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 Stiffe plates 
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 .J���"06F[�� (0	�. �8 ��" �(�S��A� 3��|�d0 .�/f  &"� �0�� ."�aX"�@ 56( � .J	� Q!�	= �@ m6@	�06@ .  

 ��� "0�*$7 ��# � W�#"�� f>Z� f	("6# ]9[f 0�-� �VR� ,�" �E"�� 3=�" D�64L �@ �" .0��Ad� �  "0

P�A�T� 	�z � P�A�T� �p�;� �8 ����[ (0	� 3�	1�. 3��8"03C�!" ����� P! "0 ,�" W!� 3(�O� DE J� '�[ �� 

,�" 56C6� �@3C�!" Q�6# 3#�	��U# .�/�(�"6� B�( �@ 3(�0~  � W��4
� W�@ m�O#"� BL ���0 �@ 3�� 06@ �= D��@

3C�!"0(�� �6�;� �/0 P! �� �@ .� ,�" D�(�.  

 ,�""�@ W�A; ( 0�-� "�6(  ��� "0�*97 �(6� Q�6# = 3�	1� . .�	@ 3���-# �)�( ,�" P! f,�" W!�

 �0�� ��4/ �@ &"� �p�;� �8)�	!�0 � ���A;�.� (��� .��=	��U# D��@ .�	@ 	�# �l!� \@�6# �VR� \@�6# � 3�6] .�/

                                                      
1
 Von Karman 

2
 Courant 
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�U# D��@ .�	@ 0�-���=	�3� �A�	X "�� �@ &"� 3C	L .�/(6=.  � &"� .0�JE ��R"0 '/�� ,�" W!� .�!�V� J�

��	^ DE ��O(0 �@3� �4!V/ � �d� "0 3!6R=�@.  

3#"6^"03� f(6= ��)L� &"� .�/J	� 	@ �
4# 3R"�F .�/�	�( ���	
@ �@ D�6#D�)�� ,�" J� .	�X .J	� .�/

0�0 '/�� �" �T6
K� 0�1#. "0  W!�,�" �A;;X .J��3� B�K(� &"� .�/J	� "0 �
4# ,�" �@ �;!��� "0 � 06=

��� .	Ab�@ �d0 .�"�0 0�-��VR� .u!	#�� ��6# �@ 	K4� �= 0�! ,�" �(�S��A� 3��3� D"��A��( .�/ W�4�)/ f06=

�!W 0"�0 .	Ab�@ 3C�!" "�V@� �@ J��( ,�". � �@ .J	� D�)�� ,�" &6� ���( �@ �R6#�@�VR� ,�" �J�( 3!�"�� 0�-�

0"�(.  0	@"�� f&"� �p�;� J� 3e1@ .0L ���-# "0 4�	/J� 3O��	# ��� �S� ,�" �0 	/.  

 &"� '(�)� ��:;� v!	b# �@ ���0� "03� �AF�0	[06=.  

  

���� � � � �%%%%���� &"� '(�)�&"� '(�)�&"� '(�)�&"� '(�)�        

�J�� "0 �� NJ�( ��-S^ 3!�/ D6�3Ab� � .0"6(�6/ \!�4^�@ 3(�"3� "��1� "0 ��z� f(�" .�/"�@ i	D�"0�

."�b� �-S^ -S^ "0 �� 3=	@ .�/�	�( �3� �)L &"� �3� "�	d 44� (	�X)��=��� .( P�6� �/�	�( W!� 	X�

��/ f4=�@3)( 0�K!� &"� "0 �-S^ J� �"�F D��� 	��U# �(6X 06=( 0, 0, 0)= = =w u v .3� ���8 W!� "0 M�!6X

��� "�!�[ �0�1# ���8 "0 &"� .  

  

  

        

  
  

  

  

3#"6^"0 "0 "�@ J� 3� b� "��� "0 f@�! ���0� ."�aX"�@ ��(�"  �@ &"� ��= 	��U#3� �" 	��U# 3(�
X�( "6]/0 .

D�"0 ��=	��U# �@ D��V)/ &"� �-S^ J� �"�F ��=	��U#3� &�S#� &"� �-S^A�� .&"� '(�)� f�![ W!� �@{ 3�-

                                                      
1
 Plate buckling 

 ميان صفحه ورق

]1[با بارگذاري فشاري  ورق مستطيلي 2-1شكل   
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4!6X .3� �" '(�)� DE "0 �� ."�@f/0 3(�	-@ "�@ D�64L �@{ 3� 3�	1�06= . ��� �
R DE J� 3(�	-@ "�@ ��)/�

��=	��U# fDE D�V�� '!�V�� �@ ��3� �" &"� "0 �"V@ "��;@ 3R"�F .�/ 3xA �;X �@ 	K4� �!�
("0 �� f/0

= /�6F &"� ���� .�J�� 38�	] "0 � ��� N�(	�F "��;@ &6� Q!�	=�4� WA�6�[ 56d� �@ J� !�@ �/ 3�!�	= W

0	� .	�X6�R.  

���8 �0�� "��;@ ��n� D��@ �@ &"� '(�)� B6
S� �@�d ��^ .6X P! �0�1# G�A � .�/u)� /�6F06@.   

 0	�X "�	d 	1�� D��� P! "0 .6X 	X�) ��=� �%G�� ���8 f(��� "�!�[ �0�1# ���8 "0 o�8Z�^� f.  �@ 	X�

P�6� D���	��U# P! 0�K!�  �J�(� �@xδ D��6( 4� J� u[ f0"6 @ M/ �@ DE �0�1# f.6X "0f  ��� D��� �@ .6X

3� J�@ 06F00	X.  =�@ 3-�;� D��� .�" 	@ .6X 	X�) ��=� �%g ���8 f(0"�0 "�	d 3n4F �0�1# ���8 "0 f �@ f

�!W  ��)L� �@ �� �41�	��U# P�6� D���xδ f( �0�1#��	3! )( M/	@ DE3 2	(� "0 � 0"6F. ;(�A[� DE �  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

U#��	. )( 06R6@3E! .6X 	X�. �" 	@. !X "�	d g-� v�� P� 0	) ��=��%� ���8 f( "0 <Z�^� �@ f

�[�( �0�1# ���8!��� "� .� "0!U# ��)L� f�"6^ W�� P�6� D��� 	xδ M/	@ �L�@ 6X �0�1# D"6F. �[�( �!"�. 

� DE306= .� 	�}!;@ �A�( W�"6:# "0 �� ��� M
� "�. �Z��;� "0 �"�6)/ &"� P�U# 	��1C� 	� �!� P� J� MA;

�[ �0�1# ���8!�" � "���[�( ���8 �@ D!n4F �0�1# f"�3 � �"3/0 .��)#3 �6�	�4@.�/. �-#�A�T� �p�;� �� P

�F3 �[ �@ m6@	�!"�. �4O�	@ &"�. �!C	� W��A�	X ��= �(� .06R��@. ��!�"�0 &"� P. 0�JE ��R"0. 

0�-��(. 0�JE ��R"0 0�1# J� &"� '(�)� ��:;� �@ �R6#�@ f���. 	A)�. 3�D�6# 0	� �0�SA��.  

                                                      
1
 Critical load 

 

 ��= ��= ��= ��=���� � � � �%%%%    ���8�/. 6X �0�1# G�A � .]�[  

 حالت الف

بحالت   

 

ج  حالت   

xδ  

xδ

xδ  
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�6�	� "04@. A�T� �p�;���[ P!"�.�[ �0�1# ���8 f!�F�=�0 ���( D�64L �@ "��. D={ �	1�3 �36=0 . �@

�"�� �@ "�@ D�(�	-@ D�V3@ J� f�;� �0 W�	��U# W�)� 	  ��=)!�3 �[ �0�1# ���8 �@ m6@	�!0 � f"�!	x.  m�O#"� "0

�[�( �0�1# �@!"� (� '(�)� "��0 �"�6)/ &"�3 06=)��=��+ .(�F�=�0 ���( 06R� i	� 	@ ��ZL�.�-# "0 f� �

�[!"�. A�T��� i	� &"� P34�N6/ D6(�d M� ��� 	OA1�.  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

	h( 	@ ��ZL!�Z� ��'(�)� P &"� "�A�" f&"�'(�)� J� 1@ �/ (�)/� Vp�8 V�� �3=�@ .�-#�'(�)��	� �~ 

&"��0 �@ �/�z ���F	3  fD06@!�3 ;@ �p�;� J� "��[������ �. 0 56(!	x. b(�)� "�A�" J�3 &"� �@ m6@	��/. 

�"�0. �4-(�. � M�3=�@ .4��&"� W�/3! M/ �"6^ �@ ��X	/�/"�@ i	1� "0 D��J. "�b�. D�"0�/"�@ � �-S^. 

O(�R3 X "�	d�"�A�" f(	. 	��	� '(�)� B�( �@. (�
X�(3� � J�	@ 06F J�34/0. �!Xl3 �!U# "�A�" W�� j6�1� ��= 	

�0 �@ &"��z ��@�" ��	�F3 @�U# � '(�)� "�@ W����� ��= 	 . �6] "0!E	� P!@ 4"�aX"�. [� "0 &"� f�A�6! P

U# q�F �
R��� ��=	3!@� ."�aX"�@ ���0� �@. �" �� �@ D!(�	-@ "�@ P3 A
R "0 &"� D�
X�(3  �Od �
R G�� �

� '(�)�3!@�.  

  

  

  

  

                                                      
1
 Bifurcation of the deformation 

2
 Post buckling 

3
 Snap-through buckling 

 ��= ��= ��= ��=���� � � � �++++    �F�=�0 ���(�. D= ]�[  
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���� � � � �++++���� ,�",�",�",�"�/�/�/�/....    �-#�-#�-#�-#����&"� '(�)� �&"� '(�)� �&"� '(�)� �&"� '(�)� �        

�Z� �8�&"� P�" �� J� �0�SA�� �@ �/, ��� �8 �@�d:  

�� 0 �T0�1� J� �0�SA�� �@ �8!;(�	S�� #�A�� ���8�Pf  

��  ,�" 5�6(��/. 2	(�.f 

%�  ,�"�/. 0!��4��3.  

        

���� � � � �++++�������� �0�1# ,�"�0�1# ,�"�0�1# ,�"�0�1# ,�"        

� "0!� i	� ,�" W306= �0	� '(�)� &"���� .�	@ �0�1# �T0�1� �� ��� DE M
�. �!06= �A=6( ���8 W .

�	@�4@!( WA�	X	h("0 �@ &"� �0�1# �T0�1� W��/�	. "6-�. �/	x4� �. b)F3 M/ "6] �@� �^�8 D��J3=06 .

��x4/3 ( ����/�	. �O��. D�"0A8 f&"� �-S^3 )�3 @�(�	-@ 8 J� '3 U# f4=�@��&"� �-S^ J� �"�F ��=	fw 

f 0���!J 	!0�. AF��� "�34�. U#����= 	�/. 06)L �"V@. �V�� �@!��6� '3 � "0�D�"0 "�@ D�V�� ��= �-S^3 -

X�0	 .	A)�!"�@ W. �@ ���J�. � �" &6� (�" DE3(�	-@ "�@ f/03 0"�0 B�(.  

�� ���8"03 O# �@ 	K4� f�0�1# Q@��" J� �0�SA��!�[ ��:;� �!"�.  �@ &"�!0��� ��:;� P!	 �! �l �306=. 

�	@. (�4� �@ ���/ W3 !�	@ \R	� "��� P. (�	-@ "�@3 R"�F3 )0n ("�@ 	A��"�[ "0 �" fλf � g	C34��M �@ f

6-(. � g	C �^�8 &"� '(�)� "�@ ��!��� �0 W .#Z)R o�1�d3 0 ��0�1� J�!;(�	S� ���= &"� �λ06@ 4/�6F .

0 ��0�1� �8!;(�	S��	C D0"�E ��@� &"� Wx)/ �!��0�1� �@�` � )nCCC ,...,, 21( �	= ��)L� �@!J	� Q.  B�K(�

�3a[!0	. ��;� �@. �	#0 D0�0 "�	d 	S^�	#�� D�4!�	C u!� �!��)R 4� f��0�1� W�. �� b� ��0�1�  �;8	@ &"�

λ� ��@3E!.  	A��6�!� "��� W!��@ �l �@ 	@�	@ ��Ecrλ��� .(�	-@ "�@3 J ��@�" J�!� �O��-� 	306=:  

0cr cr
n nλ=  

@ �8!
3{  �� b� ��0�1�)0=λ( f@� 	x(�( '(�)� &"� ���8� �A��)v�;� (���.  

        

���� � � � �++++�������� ,�",�",�",�"�/�/�/�/....    2	(�2	(�2	(�2	(�....        

!�3 0!,�" J� 	x�/.  �1�6# f&"� �p�;� �82	(� Q@��". �3=�@ .� ��)R DE J�3" ,�" J� D�6#! VA!0	� 0�.  

D�)// f= 	�} oZOd �� �(6X�[ �0�1# ���8 J� &"� ��X	!�[�( �0�1# �@ "�!�@	K# o���V�� f�	@ "��.  ���8 J�

n4F �0�1#3 (��=�0 /�6F V .�[ �^� |O]!xA;3 (�	2.f n4F �0�1# ���8 "03f  �@ v�;� &"�!)F &"� P�O# �! �

�3� D�@ f06=!2	(� ��4.  /@ ��0 J�! �2	(�. 4� gaR.  

  

��+�% 0 ,�"0 ,�"0 ,�"0 ,�"!!!!��4��4��4��4��������3333  

� ��:;�,�" J� �0�SA�� �@ �" &"� '(�)�/. 0!��4��3 �3�6�	� D�6#4@. 0	�. ��= J� �0�SA�� �@)��+ (/�S��� M! W

� �" ,�"3C6# D�6#�0�0 v. �[ �0�1# ���8 "0 �� ��� vC��! ��)L� �@ f"� P!P�6� D��6(f �� ���8 �@ MA;

                                                      
1
 Trivial solution 
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����� J�@ 06F �300	X .� 	X���[�( �0�1# ��8 "0 MA;!�@ "�� J� u[ f=!U# 0�K��(��� 	3 pVR 4�	/3� f�/ MA;� �

��� ���8 �@ ��X�)( J�@ 06F �300	X .U# ���@��(���	3 U# �@ 	K4� P�6�����=	�/. � �"V@306=.  

h4# "0�0 ��0�1� M!;(�	S�( ��	`� f&"� ���/�	. "�b�. D�"0 ��@ �-S^!X "�	d 	h(� �0	 . ��	8 ��0�1� �a�

 ���=	C! f"�@ �λ f06@ /�6F .	A��6�! "��� Wλ U# �@ 	K4� ������=	�/. 06)L. 	C D�64L �@ f06=! "�@ �

(�	-@3 � �AF�4=306= ]�[.  

=�"3 �R!Vx!�	@ W. 0 �8!��4��3 �[ �p�;�!"�. ��� �@ &"�!0 �T0�1� �;!;(�	S� &"� ,�1#"� � '(�)� �

� ��@3E! . '(�)� ��= 	X�! 0�JE ,�1#"� 06� � &"� �A��!�3 (�	-@ "�@ f=�@3 	A��6� �!O] u(��	� W�13 

�	= �-# ,�1#"�! Q!(�;�3 � 56d� �@3[�0(6. �!�0 Wf  "0 Q��!("�0 >ZAF� �@�` "��� P ."���. ��� J� ��! �;

��� ��	 A�� �@�d ��0�1� �0.  

�-#�[ �����[ D6��	!"�. 0!��4��3 &"�� �/3�-# �@ (�6#� � 0�JE ,�1#"� ��[!"�. #�A����3  0�-� &"�

06=.  

�	@. �"	@3 �[!"�. z �p�;���F 	3 � ,�" J� �0�SA�� &"��� ���4� 6(6[�3=�@.  

  

���� � � � �$$$$���� '(�)� 5�6(�'(�)� 5�6(�'(�)� 5�6(�'(�)� 5�6(�        

&"� �(J�� 0�6� "�AF�� w�-� J�f 3� &"� .�	@D�6# A�T� '(�)� 56( �0�z � P�A�T� 	�= "6�A� P.  '(�)� "0

A�T��� i	� P306= 4-4�3 '4# ��F �0�� '(	�3  f���!#"�OL �@ �3 [ N6/ D6(�d J� &6� Q@��"��	. �34�. 

� "0!'4# ���8 W0��� �/!	. �;# '4# J� 	A)��AF� �" &"� M�� "�3�)(! �	@ �. A�T� ����;�� �A3A@�` "��� D�6#3 

��	X 	h("0 .z '(�)� "0�A�T� 	�� �@ P�V�!� '�'4# D�V� J� �/��;# '4# D�V�4-4� f&"� �(J�� v���� M3 '4# �

z '(	���F	3 A�T� ��� "��� �a� f06@ /�6F�;�U# �= ��)L� '4# �@ ���4A� �A��0	� /�6F 	. � "0! "0 ���8 W

0 �T0�1� ,	A;X!;(�	S��@ &"� 	@ M��8 �!@ �d0 �	Ab. 06)(.  

A�T� '(�)� 	@ ��ZL�z � P�A�T� 	� f&"� P�� "6] �@3 �J�� "0�/. "�b� "�@ �-#.  �� D0�0 �" D����

0"�0 06R� '(�)� 56(:  

�� O(�R '(�)�3{f  

�� 1C6� '(�)�3~ f   

%� U# '(�)�����= 	3�.  

O(�R '(�)� "03 # �@ m6@	� ��z� ���D6A� � 	� �/3� D�@ f=�@!U# ��4����= 	3 \��� "0 6eL  f/0 �"

U# "��0 �J����D��� 	 O(�R3 �306= .� "0!� �4-(� 06F �6] "0 \��� ���8 W3! @�) ��=��$ G�� .( '(�)� "0

1C6�3�J�� 6eL \��� f�. � �4-(�3! @�) �=��$ g .(U# '(�)�����= 	3 �	# �@�O3 � &Z]� &6� '(�)� �0 J�3 -

 00	X) ��=��$ �.(  

                                                      
1
 Lateral buckling 

2
Local buckling 

3
 Distortional buckling 
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���� � � � �7777���� 3#"�	8 '(�)�3#"�	8 '(�)�3#"�	8 '(�)�3#"�	8 '(�)� 

 3�! &"� 5�6(� '(�)� ���-#�R6# �@�d J��4��J W!	#'!�	X J� .0�1# "0 38�	] .�/3� "�)= �@ 3�4
� .�/!E .

"�@ �-# ��� W�)� &"� '(�)�AS�@ &�S#� 3��(��� .�/ .��� �6] "0 3��(��� '(�)� ��:;� .�" 	@ �A=aX .�/

�8 ��" �p�"� � &"��= 3(���	� V�	)# .0	@"�� � ���4� .�/��� .�T��� 3(���	� D�"0 �@ 06R6� !�� "6�a� �!��

3� &6� �ASX=�@.  J� 3�! D�64L �@ 3#"�	8 '(�)� f\!�4^ ��	b�[ W�4�)/ � .26�64�# � M�L ,	A;X06R� �@

'(�)� 5�6(���� ��)/� Vp�8 �/ .�AbX >6�1� �![ W!� �@ .	A)� �R6# D64��# 3����� . �4��J W!� "0 '/�l[ �a�

� J�/"6F	@ 3(���	� ��)��� "�0.  

3� 	h( �@ ��� "0 ��-S^ 3#"�	8 '(�)� �4��J "0 �����-# W���� �"�*$�  '(�"��)/ � 0"��6X Q�6#

]? [A�	X �"6^�=�@ .DE �1�������# �@ ��	#�V!� 3���A;� &"� P! '(�)� �![ 3�"	@ �@ �/��X 3��S� .�/
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