Q K `@=D w p=QoDv= Qorta =Q K "s}vm|t h} QaD

M = supfjK(t; s)j : (t; s) 2 [a; b]� [a; b]g

w M <1 x=ov;

jKx(t)j � jK(t; s)j:jx(s)j(b� a);

kKxk1 �M(b� a):kxk1: (5 � 5 � 1)

"CU= Q=Ou=Qm |Qorta K wQv}= R= w kKk �M(b� a) '2"5"1 h} QaD Q@=v@
|=Q=O B = fKx : kxk < 1g |xawtHt s}yO u=Wv CU= |i=m '8"5"1 h} QaD j@] K |oOQWi C=@F= |=Q@
|i=m �7"5"1 |x}[k� |rwmU;�qRQ; |x}[k w �5"5"1� |x]@=Q x@ xHwD =@ 'Qw_vt u}O@ "CU= C[a; b] QO xOQWi Q=DU@
ZQi w s} Q}o|t Q_v QO C@=F =Q t0 2 [a; b] |x]kv 'CU= C[a; b] |xDUw}B sy |xawtHtQ} R l} B 's}vm C@=F CU=
Ovv=t |OOa TB �CU= xOW C@=F [1] QO ?r]t u}=� 'CU= xDUw}B CN=wvm} Qw] x@ K(t; s) s}v=O|t "" > 0 s}vm|t
QO t 2 [a; b] Qo = 'u}=Q@=v@ "jK(t1; s) � K(t2; s)j < " x=ov; jt1 � t2j < � Qo = xm |Qw] x@ OQ=O OwHw � > 0

'xH}Dv QO kxk1 < 1 ' x 2 C[a; b] Qy |=R= x@ w Ovm jOY jt� t0j < "

jKx(t)�Kx(t0)j = j
Z b

a
(K(t; s)�K(t0; s))x(s)dsj � (b� a)"

xDUw}B sy =H xty B 'CU= x=wNrO t0 uwJ "CU= xDUw}B sy 't0 QO B '6"5"1 h} QaD x@ xHwD =@ xm OyO|t u=Wv u}=
"CU= xOQWi |Qorta K '8"5"1 h} QaD j@] u}=Q@=v@ "CU= xOQWi �B 'xH}Dv QO "CU=

"9"5"1 h} QaD
OQ@ x=oQy OwW|t xO}t=v |y=vDt�x@DQ Qorta l} K : X �! Y |]N Qorta 'OvW=@ |Q=OQ@ |=y=[i Y w X Qo =

"OW=@ Oa@r= |y=vDt �RangeK =}� K Qorta
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"10"5"1 x}[k
u}= QO 'OW=@ Q=Ou=Qm |y=vDt�x@DQ Qorta l} K : X �! Y Qorta w OvW=@ Q=OsQv |Q=OQ@ |=[i wO Y w X Qo =

"CU= xOW C@=F [3] QO x}[k u}= "CU= Y x@ X R= xOQWi |Qorta K CQwY

"11"5"1 x}[k
Qo = =yvD w Qo = CU= xDUw}B V |wQ L "OW=@ |]N Qorta l} L : V �! W w Q=OsQv |=y=[i W w V s}vm ZQi

"OwW xaH=Qt [24] x@ C=@F= |=Q@ "OW=@ Q=Ou=Qm V |wQ L

"12"5"1 x}[k
xDUw}B |]N |=yQorta L2 : V �! W w L1 : U �! V Qo = "OvW=@ Q=OsQv |=y=[i W w V ' U s}vm ZQi

?mQt Qorta x=ov; OvW=@
L2L1 : U �! W

L2L1(v) = L2(L1(v)); 8v 2 U;
%s} Q=O w CU= xDUw}B |]N Qorta l}

kL2L1kU�!W � kL2kV�!WkL1kU�!V :
"OwW xaH=Qt [24] x@ C=@F= |=Q@

"13"5"1 x}[k
CQwY x@ =yv; ?}mQD x=ov; 'OvW=@ xOQWi �wO Qy =} w� K2 =} K1 Qorta w K2 2 L(Y; Z) w K1 2 L(X; Y ) Qo =

"OQm xaH=Qt [3] x@ u=wD|t x}[k C=@F= |=Q@ "CU= Z x@ X R= xOQWi |Qorta R}v K2K1

�sryOQi |@w=vD |x}[k� "14"5"1 x}[k
OQi x@ QYLvt ?=wH (��K)x = y '� 6= 0 xrO=at "OW=@ xOQWi K : X �! X w M=v=@ |=[i l} X s}vm ZQi
|Dr=L u}vJQO "OW=@ xDW=O z = 0 |y}O@ ?=wH =yvD (��K)z = 0 uoty |xrO=at Qo = \ki w Qo = OQ=O x 2 X

"OwW xaH=Qt [2] x@ x}[k C=@F= |=Q@ "CU= Q=Ou=Qm (��K)�1 w CU= Q}PBuwQ=w ��K : X 1�1��!
onto

X Qorta
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"15"5"1 h} QaD
u=Wv L(X; Y ) =@ =Q Y x@ X R= Q=Ou=Qm |]N |=yQorta |xty |xawtHt "OvW=@ Q=OsQv |=[i wO Y w X s}vm ZQi

%|Q@H p=ta= =@ L(X; Y ) '|Q=OQ@ |=[i h} QaD x@ xHwD =@ "s}yO|t
(T + S)(x) = T (x) + S(x); (�T )(x) = �T (x)

"CU= Q=O sQv |Q=OQ@ |=[i l} kTk = supfkTxk : kxk = 1g sQv x@ RyHt L(X;Y ) "CU= |Q=OQ@ |}=[i
|xaw tH t x 2 X Qy |=R= x @ x= oQy CU= Q=Ou=Q m Q=wx] k v A � L(X; Y ) |xaw tH tQ } R s } } w o| t

"OW=@ Q=Ou=Qm Y sQv QO 'CU= Y xawtHtQ} R l} xm fT (x) : T 2 Ag
x@ OW=@ xDW=O OwHw M > 0 Ovv=t |OOa Qo = |va}� OW=@ Q=Ou=Qm |Qorta sQv QO A � L(X; Y ) |xawtHtQ} R Qo =
kTxk � kTk:kxk � Mkxk s} Q=O T 2 A Qy |=R= x@ uwJ x=ov; � kTk � M 'T 2 A Qy |=R= x@ xm |Qw]

"CU= Q=Ou=Qm Q=wx]kv A xm s} Q}o|t xH}Dv
'CU= CUQO R}v xQ=Ro u}= Tma "CU= Q=Ou=Qm R}v Q=wx]kv 'OW=@ Q=Ou=Qm sQv QO xm =yQorta R= |=xawtHt Qy |va}
s=v �Tw=yv}DW=�M=v=@ |x}[k � =} �CN=wvm} |Q=Ou=Qm pY=� 'xH}Dv u}= "OW=@ M=v=@ |=[i l} X xm u}= Q@ \wQWt

"s}vm|t xQ=W= u; x@ xt=O= QO xm OQ=O

�CN=wvm} |Q=Ou=Qm pY=�"16"5"1 x}[k
sQv QO A � L(X; Y ) |xawtHtQ} R CQwY u}= QO "OW=@ Q=OsQv |=[i l} Y w M=v=@ |=[i l} X s}vm ZQi

"OwW xaH=Qt [1] x@ x}[k C=@F= |=Q@ "OW=@ Q=Ou=Qm Q=wx]kv Qo = \ki w Qo = CU= Q=Ou=Qm
1|r=YD= |=yQorta 6"1

"OQm xaH=Qt [25] `@vt x@ u=wD|t QDW}@ C=}} RH |=Q@ w s} R=OQB|t |O}rm h} QaD OvJ u=}@ x@ VN@ u}= QO

"1"6"1 h} QaD
pn 2 L(E;En) |=yQorta |xr=@vO CQwY u}= QO "OvW=@ M=v=@ |=y=[i n = 1; 2; � � � |=Q@ En w E s}vm ZQi

%OvW=@ Q} R C}Y=N |=Q=O E x@ jraDt x Qy |=Q@ xm |Qw] x@ 's}} wo |r=YD= |=yQorta |xr=@vO =Q
kpnxk �! kxk; n �!1: (1 � 6 � 1)

"s}vm|t x}=Q= Q} R CQwY x@ =Q =yxr=@vO |oOQWi w |}=Qoty h} QaD wO
1) Connecting operators
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"2"6"1 h} QaD
xn �! xCQwY x@ =Q |}=Qoty u}= CQwY u}= QO "kxn�pnxk �! 0 Qo =CU=Qoty x 2 E x@ xn 2 En |xr=@vO

"s}yO|t V}=tv

"3"6"1 h} QaD
Q} R Qy |=Q@ Qo}O CQ=@a x@ "OW=@ =Qoty |=xr=@vO Q} R |=Q=O u; |xr=@vO Q} R Qy x=oQy CU= xOQWi xn 2 En |xr=@vO

%xm |Qw] x@ OW=@ OwHwt N 00 � N 0 =@ fxngn2N 00 |xr=@vO Q} R w x 2 E 'N 0 � N =@ fxngn2N 0 |xr=@vO
xn �! x; x 2 E; n 2 N 00;

N 00 � N 0 � N;
"CU= |a}@] O=Oa= xawtHt N w |y=vDt=v |}=yxawtHt N 00 w N 0

=Q X=wN u}= R}v |v=ty Qorta s}yO|t u=Wv 'OW u=wva |r=YD= |=yQorta |=Q@ �1"6"1� QO xm |Y=wN x@ xHwD =@
%CU= =Q=O

I 2 L(E;E)

kIxk �! kxk 8x 2 E
E� CU= x 2 E x@ =Qoty xn 2 E Cio u=wD|t u}=Q@=v@.En = E s} Q=O n = 1; 2; ::: Qy |=Q@ TB ' pn = I uwJ
x 2 E x=oQy s}} wo xOQWi =Q xn 2 E u}vJty "kxn � xk �! 0 =} kxn � Ixk �! 0 Qo = '�CU= M=v=@ |=[i

"kxn � xk �! 0; n 2 N 00 xm OW=@ xDW=O OwHw
"s}vm|t h} QaD =Q =yQorta uOw@ Q=O}=B w uOw@ s_vt '|oOQWi '|}=Qoty s}y=it p=L

"4"6"1 h} QaD
x=oQy 'OwW|t xDWwv An �! A CQwY x@ w CU= A 2 L(E;E) x@ =Qoty An 2 L(En; En) |=yQorta |xr=@vO

"�Anxn �! Ax � OwW =Qoty Ax x@ R}v Anxn x=ov; �xn �! x� OwW =Qoty x x@ xn

"5"6"1 h} QaD
"CiQo xH}Dv =Q Anxn |oOQWi u=wD@ kxnk � const R= x=oQy s}} wo xOQWi =Q An �! A |}=Qoty
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"6"6"1 h} QaD
s}W=@ xDW=O n � n0 |=Q@ xm |Qw] x@ OW=@ xDW=O OwHw n0 2 N x=oQy 's}} wo Q=O}=B =Q An �! A |}=Qoty

"kA�1
n kEn�!En � const w A�1

n 2 L(En; En)

"7"6"1 h} QaD
xOQWi R}v xn CiQo xH}Dv u=wD@ 'OW=@ xOQWi Anxn w kxnk � const x=oQy s}} wo s_vt =Q An �! A |}=Qoty

"OQ=O |yHwD p@=k OQ@ Q=m 3 pYi QO 1|rY= |}=Qoty |=}=[k QO h} Q=aD u}= "CU=

p=QoDv= CqO=at 7"1
"1"7"1 h} QaD

p=Ft u=wva x@ "OwW|t Qy=_ p=QoDv= Ctqa OvJ =} l} CLD pwyHt `@=D l} xm CU= |=xrO=at 'p=QoDv= xrO=at l}
CqO=at a � t � b w a � s � b |=Q@

f(t) =
Z b

a
K(t; s)g(s)ds;

g(t) = �
Z b

a
K(t; s)g(s)ds+ f(t);

g(t) =
Z b

a
K(t; s)[g(s)]2ds;

p=QoDv= CqO=at R= |}=yxvwtv 'CU= pwyHt g(t) `@=D w swrat f(t) w OQ=O s=v xDUy `@=D xm K(t; s) `@=wD xm |Qw] x@
"OvDUy

"s}vm|t |UQQ@ =Q p=QoDv= CqO=at hrDNt `=wv= xt=O= QO

"2"7"1 h} QaD
Ovv=t "s}t=v|t sryOQi p=QoDv= xrO=at =Q u; 'OvW=@ C@=F |Q}o p=QoDv= OwOL p=QoDv= xrO=at QO Qo =

g(t) =
Z b

a
K(t; s)g(s)ds+ f(t);

1) General convergence theorems


