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1 ÛÊê
ü��õÀÖõ Ý�û�Ôõ

�õÀÖõ 1.1��óø� Ý�û�Ôõ ø Óþ¤�ã� 2.1A ùb¢�ú÷�Â� .À÷�ªüõ ù¢�¢ ö�È÷ A ø x À�÷�õ ,�µÆ�Â� �¤�¬ �� �ûÅþÂ��õ ø �û¤�¢Â� �õ�÷ö�þ�� ßþ� ¤¢ÅþÂ��õ ��j ö�µ¨ ø ��i ÂÎ¨ �b Ôó�õ �î À�îüõÉ¿Èõ A = (Aij) ¢�Þ÷ .¢�ªüõÉ¿Èõ AT ��xi:j .x = (xi) ü�¤�±ä �� ,¢�ªüõ ù¢�Ôµ¨� ¤�¢Â� ý�Â� ��÷ ¢�Þ÷ ßþ� ���Èõ ß��»Þû .´¨� Aij ,AAm; : : : ;A1 ö�µ¨ m �� üÆþÂ��õ An�m Âð� .´¨� (xi; xi+1; : : : ; xj)T �¤�¬�� x ¤�¢Â� ùbÀª ù���îAÅþÂ��õ ý�ûö�µ¨ ö¢�¢ ¤�Âì Ýû Âþ¥ ¥� �î ´¨� ü÷�µ¨ ý¤�¢Â� V e
(A) = (Am; : : : ;A1) ,Àª��AÅþÂ��õÂþ¥ Àþ�üõ ´¨¢�� A ý�ûö�µ¨ ø �ûÂÎ¨ ¥� üÌã� éÁ� ¥� �î üÆþÂ��õ .¢�ªüõ Û¬��ÅþÂ��õÂþ¥ Àþ� ´¨¢�� ö�ÆØþ ÅþÀ÷� �� ö�µ¨ ø ÂÎ¨ éÁ� ¥� �î �¤ üÆþÂ��õ Âþ¥ .¢�ªüõ ùÀ�õ�÷AÅþÂ��õ ��¨ ö�µ¨ ø ÂÎ¨ éÁ� ¥� �î B =  A11 A13A31 A33!ÅþÂ��õ ,ñ�·õ ö���ä�� .À�þ�ð üÜ¬�1



2 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêÂÎ¨ n� r éÁ� ¥� �î ,r� r ÅþÂ��õ Âþ¥ .´¨� AÅþÂ��õ üÜ¬� ÅþÂ��õÂþ¥ ×þ ´¨� ùÀª Û¬��.¢�ªüõ ùÀ�õ�÷ A 1 �ÀÖõ üÜ¬� ÅþÂ��õ Âþ¥ Àþ�üõ ´¨¢�� AÅþÂ��õ Â¡� ö�µ¨ ø�� °��Â � �� diag(a) ø diag(A) ù�ðö� ,Àª�� n � 1 � � ý¤�¢Â� a ø n � n ÅþÂ��õ A Âð�ýÂÎì ý�ûÅþÂ��õ Çþ�Þ÷ ¤�Ñ�õdiag(A) = 0BB�A11 . . . Ann1CCA ; diag(a) = 0BB� a1 . . . an 1CCA¤�Ï�� .¢�ªüõ ÓþÂã� max fji � jj : Aij 6= 0g �¤�¬�� AÅþÂ��õ À÷��ý��ú� .À÷�ªüõ ù¢�Ôµ¨�Â ��Â � üþ�� � À ÷� � ý��ú � ø maxfji � jj : Aij 6= 0; i > jg � � Â ��Â � A ü�� þ� � À ÷� �ý��ú � � ��ÈõÂÚ÷�È÷ In = f(i; j) : i = 1; : : : ; n1; j = 1; : : : ; n2g .´¨� max fji� jj : Aij 6= 0; i < jgxC = fxi : i 2 Cg ,C � I = f1; : : : ; ng ý�Â� .´¨� n = (n1; n2) ùb¥�À÷� ¥� (3ý¤��) 2�Ø±Èõø¢ ý�Â� .x�C = fxi : i 2 �Cg ù�ðö� ,¢�ª ù¢�¢ ö�È÷ �C�� I � C �b ä�Þ¹õ Âð� .¢�ªüõ ÓþÂã�.´¨� C1nC2 = fi 2 I : i 2 C1; i =2 C2g ,I ¥� C2ø C1 �bä�Þ¹õÂþ¥�ãÀ�¢ äÞÜÚÂû�ý õ½�¨±� þ× ä±�¤� ¤ìÝ õÞ�� ª��ø¤)
op( 4 ÷�õ�Àù õüª�¢. �� ä���ö õ·�ñ,ä±�¤� x+ a � b î� ª�õÛ þ× äÞÜÚÂ ®Â� ø þ× äÞÜÚÂ �Þâ �¨´ ¢�¤�ý ¢ø ¤ìÝ õÞ�� ª��ø¤ �¨´.Leading Prin
ipal Submatrix1Latti
e2Grid3Floating Point Operation4



3 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêüÏÂª ñ�Öµ¨� 1.2.1¥� ´¨� �¤�±ä x�C ¯Âª �� xC üÏÂª üó�Ú�C � I ý�Â��(xC jx�C) = �(xC ;x�C)�(x�C) / �(x): (1.2.1)Çþ�Þ÷ X?Y ¢�Þ÷ �� ø �(x; y) = �(x)�(y) Âð� �ú�� ø Âð� ,À�µÆû ÛÖµÆõ Y ø X üê¢�Ê� Â�çµõ ø¢Âð� �ú�� ø Âð� ,À÷�ªüõ ùÀ�õ�÷ üÏÂª ÛÖµÆõ ùÀª ù¢�¢ Z ý�Â� Y ø X üê¢�Ê� Â�çµõ ø¢ .¢�ªüõ ù¢�¢.¢�ªüõ ù¢�¢ Çþ�Þ÷ X?Y jZ ¢�Þ÷ �� ø �(x; yjz) = �(xjz)�(yjz):(2005 ,ÀÜû ø ø¤) 1.2.1 ��Ììx?yjz , �(x; y; z) = f(x; z)g(y; z) (2.2.1).´¨� �(z) > 0 �î üþ�ûz �bÞû ø ,g ø f â���� üÌã� ý�Â�é�Âð 2.2.1�ø¥ �¤�¬ �� G 5é�Âð .À÷�ùÀª Û¬ø Ýû �� ñ� þ ý¢�Àã� ùí ´¨� �û§�b¤ ¥� ý��ä�Þ¹õ é�ÂðÂ þ¥ E ø � û§�¤ ¥� üú � Â �è ø üû� � µ õ ý��ä�Þ¹õ V ö� ¤¢ �î ,¢�ªüõ ù¢�¢ ö�È ÷ (V; E) °�Âõ�¤�¬ �� V ýø�Æõ�÷ Â¬��ä ¥� °�Âõ�÷ ý�û�ø¥ ��Þ� �bä�Þ¹õE � ffi; jg : i; j 2 V; i 6= jgé�Âð ×þ §�b¤ ø¢ ß�� .À�õ�÷üõ ö� ý�ûñ�þ �¤ E ý�Ìä� ø G é�Âð ý�û§�b¤ �¤ V ý�Ìä� .´¨�.¢¤�¢ ¢��ø ñ�þ ×þ Â·î�À� 6ù¢�¨Graph5Simple Graph6



4 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêü�ãþ ,Àª�� V Â¬��ä °�Âõ ý�û�ø¥ ��Þ� ¥� ý��ä�Þ¹õ Âþ¥ E Âð�E � f(i; j) : i; j 2 V; i 6= jg.¢�ªüõ ùÀ�õ�÷ 7 ¤�¢�¨ é�Âð Gù�ðö�¤¢ .Àª�� �µª�¢ ¢��ø ñ�þ ×þ �fÖ�ì¢ ö� §�b¤ ø¢ Âû ß�� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ Ûõ�î G é�Âð1.2.1 ÛØª .À�þ�ð 8¤�¢ö�È÷ �¤ é�Âð ¢¤��õ ßþ� ¤¢ ,´¨� V = f1; : : : ; ng �î ¢�ªüõ ­Âê �õ�¢�.Àû¢üõ ö�È÷ �¤ ñ�þ ø¢ ø §�b¤ �¨ Ûõ�ª ù¢�¨ é�Âð ×þ
ù¢�¨ é�Âð ×þ ¥� üþ�Þ÷ :1.2.1 ÛØªÂÚþ¢ ö��� �� ,À÷¤�¢ ö� �� íÂµÈõ üó�þ �î À�µÆû G é�Âð ¤¢ üþ�û§�b¤ ,i §�b¤ 9ý�û�þ�ÆÞûne(i) = fj 2 V : fi; jg 2 Eg:�¤�¬ �� A ý�û�þ�ÆÞû ,A � V�ä�Þ¹õ ý�Â� ���Èõ ¤�Ï��ne(A) = [i2Ane(i) nAA ¤¢ ¢���õ ý�û §�b¤ �� üÚþ�ÆÞû �õ� À�µÆ�÷ A ¤¢ �î ´¨� üþ�û§�b¤ �Þû Ûõ�ª ø ¢�ªüõ ÓþÂã��î ´¨� i1 : : : im �¤�¬�� V Û¡�¢ §��¤ ¥� ��¹õ ý��ó�±÷¢ im §�b¤ �� i1 §�b¤ ¥� Â�Æõ ×þ .À÷¤�¢dire
ted graph7Labelled8Neighbors9



5 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê.Àª�� E ¤¢ (ij ; ij+1) °�Âõ �ø¥ ,j = 1; : : : m� 1 Âû ý�¥� ��×þ Ûì�À� Ûõ�ª j �� i ¥� Â�Æõ Âû Âð� ,´¨� j =2 C ø i =2 C §�b¤ ø¢ ùbÀ��î �À� C � V �ä�Þ¹õ Âþ¥Âû Âð� ,À�µÆû ùÀª �À� C �Ü�¨ø�� B � V n C ø A � V n C ý��¹õ �b ä�Þ¹õ ø¢ .Àª�� C ¥� §�b¤öøÀ� ¢¥ �Àì B ´Þ¨ �� A ¥� é�Âð ýø¤ ö���üÞ÷ ü�ãþ ,À�ª�� ùÀª �À� C �Ü�¨ø�� j 2 B ø i 2 A.¢Âî ¤�±ä C ¥� �î ßþ�´¨� üúþÀ� .¢�ªüõ ù¢�¢ ö�È÷ iG�j ¢�Þ÷ �� ,À�ª�� G é�Âð ¤¢ üþ�û�þ�ÆÞû j ø i §�b¤ ø¢ üµìø.iG�j Âð� �ú�� øÂð� j G�i �îÀ�µÆ�÷ A ¤¢ �î üþ�û§�b¤ �Þû éÁ� ¥� Àã� Û¬�� é�Âð ,Àª�� V ¥� ý��ä�Þ¹õ Âþ¥ A Âð�� �� � þ ø À�õ�÷ A �� ùÀª ¢øÀ½õ é�Âð �¤ À÷¤�¢ ¤�Âì A ¤¢ �ûö� §�b¤ ×þ Ûì�À� �î üþ�ûñ�þ �b Þû øö� ¤¢ �î ,¢�ªüõ ù¢�¢ Çþ�Þ÷ GA = fVA; EAgVA = A; EA = ffi; jg 2 E ; fi; jg 2 A�Ag: .´¨�´¨� �¤�±ä A �� ¢øÀ½õ é�Âð ù�ðö� ,Àª�� A = f1;2g ø 1.2.1 ÛØª é�Âð G Âð� 1.2.1 ñ�·õ.´¨� EA = f1;2g ø VA = f1;2g ö� ¤¢ �î GA = fVA; EAg ¥�ö¤�Öµõ ´±·õ �È�Þû ÅþÂ��õ 3.2.1A Âð� .Àª�� xTAx > 0 ,x 6= 0 ¤�¢Â� Âû ý�Â� Âð� �ú�� ø Âð� ´¨� ´±·õ �È�Þû An�n ÅþÂ��õ�Þ�÷ A ,n � n ÅþÂ��õ .À�þ�ð (SPD) 10ö¤�Öµõ ´±·õ �È�Þû ÅþÂ��õ ö� �� Àª�� ��÷ ö¤�ÖµõSymmetri
 Positive De�nite10



6 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêÂð� �ú�� ø Âð� ,¢�ªüõ ùÀ�õ�÷ 11´±·õxTAx � 0; 8x 6= 0:´±·õ�Þ � ÷ ÅþÂ �� õ ö� � � Àª� � ö¤� Ö µ õ A Â ð� ß � �»Þû .¢�ªüõ ù¢�¢ ö�È ÷ A � 0 ¢�Þ ÷ � � ø.À�þ�ð (SPSD)ö¤�Öµõ¥� À��¤�±ä SPD ý�ûÅþÂ��õ «��¡ ¥� ü¡Â�rank(A) = n (1jAj > 0 (2Aii > 0 (3Aii �Ajj �A2ij > 0 ,i 6= j ý�¥� �� (4Aii �Ajj � 2jAijj > 0 ,i 6= j ý�¥� �� (5maxAii > max i6=jjAij j (6.´¨� SPDÅþÂ��õ A�1 (7.À�µÆû SPD ��÷ A üÜ¬� ý�ûÅþÂ��õÂþ¥ �Þû (8¤�ÂìÂ� �fõø�ó ö� ÅØä �õ� ,¢�� Àû��¡ SPD ��÷ A+B ,À�ª�� SPDÅþÂ��õ ø¢ Âû B ø A Âð� (9.´Æ�÷.´¨� SPDÅþÂ��õ ×þ ��÷ AB ù�ð ö� ,Àª�� AB = BA ø SPDÅþÂ��õ ø¢ Âû B ø A Âð� (10Positive Semide�nite11



7 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê:¥� À��¤�±ä Àª�� SPD ,AÅþÂ��õ �î ßþ� ý�Â� üê�î ø �¥� Íþ�Âª (11.À�µÆû ´±·õ �fÀ�î� A ùbÄþø Âþ¢�Öõ �Þû (Óó�.´¨� A = CCT �î ¢¤�¢ ¢��ø C À�÷�õ üÆþÂ��õ (�.À�µÆû ´±·õ �fÀ�î� ö���õÂ�¢ ý�¤�¢ ,�ÀÖõ üÜ¬� ý�ûÅþÂ��õÂþ¥ �bÞû (�ü¨ø�ð üê�î¤�õ üê¢�Ê� ö�À�õ 3.1ÅþÂ��õ ø � ß�Ú÷��õ �� ñ�õÂ÷ ùbÂ�çµõÀ�� âþ¥�� ý�¤�¢ x = (x1; : : : ; xn)T üê¢�Ê� ¤�¢Â� À��î ­Âêfi; jg ý�û�ø¥ �bÞû Ûõ�ª E ö� ¤¢ �î ,Àª�� ¤�¢ö�È÷ üê�Âð G = (V; E) ùø�ä �� .Àª�� � Å÷�þ¤��î�¤�¬ ßþ� ¤¢ .xi ? xjjx�ij Âð� �ú�� ø Âð� ,À�ª�� �µª�À÷ üîÂµÈõ ñ�þ º�û j ø i ý�û§�¤ �î ´¨�.¢�ªüõ ùÀ�õ�÷ G é�Âð �� ´±Æ÷ (GMRF) 12ü¨ø�ð üê�î¤�õ üê¢�Ê� ö�À�õ ×þ xñ�õÂ÷ âþ¥�� ý�ûÂµõ�¤�� ø G é�Âð ß�� ¯�±�¤� ,GMRF ý�Â� üÞ¨¤ ÓþÂã� ×þ ö��� ¥� Û±ì¯�±�µ¨� ö���üõ ,¢¤�À÷ x ý�û�þ�¤¢ ýø¢��ø¢ üÏÂª ñ�Öµ¨� Â� ýÂ���� � �î ��ö� ¥� .¢�ªüõ ö����î ,´ì¢ ÅþÂ��õ ßþ�Â �� � � ,´¨� ùÀª ö�ú� � � Å÷�þ¤��î ÅþÂ ��õ ¤¢ �ú� � ��ä�Ï� ßþ� �î ¢Âî.À�îüõ �Ôþ� GMRF Û�Ü½� ¤¢ �¤ üÞúõ ÇÖ÷ ,¢�ªüõ ÓþÂã� Q =��1 �¤�¬��ÅþÂ��õ ø � ß�Ú÷��õ �� ùÂ�çµõÀ�� ñ�õÂ÷ âþ¥�� ý�¤�¢ x Âð� :(2005 ,ÀÜû ø ø¤) 1.3.1 ��ÌìÂ ð� � ú � � ø Â ð� 7´¨� Â Ô¬ Â ��Â � Qij ü � ã þ ,QÅþÂ �� õ �� ij �b þ�¤¢ ù� ðö� ,À ª� � Q > 0 ´ì¢.xi ? xj j x�ijGaussian Markov Random Fields12



8 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê§�¨�Â� ø À�îüõÉ¿Èõ �¤ G é�Âð QÅþÂ��õ ÂÔ¬ Â�è ý�û�þ�¤¢ 1.3.1 �b �Ìì �� ���� ��.¢�Þ÷ ü¨¤Â� �¤ xj ø xi üÏÂª ñ�Öµ¨� ö���üõ �ûö�x = (x1; : : : ; xn)T 2 Rn ü ê¢� Ê � ¤�¢Â � :ü¨ø� ð ü ê� î¤� õ ü ê¢� Ê � ö�À � õ 1.3.1 ÓþÂã��ú�� ø Âð� ,´¨� Q > 0 ´ì¢ ÅþÂ��õ ø � ß�Ú÷��õ �� G = (V; E) ¤�¢ö�È÷ é�Âð ´½� ,GMRF×þ�¤�¬�� ö� üó�Ú� â��� Âð��(x) = (2�)�n2 jQj12 expf�12(x� �)TQ(x� �)g (3.3.1)i 6= j 2 E Âû ý�Â� ø Àª��Qij 6= 0() fi; jg 2 E :
ø ¢�ªüõ ùÀ�õ�÷ 13Ûõ�î À�±Þû G é�Âð ,Àª�±÷ ×��e ü�ãþ ,Àª�� ñ�Ú� ÅþÂ��õ ×þ Q Âð�ý�¤�¢ GMRF Âû ø ´¨� GMRF ×þ SPD ´ì¢ ÅþÂ��õ �� ñ�õÂ÷ âþ¥�� Âû �î ´¨� ö�ùbÀ�û¢ ö�È÷.´¨� SPD´ì¢ ÅþÂ��õ �� ñ�õÂ÷ âþ¥��ß�Ú÷��õ �� G = (V; E) é�Âð ´½� GMRF ×þ x À��î ­Âê :(2005 ,ÀÜû ø ø¤) 2.3.1 ��Ìì¥� À��¤�±ä °��Â� �� üÏÂª üÚµÆ±Þû ø ´ì¢ ,ß�Ú÷��õ ù�ðö� ,Àª�� Q > 0´ì¢ ÅþÂ��õ ø �E(xijx�i) = �i � 1Qii Xj:j�iQij(xj � �j) (4.3.1)Pre
(xijx�i) = Qii (5.3.1)Corr(xi; xj jx�ij) = � QijpQiiQjj ; i 6= j: (6.3.1)Full Conne
ted13



9 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê
¥� �¤� ¡ ý� û� Ô ó� õ ø x�i ¯Â ª � � xi ü ÏÂ ª ý� û´ ì¢ Q Å þÂ �� õ ýÂ Î ì ý� û� þ�¤¢¥� � õ� .À � � îü õ � ��¤� x�ij ¯Â ª � � xj ø xi ß � � ü ÏÂ ª ü Ú µ Æ ± Þ û ¢¤� õ ¤¢ ü �� ä� Ï� Â Î ìü Ú µ Æ ± Þ û ø V ar(xi) = �ii Å ÷� þ¤�ø ,� = (�ij) Å ÷� þ¤�� î Å þÂ �� õ ý� û� þ�¤¢ � î � �ö�Å÷�þ¤�ø ¢¤�õ ¤¢ ü��ä�Ï� Å÷�þ¤��î ÅþÂ��õ ,À�û¢üõ �¹�µ÷ �¤ Corr(xi; xj) = �ij=q(�ii�jj)ýø�� �fÞ�ÖµÆõ � �� ý¤��î Â�ÆÔ� .Àû¢üõ ¤�Âì ¤��µ¡�¤¢ xj ø xi ß�� ý¤��î üÚµÆ±Þû ø xi ý¤��îù¢�Ôµ¨� ùÂ�çµõ ýÀã� ø¢ �þ ×þ ý¤��î ý�ûâþ¥�� ö��� ý�Â� ö� ¥� ö���üõ ø ´¨� ýÀ�Ôõ ��ä�Ï�,´êÂð ñ�ÂÚµ÷� x�ij �þ x�i ýø¤ ��b�� âþ¥�� ¥� Àþ�� ø ´¨� ¤��ª¢ ¤�î ßþ� Q ¢¤�õ ¤¢ �î üó�� ¤¢ ,¢Âî.´¨� Í±�Âõ Q ý�û�Ôó�õ �bÞû �� �ii üÜî ´ó�� ¤¢ ,Q�1 = � ÓþÂã� �� ���� �� �Âþ¥GMRF üê�î¤�õ «��¡ 1.3.1�b �Ìì �� ���� �� �î ,Àª ÓþÂã� xi ? xj jx�ij üÏÂª ñ�Öµ¨� ¢��ø �Àä �þ ¢��ø ü¨¤Â� �� G é�Âðý�û�Ôó�õ ¥� G é�Âð ø¤ ßþ� ¥� .´¨� Qij ýÂÎìÂ�è ý�û �þ�¤¢ ö¢�� ÂÔ¬ Â�è �þ ÂÔ¬ �� ñ¢�ãõ 1.3.1��ä�Ï� �î ´¨� ßþ� GMRF À�Ôõ ø ���� Û��ì ý�ûüðÄþø ¥� ßþ�Â���� .¢�ªüõ �µ¡�¨ Q ÂÔ¬ Â�è,14üã®�õ üê�î¤�õ ý�ûüðÄþø .´¨� ��µ � µ¨� Û�� ì G é�Âð ¥� üÏÂª ñ�Öµ¨� ¢¤�õ ¤¢ ý¢� þ¥Ýû �ûGMRF ý�Â� ,¢ø ¤üõ ¤�î �� é�Âð ÓþÂã� ý�Â� �î 16ø¢��ø¢ üê�î¤�õ ø 15üã®�õ�Âê üê�î¤�õ.À÷¥ ¤�Lo
al14Global15Pairwise16



10 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê.À÷¥ ¤�Ýû Âþ¥ ��Þ� ù�ðö� .Àª�� G = (V; E) é�Âð ´½� GMRF×þ x À��î ­Âê 3.3.1 ��Ìì
.xi ? xjjx�ij ù�ðö� i 6= j ø fi; jg =2 E Âð� :ø¢��ø¢ üê�î¤�õ üðÄþø (Óó�.xi?x�fi;ne(i)gjxne(i) ,i 2 V Âû ý�Â� :üã®�õ üê�î¤�õ üðÄþø (�A �î Àª�� üú��÷ ý��ä�Þ¹õ C ø ��¹õ ý�û�ä�Þ¹õ C ø B ,A Âð� :üã®�õ�Âê üê�î¤�õ üðÄþø (�ù�ðö�,À�îüõ �À� Ýû ¥� �¤ B øxA?xB jxC : (7.3.1)

¤¢ .À�µÆû ÛÖµÆõ Ýû ¥� ü¨�� ý�û§�b¤ ö¢�� ��Üãõ ¯Âª �� üØÈõ §�b¤ ø¢ 2.3.1 ÛØª ¤¢¤¢ .´¨� ÛÖµÆõ ü¨�� ý�û§�b¤ ö¢�� ��Üãõ ¯Âª �� À�Ô¨ ý�û§�b¤ ¥� üØÈõ §�b¤ 3.3.1 ÛØª.À�µÆû ÛÖµÆõ Ýû ¥� ¤�ª�û ý�û§�b¤ ö¢�� ��Üãõ ¯Âª �� ü¨�� ø üØÈõ ý�û§�b¤ 4.3.1 ÛØª.Àû¢üõ �Âª �¤ ?? �b �Ìì 3.3.1 ø 2.3.1 ,2.3.1 ý�ûÛØª
ø¢��ø¢ üê�î¤�õ üðÄþø :2.3.1 ÛØª



11 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê
üã®�õ üê�î¤�õ üðÄþø :3.3.1 ÛØª
üã®�õ�Âê üê�î¤�õ üðÄþø :4.3.1 ÛØªü¨ø�ð üê�î¤�õ üê¢�Ê� ö�À�õ üÏÂª ý�ûüðÄþø 2.3.1ñ�õÂ÷ âþ¥�� Çþ�Þ÷ ý�Â� ÂÚþ¢ üªø¤ �î ü÷�÷�î öÀþÂµõ�¤�� ,GMRF üÏÂª ý�ûüðÄþø ü¨¤Â� ý��üú��÷ �ä�Þ¹õ ø¢ B = �A ø A ö� ¤¢ �î ,xB ¯Âª �� xA üÏÂª âþ¥�� .¢�� Àû��¡ À�Ôõ ´¨�¥�Âê� Âþ¥ �¤�¬�� x =  xAxB ! ¤�¢Â� ´ì¢ ÅþÂ��õ ø ß�Ú÷��õ �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ À�µÆû:À÷�ªüõ� =  �A�B ! ; ø Q =  QAA QABQBA QBB ! : (8.3.1)

� ß�Ú÷��õ �� G = (V; E) é�Âð ´½� GMRF ×þ x À��î ­Âê :(2005 ,ÀÜû ø ø¤) 4.3.1 ��ÌìxAjxB üÏÂª âþ¥�� ,B = V n A ø A � V üú�Â�è �b ä�Þ¹õ ø¢ ý�Â� .Àª�� Q > 0´ì¢ ÅþÂ��õ ø



12 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêö�¤¢ �î ,´¨� QAjB > 0´ì¢ ÅþÂ��õ ø �AjB ß�Ú÷��õ�� GA é�Âð ´½� GMRF ×þ�AjB = �A �Q�1AAQAB(xB � �B)QAB = QAA: (9.3.1)¤¢ ø QAjB �îßþ� ñø� .Àû¢üõ ´¨¢ �� �¤ ýÀ�Ôõ ¸þ�µ÷ ,´¨� 2.3.1 �b �Ìì Ý�Þã� �î 4.3.1��ÌìéÁ� �� �ú�� GA é�Âð ø ´Æ�÷ üÏÂª ´ì¢ ÅþÂ��õ �±¨�½õ �� ¥��÷ ø ´¨� §Âµ¨¢ ¤¢ QAA âì�ø´¨� ÂÔ¬ Qij ö�� ,�îßþ� �ø¢ .Àþ�üõ ´¨¢�� �ûö� ÂÒ��µõ ý�ûñ�þ ø À�µÆ�÷ A ¤¢ �î üþ�û§�¤ßþ�Â���� .´¨� �µÆ��ø A [ ne(A) ¤¢ Q ø � ¤�ÀÖõ �� �ú�� üÏÂª ß�Ú÷��õ ,Àª�� j 2 ne(i) �îßþ� ÂÚõüÎ¡ ù�Úµ¨¢ Û� �� ¥��÷ ÍÖê �AjB üÏÂª ß�Ú÷��õ �b ±¨�½õ ý�Â�QAA(�AjB � �A) = �QAB(xB � �B).´Æ�÷ QAA ö¢Âî §�Øãõ �� ¥��÷ �fõø�ó ø ,´¨�üó�Ú� â��� �� G é�Âð ´½� GMRF ×þ :(ü÷�÷�î öÀþÂµõ�¤��) 2.3.1 ÓþÂã��(x) / exp(�12xTQx+ bTx);ß�Ú÷��õ ø Q´ì¢ ÅþÂ��õ ý�¤�¢ �Âê ßþ� .¢�ªüõ ùÀ�õ�÷ Q > 0 ø b ü÷�÷�î ý�ûÂµõ�¤�� �� ü÷�÷�î �Âê.¢�ªüõ ù¢�¢ ö�È÷ x � NC(b;Q) ¢�Þ÷ �� ø ´¨� � = Q�1b.´¨� N(�;Q�1) = NC(Q�;Q) �¤�¬ �� ñ�õÂ÷ âþ¥�� �� ü÷�÷�î öÀþÂµõ�¤�� �Î��¤Ûõ�î ý�ûüÏÂª �� GMRF ý¥�¨É¿Èõ 3.3.1Ûõ�î ý�ûüÏÂª ¥� ù¢�Ô µ¨� ,´ì¢ ÅþÂ��õ ø ß�Ú÷� �õ � � GMRF ×þ ö¢Âî É¿Èõ ÂÚþ¢ ùb� �ª� �¨Âð¤ � �� �� ÷ � � �¤ �ûñÀõ ßþ� ø ´¨� ��ÚÈ� � ù� �ª ßþ� ¤¢ (1975) ¸�Æ� .´¨� f�(xijx�i)g



13 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊê×þ �� ¢�ª Û�Þ½� Ûõ�î ý�ûüÏÂª ýø¤ Àþ�� �î ü���¬�Ê¡ �õ�¢� ¤¢ .¢Âî üêÂãõ (CAR)17üÏÂª.¢�ªüõ ö��� ,Àª�� Â±µãõ GMRF�¤�¬�� °��Â��� üÏÂª ý�û´ì¢ ø �ûß�Ú÷��õ �� ñ�õÂ÷ âþ¥�� ,Ûõ�î ý�ûüÏÂª À��î ­ÂêE(xijx�i) = �i � �j:j�i�ij(xj � �j) i = 1; : : : ; n (10.3.1)Pre
(xijx�i) = �i > 0 (11.3.1)Âð� ,(10.3.1) ø (4.3.1) ��¤�±ä �b Æþ�Öõ �� .À�ª�� � ø � ý�û¤�¢Â� ø f�ij ; i 6= jg üÌã� ý�Â��¤�¬ �� QÅþÂ��õ ý�û�þ�¤¢Qii = �i; ø Qij = �i�ij��Ìì Â���� ø ¢���õ x üó�Ú� ù�ðö� ,�i�ij = �j�ji; ü�ãþ ,Àª�� ö¤�Öµõ QÅþÂ��õ ø À÷�ª ��¿µ÷�.´¨� ¢Âê��ÂÊ½�õ Àã�ø � ûß � Ú ÷� � õ � � ñ� õÂ ÷ Û õ� î ü ÏÂ ª â þ¥� � n À � � î ­Â ê :(2005 ,À Ü û ø ø¤) 5.3.1 ��Ìì¤�À÷�È÷ é�Âð ´½� GMRF ×þ x ù�ðö� .À�ª�� ùÀª ù¢�¢ (11.3.1) ø (10.3.1) üÏÂª ý�û´ì¢ý�û�þ�¤¢ �� Q = (Qij)´ì¢ ÅþÂ��õ ø � ß�Ú÷��õ �� G = (V; E)Qij = 8><>: �i�ij i 6= j�i i = j.Q > 0 ø �i�ij = �j�ji; i 6= j �î ý¤�Ï �� ,´¨�Conditional Autoregression17



14 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêùÂ�çµõÀ�� ü¨ø�ð üê�î¤�õ üê¢�Ê� ö�À�õ 4.3.1Â� üê�î¤�õ üðÄþø .´¨� G é�Âð �� ´±Æ÷ GMRF ×þ x À��î ­Âê�(xijx�i) = �(xijfxj : j � ig)À� ÷�õ üØþ�� ê Â � ±ã � ý�¤�¢ �û§�b¤ °Üè� .´¨� i §�b¤ � � ÂÒ� � µõ ¤�ÀÖõ xi ö� ¤¢ �î ,¢¤�¢ ´ó�¢ßØÞõ �î À�µÆû ¤�Èî ×þ �ÈÖ÷ Â� �ÖÎ�õ ×þ 18 ýÂþ�Ê� ý�ûÂÊ�ä�þ �Ø±Èõ ×þ ý�û§�b¤ß µ¨� � � Ýû � � ¥� ,� Ü ÿÆ õ ß þ� Ý � Þ ã � ý�Â � .À ÷�ª ù¢� Ô µ ¨� i §�b¤ üÚ þ�ÆÞû ÓþÂ ã � ý�Â � ´¨�ùb¥�À ÷� � � ùÂ �ç µõÀ�� GMRF ×þ §�b¤ n ¥� ×þ Âû ý�Â � (i = 1; : : : ; n) ,xi; ýÀã�-p ý�û¤�¢Â �,´¨� à� Ô½ õ §�b¤ Â û ¤¢ ü ê� î¤� õ ü ðÄ þø .¢� ªü õ Û¬�� x = (xT1 ; : : : ;xTn )T �¤�¬� � npÀ��î ­Âê .´¨� G ö�ÆØþ é�Âð �� ´±Æ÷ � ö� ¤¢ �î ,�(xijx�i) = �(xijfxj : j � ig) ü�ãþp� pÅþÂ��õ ×þ eQij �Ôó�õ Âû .Àª�� x´ì¢ ÅþÂ��õ eQ = ( eQij) ø ß�Ú÷��õ � = (�T1 ; : : : ;�Tn )T�Î��¤ 1.3.1 ��Ìì �� ���� �� .´¨�xi ? xj j x�ij () eQij = 0.¢�Þ÷ ÓþÂã� GMRF ý�Â� 1.3.1 ÓþÂã� ÍÆ� �� ö���üõ �¤ ùÂ�çµõ-P GMRF×þ .Àþ�üõ ´¨¢��dim(xi) = p ö� ¤¢ �î ,x = (xT1 ; : : : ;xTn )T üê¢�Ê� ¤�¢Â� :(ùÂ�çµõÀ�� GMRF) 3.3.1 ÓþÂã�ÅþÂ��õ ø � ß�Ú÷��õ �� G = (V = f1; : : : ; ng; E) é�Âð �� ´±Æ÷ ùÂ�çµõ-p GMRF ×þ �,´¨��¤�¬�� ö� üó�Ú� Âð� �ú�� ø Âð� ,¢�ªüõ ùÀ�õ�÷ eQ > 0´ì¢�(x) = ( 12� )�np2 j eQj12 exp �12(x� �)T eQ(x� �)! pixel18
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= ( 12� )�np2 j eQj12 exp0��12Xij (xi � �i)T eQij(xj � �j)1Ai 6= j Âû ý�Â� ø Àª��eQij 6= 0() fi; jg 2 E:.´¨� ùÂ�çµõ-p GMRF ý�Â� Ý�Þã� Û��ì GMRF ý�Â� ùÀõ� ´¨¢�� ¸þ�µ÷ �bÞûGMRF ý¥�¨��±ª ø ü��±¨�½õ ý�ûÝµþ¤�Úó� 4.1¥� ý¥�¨��±ª ,üÏÂª ý�ûüó�Ú� �b ±¨�½õ ,üó�Ú� Ýµþ¤�Úó �b ±¨�½õ ý�Â� üþ�ûÝµþ¤�Úó� Ç¿� ßþ� ¤¢ü��þ¥ ¤� ø �Â÷ ý�ûÀ�ì �þ ´¿¨ ý�ûÀ�ì ,GMRF ¥� ý��ä�Þ¹õÂþ¥ ýø¤ üÏÂª ý¥�¨��±ª ø GMRFÅþÂ��õ ýø¤ üÆþÂ��õ ùb¢�¨ ý�û¢ÂØÜÞä �� ¢¤��õ �bÞû .¢�ªüõ ���¤� ÂÒ��µõ üÏÂª ý�ûüó�Ú� Ýµþ¤�ÚóÂ�ö�¨� ý¥�¨ùÂ�¡£ ,´ì¢ ÅþÂ��õ ö¢�� ×��e Û�ó¢ �� .Àª À�û��¡ ýÀ��ñ�õÂê ´¨� ×��e �î ,Q´ì¢LÅþÂ��õ ,Q = LTL üØÆó�� �b þ�¹� ¤¢ ,ñ�·õ ö���ä �� .´êÂð Àû��¡ �¤�¬ Â�âþÂ¨ ��±¨�½õ ø.Àª�� QÅþÂ��õ ÂÔ¬ Â�è ý�û�þ�¤¢ Ûõ�ª ø Àª�� ×��e À÷���üõ �î ´¨� ü·Ü·õ ß�þ��¤¢ � î ,´¨� O(n3) �b ± �Â õ ¥� üØÆ ó�� �b þ�¹ � �b ± ¨�½õ ý�Â � 
op ¤�À Ö õ ,ü Ü î ´ó�� ¤¢ø O(n3=2) �b ± �Â õ ¥� ü þ�Ìê ý�û�Ú ó� ¤¢ ¢�Àã � ß þ� ,À �� þüõ Çû�î O(n) � � ×� �e ý�ûÅþÂ �� õ�b ó¢� ã õ Û� ,Àª� � ×� �e ÅþÂ �� õ ,L Âð� � ��Èõ ¤�Ï� � .´¨� O(n2) ü÷�õ¥ üþ�Ìê ý�ûGMRFùb�½÷ �� �Àµ�� ×��e ý�ûÅþÂ��õ ý�Â� ý¢Àä ý�û©ø¤ ü¨¤Â� ¥� Û±ì .¢�ªüõ ��¹÷� Â�âþÂ¨ Lx = bAn�n À��î ­Âê .¢�ªüõ ���¤� QÅþÂ��õ üÜî ´ó�� ý�Â� üó�Ú� Ýµþ¤�Úó ü��þ¥ ¤� ø ý¥�¨��±ªý�Â� �î ¢¤�¢ ¢��ø L üØÆó�� ¶Ü·õ ×þ �ú�� ßþ�Â���� ,Àª�� ´±·õ �È�Þû ö¤�Öµõ ÅþÂ��õ ×þüþ��±õ �þ�¹� ßþ� .´¨� n3=3 Â��Â� L �b ±¨�½õ ý�Â� 
op ¢�Àã� .´¨� A = LTL ø Lii > 0 ,i Âû



16 ü��õÀÖõ Ý�û�Ôõ .1 ÛÊêø x = A�1b �b ±¨�½õ ñ¢�ãõ ¤�Ï �� �þ AX = B ø Ax = b À�÷�õ üÎ¡ ý�ûù�Úµ¨¢ Û� ý�Â�.´¨� X = A�1B:(Ax = b �b ó¢�ãõ Û�) 1.4.1 Ýµþ¤�Úó�.¢�ª �±¨�½õ A = LTL üØÆó�� �b þ�¹� (1.¢�ª Û� � °Æ�Â� L� = b �b ó¢�ãõ (2.¢�ª Û� x°Æ� Â� LTx = � �b ó¢�ãõ (3�î ��ö� ¥�x = (L�1)T� = (L�1)T (L�1b) = (LLT )�1b = A�1bøÂÈ�� �b ÖÜ� ×þ ¥� � �±¨�½õ ý�Â� 1.4.1 Ýµþ¤�Úó� �ø¢ ��ð ¤¢ .´¨� Ax = b �b ó¢�ãõ ¾¨�� xÅ��¤�¬ ���i = 1Lii (bi � i�1Xj=1Lij�j); i = 1; : : : ; ný¥�¨ß�È÷�� ��÷ ��¨ ��ð ���Èõ ¤�Ï �� .¢�ªüõ ùÀ�õ�÷ 19øÂÈ�� ý¥�¨ß�È÷�� �î ,¢�ªüõ ù¢�Ôµ¨��¤�¬ �� øÂÆ� �b ÖÜ� ×þ ¥� x ö� ¤¢ �î ¢�ªüõ ùÀ�õ�÷ 20øÂÆ�xi = 1Lii (�i � nXj=i+1Ljixj); i = n; : : : ;1 (12.4.1).´¨� n2 Â��Â� 1.4.1 Ýµþ¤�Úó� ý�û
op Ûî ¢�Àã� .¢�ªüõ �±¨�½õForward Subsitution19Ba
kward Subsitution20


