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?U! ��0 ?��� �� 4��� �'!�� ���Z �8H�>� ���� �H ��% 
��� ��� ���$ ��% t��'� ��� ?U! ��

@����" �� �H���" ��%�T! � 4[w����� ��% t��'�nw����� ��%�T! 4���$ ���)�� ��% t��'� ��%

��%�T! 0� �3�" ����" �" ��"�� 4��� �� ?��� �� ���� #���$ �	b�  )^Z �� ��� ?U!

@���" �� �Gb  "�< �)S�$ ������ �" ���0��\y ?��� �8��� ��^!���/�

�'3���$  QR�v�� �)S�$ ������ �" ?��� �H���" ��%�T! �" �>"�� �� o�R� �� #�/" �" ���VS ?U! ��

@ �� 
����� �Q���� �)S�$ ������ ���:� �% #1 0� �����% ���" � 
��

2O��P  -� 6!�Q �� 9� ��� R ��� �A �� �P

�



< G7�
����� =���*� � >!���8



�	��R <%2%<
0!F � � 8 �%�	��R <%2%<%2%<

M����(M� S��' � �� M 2��b =�� �� ���" t�y�H�$�7 ��T! t� M �/�� u�! 2<%2%<%2%< >!��8

� Rn �� v 0�" �*��^)% t� M �� #1 0� u 0�" �*��^)% t� M 0� p ���>:� �% ���" 
���% 4�����

@`/��" �'��� �� ϕ : u → v [�'��/$ �� �% #1 #���� � ϕ ��3� ���$ � MvMn `^/!���)% t�

� u = M `/%���� ���Z 4p ∈ M ���>:� �% ���" 2��b =�� �� M = Rn �/�� u�! 2B%2%<%2%< J���

@��'^% ���/	Z��8��� 4-���/	Z� ��%�T! ��8� @ϕ = id : M → M ��F =/)%

#1 .��)'� ���>:� ���% ���" 
���% 4����� LT������ �� t�y�H�$�7 ��T! t� 2?%2%<%2%< >!��8

@����� C>Z �� �*���� �� ����" ����� �>:��� =�� 0� ���%��*��^)%

@���" U ⊆ M � Rn 0� �0�" ���
�)B���0 O 4�V7�� ���
�)B� t� M �/�� u�! 2C%2%<%2%< >!��8

������  ��*�

x : U ⇒ x(U) = O ⊆ �n

@`/������ N�8��� 2��� t� �� (x, U) ]�0 � 2��� ��
0�; �� U 4��8"v n K=��$t� ��

m����5 �%�!�� �����M 
�*�1 �/����$ �%�2��� 0� ���)� ����87 d��7 #��'" �� M ��� 2L%2%<%2%< >!��8

@ ��

(
���% `/��� q 0!F � � 8 �%�	��Rt� �� xt�y�H�$�7 ��T! 2U%2%<%2%< >!��8
M
-
L
K
N
m
q

-



����� =���*� � >!���8 2< �	��R 2<%2%<

4���" ���/	Z� �8��� @M

4���" p�����% @-

@���" ���)� �����$ ����� @L

@��'^% t�y�H�$�7 M��/)3 �)% M(n,R) 4�%����� 4�%Rn � S� � S� ��%�T! 2D%2%<%2%< J���

�� �� �%�	��R B%2%<%2%<

t� A =
{
(Uα, xα), α ∈ A

} � ��8"vn t�y�H�$�7 ��/)3 t� M �/�� u�! 2V%2%<%2%< >!��8

(
���% `/��� M ��� -W(N�t� �� A 2��b =�� �� 4���" M ��� ��%�2��� 0� �
�)B�

4M =
⋃
α∈A

Uα ��8�4�����z" �� M �%�2��� ������� @M

@����" dQ7�� −c∞ �� �" �� A ��T
� @-

t� �� M ��� Al	F� 2��b =�� �� ���" t�y�H�$�7 ��/)3 t� M �/�� u�! 2@%2%<%2%< >!��8

@���Q� ��*�� l	F� X/%�� o�)�� A 
���% 4����� LJ���H$�� W(N�

=�� �� 4���" M ��� l	F� t� A � ���" t�y�H�$�7 ��/)3 t� M �/�� u�! 2<X%2%<%2%< ���M

@ �� o�)/^��� l	F� t� �� o�)�� A 2��b

@�/�� �8���� [ML{, 4��"1�/"n C��� �" �/TZ 2�Q<� ���" @4���


#1 ��� o�)/^��� l	F� t� A � ��8"vn t�y�H�$�7 ��/)3 t� M �/�� u�! 2<<%2%<%2%< >!��8

�� (M,A) ]�0 � M ��� K��f$�?/^���G�� ��'3�� t� �� o�)/^��� l	F� =�� 2��b =�� �� 4���"
M
-
L
K

L



����� =���*� � >!���8 2< TY$ 2B%2%<

@[M��f$�?/^���G�� ��/)3n `/��� �� �� �%�	��Rt�

@��f$�?/^���G�� ��'3��t� 
��)% �" t�y�H�$�7 ��/)3t� 0�  �� 2��Q
 ���)% ��/)3t� :/:; ��

TY$ B%2%<
1��� TY$ <%2%B%2%<

(��%���� #��� TpM ��)� �" �� [α]p �0�� `% ��%�wD� ��)7 ���
�)B� 2<%2%B%2%< >!��8

TpM =
{
[α]p|α : I → M,α(�) = p}

@[��" ��%��3 p ��M �" Lw�)� ��%����" [α]p ��% wD�n ����� p ��M �" -1��� ���� �� #1 �

2��b �"M K1��� TY$ 2��b =�� �� 4���" ��8"vn ��/)3 t� M �/�� u�! 2B%2%B%2%< >!��8

(������ 
��� &��)� ��0 2��b �" � ������ ���87 w�)� ��%�T! ��)7 O�)'��

TM =
⋃
p∈M

TpM

���"�
 TY$ B%2%B%2%<

���)%  ��*��" ν ���)% ��/)3 t�4 N ���)% ��/)3 ��� ��8" vk N���"�
 TY$ 2?%2%B%2%< >!��8

t/!���/G�� π−�(U) � U ⊂ N 2�U'e� ����� �% ���" �� ���F �" ���"��� π : ν → N ����$ �

@���"��� {x} ×Rk �" t/!���/G�� 0� ����7 π−�(x)4 x ∈ U �% ���" � ���"��� U ×Rk �"

@������ 
�/��� x �� m��7 t� ν(x) := π−�(x) �

@��%���� &��)� ν �" �� π : ν → N �����" pD� �
M
-
L
K
N
m

K
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@ �� M ��� �����" pD� t� TM =
⋃

x∈M TxM � ��/)3 t� M �/�� u�! 2C%2%B%2%< >!��8

���
�)B�

TM� := TM − {�} = {y ∈ TxM | y �= �, x ∈ M}

@������ 
�/��� M ��� M��"%T�.5 1��� TY$

���Z��#$ TY$ ?%2%B%2%<

��T! 4p ∈ M ���" 2��b =�� �� 4���" ��8"vn ���)% ��/)3 t� M �/�� u�! 2L%2%B%2%< >!��8

��8"vn �����" ��T! t� ./� T ∗
pM ��8� #1 -#���� =���"��" @ �� ��8"vn ��T! t� TpM w�)�

( ��

T ∗
pM = {f : TpM → R}

����� T ∗Mn @`/������ L���Z��#$ TY$ �� T ∗M 
�*�1 4T ∗M =
⋃

p∈M T ∗
pM`/%� ���Z 
���%

[@ �� ��8"v�n � ��/)3 ��'3��

�� T ∗
pM ��T
� 2��b =�� �� ���" #1 0� ����>:� p � ��8"vn ��/)3 t� M ��� 2U%2%B%2%< >!��8

�>3 t8"�7 t� 0�  �� 2��Q
 p ���>:� �� ���!vM t� ��8� ����� K����I<

ω : TpM → R

M
-
L
K

N
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�� 4���� ?%2%<
���"�
 4���� <%2%?%2%<

( ��*� 0�  �� 2��Q
 M ��� M���"�
 4����t� 2<%2%?%2%< >!��8

X : c∞(M) → c∞(M)

f → X(f)

(���� �� ��0 ���3 ��

X(f + g) = X(f) +X(g)

X(λf) = λX(f)

X(f.g) = X(f).g + f.X(g)

(��8� `/%���� #��� c∞(p) ��)� �" �� Rn0� p �*��^)% t� o�; ���)% C"��7 ��)7 ���
�)B�

c∞(p) =
{
f : U ⊆ Rn → R|p ∈ U

}

(`���� �� ��0 ��%� ��*� 2��b =�� �� ���" 
��eH� �T
 t� a ∈ G �/�� u�! 2B%2%?%2%< >!��8

�. la : G → G

la(b) = ab

@����� -[� J�*#�� �� la

�. Ra : G → G

Ra(b) = ba

@����� L���� J�*#�� �� Ra

M
-
L

m
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2��b =�� �� x ∈ χ(G) ��8� ���" G M�H 
��� ��� ���"�
 4����t� x �/��u�! 2?%2%?%2%< >!��8

(
���% ����� -[�!�� [�nxS 0� ������ �� x

(dla)bxb = xla(b) = xab

2��b =�� �� x ∈ χ(G) ��8� ����" G �H 
��� ��� ���"�
 4����t� x �/��u�! 2C%2%?%2%< >!��8

(
���% ����� L[�!�� ����n ��� 0� ������ �� x

(dRa)bxb = xRa(b) = xba

�� H��8 4���� B%2%?%2%<

 ��*� 0� c∞ &e" t� 0�  �� 2��Q
 M ��� (�p) O�� 0� K�� H��8 4���� t� 2L%2%?%2%< >!��8

(c∞  ��*� �*�� 2��Q
 �"�� π :
⊗�

p : TM → M

t : M →
�⊗
p

(TM)

m → tm ∈
�⊗
p

(TmM)

��'3�� t� ����� ⊗�
p M @��%���� &��)�

⊗�
p(M) �" �� M ��� ���^��7 ��%�#��/� ���
�)B�

(���"��� ��0 o�)
� �" 
��)% o��� vc∞(M)

(t+ l)m = tm + lm �

(ft)m = f(m)tm �
M
-
L
K

q
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(��� ���Z ��0 �>3��Svc∞(M)  ��*� o��8� #��7��� �� (�p) O�� 0� ���^��7v

t : χ(M)× · · · × χ(M) → c∞(M)

t(X�, · · · , Xp) = tm((X�)m, · · · , (Xp)m)

(������ �'��� ��0 2��b �"�/3� ���>"�� (x, U) �8��� 2�U'e���

t =
∑

ti�···ipdx
i� ⊗ · · · ⊗ dxip .

[@ �� M ��� (�p) ���^��7 #��/� t� t n

����3 � +��A C%2%<
�� +��A <%2%C%2%<

C"��7 ��� @���"��� ./� ���)% ��/)3 #��.)% �� ���" 
��� t� G �/�� u�! 2<%2%C%2%< >!��8

ϕ :G×G → G

(x, y) 
→ xy

�

i :G → G

x 
→ x−�

@����� �� +��At� �� G 
�*�1 ����" ���)%

(
���% ����� M�(
; �� � ���" �� +��At� � �/�� u�! 2B%2%C%2%< >!��8

x.y = y.x, ∀x, y ∈ G

M

{
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����3 B%2%C%2%<

g �" � ����� G �H 
��� �" ����'� M����3 �� [, ] ������� ?)
 �" TeGw�)� ��T! 2?%2%C%2%< >!��8

@��%���� #���

(`���� �	�  H�;��

���3 �" [, ] ?)
 t� V ��� ��� [d	'e� �� �:/:;n @���" n �8" �" �����" ��T! t� V �/�� u�!

(����� �H�Q� t� �� #1 
�*�1 ���" ����� ��0

[ax+ by, z] = a[x, z] + b[y, z], ∀x, y, z ∈ V @M

[x, ay + bz] = a[x, y] + b[x, z]

[x, y] = −[y, x] @-
[
x, [y, z]

]
+
[
y, [z, x]

]
+
[
z, [x, y]

]
= � @L

4���" �����" ��%�#��/� ��)7 ���
�)B� χ(M) � ���)% ��8"vn ��/)3 t� M ��� 2C%2%C%2%< J���

( �� �H �Q� t� ��0 ������� �" χ(M)

[x, y] = xy − yx


���% ����� �(
; �� V ����3 2L%2%C%2%< >!��8

∀x, y ∈ � , [x, y] = �

�	"1 ./� G 
�*�1 ���" �	"1 g ��� @���" #1 �H�Q� g � ��Q)% �H 
��� t� G �/�� u�! 2U%2%C%2%< ���M

@l�
 �" �  ��

@�/�� �8���� [ML{q4����nC��� �" �/TZ 2�Q<� ���" @4���

M

,


