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Abstract

In this thesis we prove the existence of fixed point for several classes of mappings (admitting

a center , nonexpansive mappings and asymptotically nonexpansive mappings )defined on

the closed and convex subsets of a Banach space satisfying some proximinality condition.

We study the existence of fixed point in an important class of spaces which are usually

called strictly L(τ) - spaces and which contain all Lebesgue Lp(τ) spaces for p ≥ 1. We

will show that for these spaces there is strong connection between mappings admitting a

center and nonexpansive mappings.

In particular we show closed , bounded and convex subsets of L1[0,1] that are weak

compact , has fixed point property for nonexpansive self mappings.

Keywords:Fixed point; Nonexpansive mappings; Mappings admitting a center; Weak

star topology.
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ùÀ�Ø�
�þÂÑ÷ ¤¢ üÏ�Æ±÷� Â�è �f±÷�¹õ ý�úµª�Ú÷ ø üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ,�îÂõ ý�¤�¢ ý�úµª�Ú÷ �b ãó�Îõ¥� ù¢¤ ßþ� ý�Â� ´��� �ÎÖ÷ ¢��ø �b ãó�Îõ �� ¤�Ñ�õ ßþÀ� .´¨� ¤�¢¤�¡Â� ü¬�¡ ´�Þû� ¥� ´��� �ÎÖ÷¯Âª ¤¢ ø À÷� ùÀª ÓþÂã�  �÷�� ý�Ìê ¥� �µÆ� ø �À½õ ý�û �ä�Þ¹õ Âþ¥ ýø¤ �î üõ�Ú�û �úµª�Ú÷�ÎÖ÷ ¢��ø ��±�� ñ¢�ãõ ¯Âª Ý�û¢ üõ ö�È÷ âì�ø ¤¢ .Ýþ¥�¢Â� üõ , À��î üõ ëÀ¬ üµ�ó���Þ�ÆîøÂ�.Àª�� üõ üµ�ó���Þ�ÆîøÂ� ¯Âª , �îÂõ ý�¤�¢ �b µ¨��� ý�úµª�Ú÷ ý�Â� ´���¯Â ª ö� � » Þ û � Ì ê ß þ� ¤¢ Ý � � î ü õ ´ �� � ø ù¢Â î ü êÂ ã õ �¤ À � î� - L(τ) ý�Ì ê ö� þ� � ¤¢ö�È÷ ß��»Þû .´¨� �îÂõ ý�¤�¢ �b µ¨��� ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ¢��ø ��±�� ñ¢�ãõ üµ�ó���Þ�ÆîøÂ�.À÷¤�¢ ´��� �ÎÖ÷ , À��î ëÀ¬ üµ�ó���Þ�ÆîøÂ� ¯Âª ¤¢ �î üÏ�Æ±÷� Â�è ý�úµª�Ú÷ �Ìê ßþ� ¤¢ Ý�û¢ üõ´ ª� Ú ÷ , ü Ï� Æ ± ÷� Â � è ´ ª� Ú ÷ , ´ �� � � Î Ö ÷ , � îÂ õ ý�¤�¢ ý� ú µ ª� Ú ÷ :ýÀ � Ü î ý� ûù��ø.Ó�ã® ý��ó���� , ü±÷�¹õ üÏ�Æ±÷� Â�è
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¤�µÔÚÈ��
´��� �b ÎÖ÷ , T (x) = x �b ó¢�ãõ ���� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ T : C → C ´ª�Ú÷ ¢�¡ ø C �b ä�Þ¹õ¤¢ ü¬�¡ ´�Þû� ÓÜµ¿õ ý�û�Ìê ¤¢ �ó¢�ãõ ßþ� ý�Â� ���� ¢��ø ��±�� .¢�ª üõ ùÀ�õ�÷ T ´ª�Ú÷ý�Ìê ¤¢ ´��� �ÎÖ÷ �þÂÑ÷ .Àû¢ üõ Û�ØÈ� �¤ ´��� �ÎÖ÷ �þÂÑ÷ ¥� üÞúõ Ç¿� ø ¢¤�¢ ���®�þ¤ö� üÜî ¸þ�µ÷ ø  �÷�� ´��� �ÎÖ÷ �þÂÑ÷ .´¨� ´��� �ÎÖ÷ �b þÂÑ÷ ý�û Ç¿� ßþÂµÞúõ ¥� üØþ 1  �÷��.¢¤�¢ ¢Â�¤�î ¤��Æ� ¢�Êµì� ø ü¨À�úõ , ¤�õ� , ���®�þ¤ ¤¢ýø¤ ùÀª ÓþÂã� ý�úµª�Ú÷ �î Ý�þ�ð ´��� �ÎÖ÷ ´�¬�¡ ý�¤�¢ ,  �÷�� ý�Ìê ¤¢ �¤ üþ�û �ä�Þ¹õ�À½õ Àþ�� �û �ä�Þ¹õ Âþ¥ ßþ� 2 ¤¢ø�ª ��Ìì¤¢ ñ�·õ ¤�Ï �� .À�ª�� �µª�¢ ´��� �ÎÖ÷ �û �ä�Þ¹õ ßþ�.À�ª�� �µª�¢ ´��� �ÎÖ÷ �û �ä�Þ¹õ ßþ� ýø¤ ùÀª ÓþÂã� �µ¨��� ý�úµª�Ú÷ �� À�ª�� �µÆ� ø�ÎÖ÷ ´�¬�¡ ý�¤�¢ �Â±Ü�û ý�û�Ìê ¥��µÆ� ø �À½õ ý�û �ä�Þ¹õ Âþ¥ �î ¢�¢ ö�È÷ ℄48[ ¤¢ 3 ý¤.À�ª�� ¤�À÷�Âî �û �ä�Þ¹õ ßþ� Âð� �ú�� ø Âð� À�µÆû üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ý�Â� ´���ø ¤�À÷�Âî , �À½õ , üú��÷ ý�û �ä�Þ¹õÂþ¥ �î À÷¢Âî ´��� [18] ¤¢ 6 �¤�� ø 5 ¢¤��ó , 4 Ù��óø�¢ù¢ÂÈê Âð� �ú�� ø Âð� À�µÆû üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡ ý�¤�¢ C0 ¥� �µÆ�
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iiv ¤�µÔÚÈ�� �÷�� ý�Ìê ý�Â� �¹�µ÷ ßþ� �� Âð� .´¨�  �÷�� �Â±Ü�û Â�è ý�û�Ìê ¥� ý� �÷�Þ÷ C0 .À�ª�� Ó�ã®.´Æ�÷ ´¨¤¢ (ℓ1, ‖.‖1)Ó�ã® ù¢ÂÈê ø �À½õ ý�û �ä�Þ¹õ Âþ¥ ÍÖê (ℓ1, ‖.‖1) ý�Ìê ¤¢ �î ¢�¢ ö�È÷ ℄38[ ¤¢ 7�µþø�ó¤�î, �À½õ ý�û �ä�Þ¹õ Âþ¥ üÌã� �f ·õ ø À�µÆû üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ý�¤�¢ ù¤�µ¨ßþ� ¢�ª üõ �ÂÎõ �¹�þ� �î üÈ¨Â� Å� À�ª�� üõ ´��� �ÎÖ÷ ´�¬�¡ Àì�ê �Ìê ßþ� ¥� ¤�À÷�Âî ø �µÆ��ÎÖ÷ ´�¬�¡ ý�¤�¢ (ℓ1, ‖.‖1) ¥� ¤�À÷�Âî ø �µÆ� , �À½õ ý�û �ä�Þ¹õ Âþ¥ ¥� üä�÷ �� �î ´¨�.À�µÆû üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ý�Â� ´���À�ª�� üÏ�Æ±÷� Â�è - ‖.‖ �î À÷¤�¢ ´��� �ÎÖ÷ ü�¤�¬ ¤¢ �úµª�Ú÷ ßþ� �î �î ¢�¢ ö�È÷ ℄42[ ¤¢ 8 ß�ó.´¨� ‖.‖1 �Â÷ �� ñ¢�ãõ ℓ1 ýø¤ üõÂ÷ ‖.‖ �îý�Â � ´�� � �ÎÖ ÷ ¢��ø ��± �� ñ¢�ãõ üµ � ó� � �Þ �ÆîøÂ � ¯Âª �î ¢�¢ Àû��¡ ö�È÷ , �õ� ÷ ö� þ� � ß þ�Â�è ý�úµª�Ú÷ �� À�ª�� Ó�ã® ù¢ÂÈê Àþ�� L1([0,1]) ý�û �ä�Þ¹õ Âþ¥ .´¨� �îÂõ ý�¤�¢ ý�úµª�Ú÷.À�ª�� �µª�¢ ´��� �ÎÖ÷ �ú÷� ýø¤ ùÀª ÓþÂã� üÏ�Æ±÷�.¢¥�¢Â� üõ , ´¨� ý¤øÂ® ýÀã� ñ�Êê ¤¢ �ú÷� ßµÆ÷�¢ �î ü��õÀÖõ Óþ¤�ã� ö��� �� (1) ÛÊêÛÊê ßþ� ¤¢ �î üÎþ�Âª ´½� �úµª�Ú÷ ßþ� .Ý��î üõ ÓþÂã� (2) ÛÊê ¤¢ �¤ �îÂõ ý�¤�¢ ý�úµª�Ú÷¤¢ �¤ ö� ¢Â�¤�î ø Ý�û¢ üõ �Âª �¤ (C) ´�¬�¡ ß��»Þû .´ª�¢ À�û��¡ ´��� �ÎÖ÷ Àª Àû��¡ �µÔð.Ý�û¢ üõ ö�È÷ üó�ÂÚµ÷� �ó¢�ãõ ×þ Û�ý�¤�¢ ý�úµª�Ú÷ ý�Â� �¤ ´��� �ÎÖ÷ ¢��ø ø ù¢Âî ÓþÂã� (3) ÛÊê ¤¢ �¤ üµ�ó���Þ�ÆîøÂ� ´�¬�¡. Ý��î üõ ö��� ´�¬�¡ ßþ� �� ÓÎä �� �îÂõßþ� .À�î üõ ��±�� ö� ý�Â� �¤ ´��� �ÎÖ÷ ¢��ø ø ù¢Âî üêÂãõ �¤ À�î� - L(τ) ý�û�Ìê (4) ÛÊêý�úµª�Ú÷ ß�� ý�ì üÏ�±�¤� �û�Ìê ßþ� ¤¢ .´¨� P ≥ 1 ý�Â� LP (Ω) Ù±ó ý�û�Ìê �Þû Ûõ�ª �Ìê¤¢ �îÂõ ý�¤�¢ ý�úµª�Ú÷ ý�Â� �î ü¹þ�µ÷ ��Þ� ø ¢¤�¢ ¢��ø üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ø �îÂõ ý�¤�¢.´¨� ýÂ�ð �¹�µ÷ Û��ì ��÷ �úµª�Ú÷ ßþ� ý�Â� ¢�� ¤�ÂìÂ� (2) ÛÊê
Karlovitz 7

Lin 8



iiiv ¤�µÔÚÈ��ßþ� .À�µÆû ´��� �ÎÖ÷ ´�¬�¡ Àì�ê �î Àû¢ üõ ö�È÷ �¤  �÷�� ý�Ìê ¥� üþ�û �ä�Þ¹õÂþ¥ (5) ÛÊê.À�µÆû ü±÷�¹õ ×þÂµõø�þ� - ℓ1 ý�û �þ�� Ûõ�ª �û �ä�Þ¹õÂþ¥.À�ª��üõ ℄21[ ø ℄17[,℄13[ ,℄12[ ���Öõ ,�õ�÷ö�þ�� ßþ� üÜ¬� â���õ �î ´¨� Âî£ �� �¥�



1 ÛÊê
ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�

üã��� ��ó�÷� ¥� ü��õÀÖõ 1.1�Áó .´¨� ý¤øÂ® , ¢¤�¢ ¢Â�¤�î ýÀã� ñ�Êê ¤¢ �î üã��� ��ó�÷� ¥� �þ�Ìì ø ��óø� Ý�û�Ôõ ü¡Â� �b ãó�Îõ.Ýþ¥�¢Â� üõ �þ�Ìì ø Ý�û�Ôõ ßþ� ö��� ø ý¤ø�¢�þ �� ÛÊê ßþ� ¤¢ý�Ìê ùbÀ�û¢ ö�È÷ L(X,Y ) , Y ø X  �÷�� ý�Ìê ø¢ ý�Â� : ö�ðø¢ ý�Ìê 1.1.1 ÓþÂã�:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �Ìê ßþ� ýø¤ �Â÷ .´¨� Y ý�� �� X ¥� ¤�À÷�Âî üÎ¡ ý�û ÂÚÜÞä
‖T‖ = sup {‖Tx‖/‖x‖ : x ∈ X , x 6= 0}

= sup {‖Tx‖ : x ∈ X , ‖x‖ = 1}..Ý�û¢ üõ ö�È÷ X∗ �� �¤ X ý�Ìê ö�ðø¢�� , ×þÂµõ ßþ� .´¨� ¤�¢¤�¡Â� ü¬�¡ ´�Þû� ¥� ¢¥�¢Â� üõ �ä�Þ¹õ ø¢ �b Ü¬�ê ÓþÂã� �� �î üØþÂµõ.Ý��î üõ ÓþÂã� �¤ ö� �õ�¢� ¤¢ �î ´¨� éøÂãõ é¤øÀ¨�û ×þÂµõ
1



2 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê�b Þû �b ä�Þ¹õ �¤ H(X) ø ÀþÂ�Ú� ÂÑ÷ ¤¢ ×þÂµõ ý�Ìê ×þ �¤ (X, d) ý�Ìê 2.1.1 ÓþÂã�×þ ß���õ �b Ü¬�ê , H(X) ¥� A,B üó�¡ Â�è �b ä�Þ¹õ ø¢ Âû ý�Â� .À��î ­Âê X ý�û �ä�Þ¹õ Âþ¥:¢�ª üõ ö��� Âþ¥ �bÎ��¤ �� B �bä�Þ¹õ ø A ¤¢ �ÎÖ÷
d(x,B) = inf{d(x, y)|y ∈ B}.:¢�ª üõ ÓþÂã� Âþ¥ ÛØª �� ý��Î��¤ �� H(X) ¥� �ä�Þ¹õ ø¢ ß���õ �b Ü¬�ê ø

d(A,B) = sup{d(x,B) | x ∈ A}.

Âþ¥ �¤�¬ �� H(X) ¥� A,B �b ä�Þ¹õ ø¢ ß���õ �b Ü¬�ê�þ é¤øÀ¨�û ×þÂµõ 3.1.1 ÓþÂã�:¢�ª üõ ö���
H(A,B) = max{d(A,B), d(B,A)}.

(´ª�Ú÷¢�¡) ©¢�¡ �� (X, d) ×þÂµõ ý�Ìê ýø¤ ùÀª ÓþÂã� T ´ª�Ú÷ 4.1.1 ÓþÂã��î üÞÆÖ� ,Àª�� ¢���õ α À�÷�õ üµ±·õ üÖ�Ö� ´��� ¢Àä Âð� ,¢�ª üõ �µÔð �µ�ª ²�ó ´ª�Ú÷ ×þ:Ý�ª�� �µª�¢ ,x, y ∈ X Âû ý�Â�
d(Tx, Ty) ≤ αd(x, y)..¢�ª üõ �µÔð ­�±Ö÷� Ûõ�ä α ø ü®�±Ö÷� ´ª�Ú÷ T Å³¨ ,0 ≤ α < 1 Âð�

.Ý�þ�ð üõ üÏ�Æ±÷� Â�è�¤ T ´ª�Ú÷ ,Àª�� α = 1 ��� ÓþÂã� ¤¢ Âð� 5.1.1 ÓþÂã�



3 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê
Âð� ,¢�ª üõ �µÔð T : X → X ´ª�Ú÷ ´��� �bÎÖ÷ ,u ∈ X �bÎÖ÷ 6.1.1 ÓþÂã�

Tu = u.

Âþ¥ �¤�Ê� �î ´¨� ´��� �ÎÖ÷ �þÂÑ÷ ¤¢ ¸þ�µ÷ ßþÂ� Ýúõ ø ßþÂ� ü¨�¨� ¥� üØþ  �÷�� ­�±Ö÷� Û¬�:¢�ª üõ ö���×þ �¤ T : X → X ø ÀþÂ�Ú� ÂÑ÷ ¤¢ Ûõ�î ×þÂµõ ý�Ìê �¤ (X, d) ý�Ìê 7.1.1 ÓþÂã�ý¤�ÂØ� �ó�±÷¢ x0 ∈ X Âû ý�Â� ø ¢¤�¢ X ¤¢ �µØþ ´��� �ÎÖ÷ T Å³¨ .À��î ­Âê ü®�±Ö÷� ´ª�Ú÷.´¨� ´��� �ÎÖ÷ ßþ� �� �ÂÚÞû {T nx0}
¢�ª üõ �µÔð �À½õ f : C → R â��� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ C �À½õ �b ä�Þ¹õ 8.1.1 ÓþÂã�:Ý�ª�� �µª�¢ t ∈ [0,1] Âû ý�Â� ø x, y ∈ C Âû ý�Â� Âð�

f(tx + (1− t)y) ≤ tf(x) + (1− t)f(y).

ý�Ìê ÂÚ÷�þ�Þ÷ X ⊕ Y , À�ª��  �÷�� ý�Ìê ø¢ (Y, ‖.‖Y ) ø (X, ‖.‖X) Âð� 9.1.1 ÓþÂã�ý��ãõ �� X⊕∞Y ���Èõ ¤�Ï �� .´¨� ‖(x, y)‖1 := ‖x‖X + ‖y‖Y �Â÷ �� X × Y ü�ÂÌÜ¬��.´¨� ‖(x, y)‖
∞

:= max{‖x‖X , ‖y‖Y } �Â÷ �� X × Y ü�ÂÌÜ¬�� ý�ÌêÝ�û��¡ ¤�î �� �¤ Óþ¤�ã� ßþ� ýÀã� ñ�Êê ¤¢ �î Ýþ¥�¢Â� üõ ýÂÎì ý�û �ä�Þ¹õ ÓþÂã� ö��� �� ö��î�:¢Â�



4 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ Âþ¢�Öõ X ¥� H ø D �ä�Þ¹õÂþ¥ ý�Â� 10.1.1 ÓþÂã�
ru(D) = sup { ‖u − v‖ : v ∈ D} (u ∈ X),

rH(D) = inf { ru(D) : u ∈ H}.

.À÷�ª üõ ùÀ�õ�÷ H �� ´±Æ÷ D ÓÈ�±� á�ãª °��Â� �� ø rH(D) ø u �� ´±Æ÷ D á�ãª �¤ ru(D)

üþ�û �ä�Þ¹õ ø Àª�� ru(D) = diamD ù�ðÂû Ý�þ�ð ýÂÎì �¤ u ∈ D �ÎÖ÷ 11.1.1 ÓþÂã�.Ý�õ�÷ üõ ýÂÎì ý�û �ä�Þ¹õ �¤ À�µÆû ¯�Ö÷ ßþ� Ûõ�ª �î
�¤ ö� Âþ¥ �¤�¬ �� �î ÀþÂ�Ú� ÂÑ÷ ¤¢ L[0,1] ¥� ý� �ä�Þ¹õ Âþ¥ �¤ M �ä�Þ¹õ 1.1.1 ñ�·õ:Ý��î üõ ÓþÂã�

M = {x = {x(t)} : 0 = x(0) ≤ x(t) ≤ x(1) = 1}.�¤ M �b ä�Þ¹õ ö¢� � ýÂÎì �Â ÷ ø¢ ßþ� � � ´±Æ÷ ø ÝþÂ �ð üõ ÂÑ÷ ¤¢ L[0,1] ýø¤ �¤ Â þ¥ �Â ÷ ø¢:Ý��î üõ ü¨¤Â�
‖x‖0 = max { |x(t)| : 0 ≤ t ≤ 1},
‖x‖1 = ‖x‖0 + (

∫ 10 (x(t))2 dt)
1/2

.ýø�Æ� Âð� ÓþÂã � Õ±Ï .Ý� � î üõ ü¨¤Â � �¤ M �b ä�Þ¹õ ö¢� � ýÂÎì ‖.‖0 �Â ÷ � � ´±Æ÷ �À µ ��
M � ä� Þ¹ õ Ó þÂ ã � ¥� � î ¤� Ï ö� Þ û ø ´¨� ýÂ Î ì M ù� Ú ÷� À ª� � ¤�Â ìÂ � r(M) = diamM� � ´ ¨� Â ��Â � á� ã ª Ó þÂ ã � � � � �� � � � M á� ã ª ø × þ Â ��Â � � ä� Þ ¹ õ ß þ� Â Î ì À þ� ü õÂ �ýÂÎì M ø ¤�ÂìÂ� r(M) = diamM = 1 ýø�Æ� ßþ�Â���� , r(M) = sup{‖x‖0 : x ∈ M} = 1



5 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê.´¨�:Ý��î üõ ü¨¤Â� ‖.‖1 �� ´±Æ÷ �¤ M �bä�Þ¹õ ö¢�� ýÂÎì ñ��
‖x‖1 = ‖x‖0 + (

∫ 10 (x(t))2 dt)
1/2

‖x‖1 = max { |x(t)| : 0 ≤ t ≤ 1} + (
∫ 10 (x(t))2 dt)

1/2
‖x‖1 = 1+ (

∫ 10 12 dt)
1/2

= 2,�Âþ¥ ´Æ�÷ Â��Â� M ÂÎì �� x(t) = 1/2 �bÎÖ÷ ¤¢ M á�ãª �õ� .´¨� 2 Â��Â� ´ó�� ßþ� ¤¢ M ÂÎì Å�
r(M) = sup{‖x‖1 : x ∈ M} = ‖x‖0 + (

∫ 10 (x(t))2 dt)
1/2

= 1+ (
∫ 10 1/22 dt)

1/2
= 1+ 1/2 = 3/2,.´Æ�÷ ¤�ÂìÂ� r(M) = diamM ýø�Æ� �Âþ¥ ´Æ�÷ ýÂÎì ‖.‖1 �Â÷ �� ´±Æ÷ M �bä�Þ¹õ ßþ�Â����:´¨� �õ�÷ ö�þ�� ßþ� ¤¢ ý¢Â�¤�î ø Ýúõ Ý�û�Ôõ ¥� ÂÚþ¢ üØþ �µ¨��� Ý�÷ â��� ÓþÂã�À�� â��� ×þ F : X → 2Y \{∅} ù�Ú÷� À�ª�� üþ�û �ä�Þ¹õ Y ø X Âð� 12.1.1 ÓþÂã�¥�� �b ä�Þ¹õ Âû ý�Â� Âð� �ú�� ø Âð� ´¨� üþ��� �µ¨��� Ý�÷ x0 �ÎÖ÷ ¤¢ ¢�ª üõ �µÔð ø ´¨� ý¤�ÀÖõ�Øþ¤�Ï �� ´ê�þ (U ⊆ ℵ(x0)) �¤ U Ûõ�ª ℵ(x0) üÚþ�ÆÞû ö��µ� ´¨� F (x0) Ûõ�ª �î V ⊆ Y.Àª�� F (U) ⊆ V , x ∈ U Âû ý�Â� ü�ãþ ßþ� Àª�� F (U) ⊆ V¥�� �b ä�Þ¹õ Âû ý�Â� Âð� �ú�� ø Âð� ´¨� x0 ¤¢ ü��þ�� �µ¨��� Ý�÷ F : X → 2Y \{∅} ���Èõ ¤�Ï ��

F (U)∩ V 6= ∅ �Øþ¤�Ï �� ´ê�þ �¤ U Ûõ�ª ℵ(x0) üÚþ�ÆÞû ö��µ� ´¨� F (x0)∩ V 6= ∅ �î V ⊆ Y.Àª�� F (x) ∩ V 6= ∅ , x ∈ U Âû ý�Â� ü�ãþ ßþ� Àª��



6 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê�¤�¬ �� �¤ F (x) â��� ø À�ª�� X = Y = R �¤�¬ �� Y ø X ý�û �ä�Þ¹õ Âð� 2.1.1 ñ�·õ:Ý�ª�� �µª�¢ Âþ¥
F (x) =







[0,1], x 6= 0,0, x = 0.

x = 0 �ÎÖ÷ ñ�� �¤ ℵüÚþ�ÆÞû ö��� üõ ø ´¨� ý¤�ÀÖõ À�� â��� ßþ� ��� ��½�®�� �� ���� �� ù�Ú÷�Ý�÷ �Ø�ó�� ¤¢ ´¨� ü��þ�� �µ¨��� Ý�÷ â��� ßþ� �¹�µ÷ ¤¢ ø À�î ëÀ¬ ��� Íþ�Âª ¤¢ �Øþ¤�Ï �� ´ê�þ.´ê�þ �¤ x = 0 �ÎÖ÷ ñ�� ÂÑ÷ ¢¤�õ üÚþ�ÆÞû ö��� üÞ÷ �Âþ¥ ´Æ�÷ üþ��� �µ¨���



2 ÛÊê
ý�¤�¢ ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡�îÂõ

�îÂõ ý�¤�¢ ý�úµª�Ú÷ 1.2üõ �úµª�Ú÷ ßþ� ý�û üðÄþø ¥� ü¡Â� ø J á�÷ ý�úµª�Ú÷ ,�îÂõ ý�¤�¢ ý�úµª�Ú÷ üêÂãõ �� (2) ÛÊê.¢�ª üõ ö��� �úµª�Ú÷ ßþ� ý�Â� ´��� �ÎÖ÷ ¢��ø Îþ�Âª Ç¿� ßþ� ¤¢ ß��»Þû .¢¥�¢Â�
Â�è ´ª�Ú÷ T : C → Xø Àª�� (X, ‖.‖) ¤�¢ �Â÷ ý�Ìê ¥� ¤�À÷�Âî ø �µÆ� , �À½õ �ä�Þ¹õ Âþ¥ CÂð�:Ýþ¤�¢ x ∈ C Âû ý�Â� ù�Ú÷� Àª�� y0 ∈ C ´��� �ÎÖ÷ �� üÏ�Æ±÷�

‖ y0 − T (x) ‖ ≤ ‖ y0 − x ‖. (1)
, ¢¤�¢ ¤�Âì(y0 /∈ C)C ¥� �¤�¡ �ú÷� ´��� �ÎÖ÷ �î üÏ�Æ±÷� Â�è ý�û ´ª�Ú÷ ý�Â� üµ� (1) ýø�Æõ�÷7



8 �îÂõ ý�¤�¢ ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡ .2 ÛÊêÓþÂã� ý¤ø�¢�þ �� ö� ¥� Û±ì .Ý��î üõ ü¨¤Â� �¤ 1 Û� ß�ê� ´ª�Ú÷ ñ�·õ ý�Â� .´¨� ¤�ÂìÂ� ��÷:Ýþ¥�¢Â� üõ ß�ê� ´ª�Ú÷Âû ý�Â� ø Àª�� �À½õ ý� �ä�Þ¹õ C Âð� Ý�õ�÷ ß�ê� �¤ T : C → C ´ª�Ú÷ 1.1.2 ÓþÂã�:Ý�ª�� �µª�¢ k ∈ [0,1] Âû ø x, y ∈ C

T (kx + (1− k)y) = kTx + (1− k)Ty.

ÀþÂ�Ú� ÂÑ÷ ¤¢ C0 ×�¨�î ý� �ó�±÷¢ ý�Ìê ¥� , ¥�� À��ø ý�ð ýø¤ �¤ T ´ª�Ú÷ 1.1.2 ñ�·õ:Àª�� Âþ¥ �¤�¬ �� ö� �bÎ��® �î
T (x1, x2, x3, . . .) = (1, x1, x2, . . .),Â û ý�Â � .À � î ü õ ëÀ ¬ (1) ýø� Æ õ� ÷ ¤¢ T ù� Ú ÷� À ª� � y0 = 2e1 = (2,0,0. . . .) Â ð�:´¨� ¤�ÂìÂ� Âþ¥ Í��ø ¤ x = (x1, x2, x3, . . .) ∈ B

‖T (x) − y0‖ = ‖(−1, x1, x2, . . .)‖ = 1
≤ 2− x1 = ‖(x1 − 2, x2, x3, . . .)‖ = ‖x − y0‖.

(1) ýø�Æõ� ÷ ¤¢ y0 ∈ X Âû ý�¥� � � �î ´¨� üþ�û ´ª�Ú ÷ ü¨¤Â � ÛÊê ßþ� ¤¢ � õ éÀû Å�. Ý�þ�ð �îÂõ ý�¤�¢ ý�û ´ª�Ú÷ �¤ üþ�û ´ª�Ú÷ ß��� ø T �î�Âõ ¯�Ö÷ ßþ� �� ��Î¬� ¤¢ ø À��î ëÀ¬.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ X  �÷�� ý�Ìê ¥� C ¤�À÷�Âî ø �µÆ� , �À½õ �ä�Þ¹õ Âþ¥ 2.1.2 ÓþÂã�:Ý�ª�� �µª�¢ x ∈ CÂû ý�Â� Âð� , Ý�þ�ð T : C → X´ª�Ú÷ ý�Â� �îÂõ ×þ �¤ y0 ∈ X

‖ y0 − T (x) ‖ ≤ ‖ y0 − x ‖. (2)
Beals ’mapping 1



9 �îÂõ ý�¤�¢ ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡ .2 ÛÊê
.Ý�û¢ üõ ö�È÷ Z(T ) �� �¤ T ´ª�Ú÷ �î�Âõ ��Þ� �ä�¹õ

. .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ X  �÷�� ý�Ìê ¥� C ¤�À÷�Âî ø �µÆ� , �À½õ �ä�Þ¹õ Âþ¥ 3.1.2 ÓþÂã�.Àª�� �µª�¢ y0 ∈ X À�÷�õ ý�îÂõ ø �µ¨��� ù�ðÂû Ý�õ�÷ J á�÷ �¤ T : C → X ´ª�Ú÷

.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤X  �÷�� ý�Ìê ¥� C ¤�À÷�Âî ø �µÆ� , �À½õ �ä�Þ¹õ Âþ¥ 4.1.2 ÓþÂã�Âû ø Àª�� �µª�¢ C¤¢ ´��� �ÎÖ÷ ×þ Ûì�À� ù�ðÂû Ý�þ�ð üÏ�Æ±÷� Â�è �±ª �¤ T : C → C ´ª�Ú÷.Àª�� T ý�Â� ý�îÂõ , ´��� �ÎÖ÷
ÕÜã� ��õ�¢ �� �îÂõ ü�ãþ Àª�� y0 ∈ C �îÂõ ý�¤�¢ T : C → X ´ª�Ú÷ Âð� 1.1.2 ����.´¨� ��÷ ö� ´��� �ÎÖ÷ �fÞµ� T �îÂõ Âû ´ó�� ßþ� ¤¢ ü�ãþ .´¨� T (y0) = y0 ù�Ú÷� Àª�� �µª�¢¢Â � ð ¤�Â ì � � õ�¢ ¥� �¤�¡ �îÂõ üµ ìø ÍÖê J á�÷ ý�û ´ª�Ú ÷ ý�Â � �¤ ´�� � �ÎÖ ÷ ¢��ø ßþ�Â �� � �.¢�ª üõ ü¨¤Â� (y0 /∈ C)

.Àª�� ´��� �ÎÖ÷ �fõø�ó Àþ�±÷ �îÂõ �î Àþ� üõ Â� ß��� J á�÷ ´ª�Ú÷ ��úÔõ ¥� 2.1.2 ����: ´¨� ��Â¿µ¨� Û��ì ´ª�Ú÷ ×þ �îÂõ ÓþÂã� ¥� Âþ¥ ¸þ�µ÷´ ª� Ú ÷ Å ³ ¨ À ª� � r ∈ (0,1)ø À ª� � y0 ∈ X� îÂ õ ý�¤�¢ T : C → X ´ª� Ú ÷ Â ð� (1.´¨� y0 ∈ X �îÂõ ö�Þû ý�¤�¢ Tr = rI + (1− r)Tý�¤�¢ �� ÷ T n : C → C ´ª�Ú÷ Å³¨ Àª�� y0 ∈ X�îÂõ ý�¤�¢ T : C → X ´ª�Ú÷ Âð� (2.´¨� y0 ∈ X �îÂõ ö�Þû



10 �îÂõ ý�¤�¢ ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡ .2 ÛÊê��÷ C �b ä�Þ¹õ Âþ¥ Âû �� T ÀþÀ½� Å³¨ Àª�� y0 ∈ X�îÂõ ý�¤�¢ T : C → X ´ª�Ú÷ Âð� (3.´¨� y0 ∈ X �îÂõ ö�Þû ý�¤�¢� � T̃ : C − {y0} → X ´ª�Ú÷ Å³¨ Àª�� y0 ∈ X�îÂõ ý�¤�¢ T : C → X ´ª�Ú÷ Âð� (4. ¢ÂþÁ� üõ �îÂõ ö���ä �� �¤ 0X , T̃ (x − y0) = T (x) − y0 �bÎ��®´ó�� ¤¢ �õ� ´¨� ´ª�Ú÷ ßþ� ý�Â� �îÂõ ×þ üÏ�Æ±÷� Â�è ´ª�Ú÷ ×þ ´��� �ÎÖ÷ Âû �� Âð� (5.´Æ�÷ �îÂõ �fõø�ó �µ�ª ²�ó ´ª�Ú÷ ´��� �ÎÖ÷ üÜîÂÑ ÷ ¤¢ T (x) = 1/x �b Î ��® � � �¤ T : [1/2,2] → [1/2,2] ´ª�Ú ÷ 2.1.2 ñ�·õ²�ó T ´ª�Ú÷ Å� ´¨� ¤�À÷�Âî C = [1/2,2] ýø¤ T ′(x) = −1/x2 ÕµÈõ ö�� , ÀþÂ�Ú�.´¨� C ýø¤ �µ�ª:�Âþ¥ Àª�� üÞ÷ ö� ý�Â� ý�îÂõ �ÎÖ÷ ßþ� �õ� , ´¨� T ´��� �ÎÖ÷ �µØþ x0 = 1 �î ´¨� ¼®�ø
|T (1/2) − 1| = 1 > |1/2− 1| = 1/2,

y0 > 2 Âð� �Ø�þ� ÂµÈ��
|T (2) − y0| = |1/2− y0| > |2− y0| ,

y0 < 1/2 Âð� ø
|T (1/2) − y0| = |2− y0| > |1/2− y0| ,

.´¨� �îÂõ Àì�ê �õ� ¢¤�¢ C ¤¢ ´��� �ÎÖ÷ T �Ø�þ� ¢��ø �� Å�.À�ª�� üõ J á�÷ ��÷ À�µÆ�÷ �µ�ª ²�ó üµ� �î üÏ�Æ±÷� ý�û ´ª�Ú÷ üÌã� (6ßþ� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Tn(x) = xn �bÎ��® �� Tn : [0,1] → [0,1] ´ª�Ú÷ 3.1.2 ñ�·õ.¢ÂþÁ� üõ �îÂõ ö���ä �� y0 = −a ≥ 0 �bÎÖ÷ ´ª�Ú÷



11 �îÂõ ý�¤�¢ ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡ .2 ÛÊê´��� �ÎÖ÷ ø¢ Tn ´ª�Ú÷ Âû �î À��î ���� .´Æ�÷ üÏ�Æ±÷� Â�è [0,1] ýø¤ n ≥ 2 ý�Â� Tn�îÂõ y1 ø ´¨� Tn ý�Â� ý�îÂõ y0 �Ø÷� ñ�� À�µÆû y1 = 1 ø y0 = 0 �ú÷� �î ¢¤�¢ [0,1] ¤¢.Àª�� üÏ�Æ±÷� Â�è �±ª À÷��� üÞ÷ üµª�Ú÷ ß��� Å� ´Æ�÷ Tn� Î Ö ÷ T (x) =
√

x�b Î �� ® � � T : [0,1] → [0,1]� µ � ª ² � ó Â � è ´ª� Ú ÷ Â Ú þ¢ éÂ Ï ¥�.¢ÂþÁ� üõ �îÂõ ö���ä �� �¤ y1 = 1´���.À÷ÂþÁ³� �îÂõ ×þ ¥� Ç�� ´¨� ßØÞõ J á�÷ ý�û ´ª�Ú÷ �î Àû¢ üõ ö�È÷ ��� ý�û ñ�·õ (7
J á�÷ ý�úµª�Ú÷ ¥� üþ�û �÷�Þ÷ 1.1.2�� üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ¥� À÷� �¤�±ä �î À�î üõ ö��� �¤ J á�÷ ý�úµª�Ú÷ ¥� üþ�û �÷�Þ÷ ´ÞÆì ßþ��î À÷Â�ð üõ ¤�Âì �û ùÂî Û¡�¢ ¤¢ �î üþ�úµª�Ú÷ ø �ø��µõ �f±÷�¹õ üÏ�Æ±÷� Â�è ý�úµª�Ú÷ , ´��� �ÎÖ÷:Ýþ¥�¢Â� üõ �û ö� ¥� ×þÂû ü¨¤Â� �� Û�ÊÔ� ��
´��� �ÎÖ÷ �� üÏ�Æ±÷� Â�è ý�úµª�Ú÷ (1�µÆ� , �À½õ �ä�Þ¹õ Âþ¥ C ö�¤¢ �î , ´��� �ÎÖ÷ �� T : C → X üÏ�Æ±÷� Â�è ´ª�Ú÷ Âûß��� ¥� y0 ´��� �ÎÖ÷Âû ùø�ä �� .´¨� J á�÷ ´ª�Ú÷ , ´¨� X  �÷�� ý�Ìê ¥� ¤�À÷�Âî ø�î ´¨� ¢���õ üÔþÂã� ©�¡ üÏ�Æ±÷� Â�è ý�úµª�Ú÷ ß��»Þû ø ´¨� ö� ý�Â� ý�îÂõ T�î ´¨� J á�÷ ý�úµª�Ú÷ ¥� ÂÚþ¢ �÷�Þ÷ �ú�þ� , ´Æ�÷ ý�Ìä ×� ö�ª ´��� ¯�Ö÷ �ä�Þ¹õ.À÷ÂþÁ� üõ �îÂõ ×þ ¥� Ç���È�Þû �ä�Þ¹õ ßþ� �õ� Àª�� �À½õ ´Æ�÷ ý¥��÷ üÏ�Æ±÷� Â�è ´ª�Ú÷ ´��� ¯�Ö÷ �ä�Þ¹õü�ãþ À�µÆû J á�÷ �î T : C → X ý�úµª�Ú÷ �î�Âõ �ä�Þ¹õ ý�Â� °ÜÎõ ßþ� .´¨� �µÆ�



12 �îÂõ ý�¤�¢ ý�úµª�Ú÷ ý�Â� ´��� �ÎÖ÷ ´�¬�¡ .2 ÛÊê:´¨� ¤�ÂìÂ� ��÷ Z(T )

zn → z �Øþ¤�Ï �� ¢Âî �À�� ö��� üõ Z(T ) ¤¢ �¤ (zn) �b ó�±÷¢ , ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ z ∈ Z(T ):Ýþ¤�¢ x ∈ C Âû ý�Â� ßþ�Â���� .Àª��
‖T (x) − z‖ = limn→∞ ‖T (x) − zn‖

≤ limn→∞ ‖x − zn‖ = ‖x − z‖,

2.´¨� �µÆ� Z(T ) ø z ∈ Z(T ) �¹�µ÷ ¤¢ ø�ø��µõ �f�À½õ üÏ�Æ±÷� Â�è ý�úµª�Ú÷ (2ßþ� ¤¢ �î ´¨� �ø��µõ �f �À½õ üÏ�Æ±÷� Â�è ý�úµª�Ú÷ J á�÷ ý�úµª�Ú÷ á��÷� ¥� ÂÚþ¢ üØþ�úµª�Ú÷ ßþ� ý�Â� �¤ ´��� �ÎÖ÷ ø �îÂõ ¢��ø Å³¨ ø ù¢Âî ÓþÂã� �¤ �úµª�Ú÷ ßþ� �Àµ�� ´ÞÆì.¢Âî Ý�û��¡ ��±��ÂÑ÷ ¤¢ �¤ X  �÷� � ý�Ìê ¥� C¤�À÷�Âî ø �µÆ� , �À½õ �ä�Þ¹õ Âþ¥ 5.1.2 ÓþÂã�ø n ∈ NÂû ý�Â � Âð� Ý� þ�ð �ø�� µõ �f �À½õ üÏ�Æ± ÷� Â �è �¤ T : C → C ´ª�Ú÷ .À þÂ �Ú �:Ý�ª�� �µª�¢ x1, . . . , xn, y ∈ C

∥

∥

∥

∥

∥

∥

n
∑

i=1 (−1)i+1
n

T (xi) − T (y)

∥

∥

∥

∥

∥

∥

≤
∥

∥

∥

∥

∥

∥

n
∑

i=1 (−1)i+1
n

xi − y

∥

∥

∥

∥

∥

∥

.

T : C → C Âð� ùø�ä �� .À�µÆû ��÷ üÏ�Æ±÷� Â�è , �ø��µõ �f�À½õ üÏ�Æ±÷� Â�è ý�úµª�Ú÷ Âû.¢�� Àû��¡ ��÷ �ø��µõ �f�À½õ üÏ�Æ±÷� Â�è Å³¨ Àª�� üÎ¡ üÏ�Æ±÷� Â�è ´ª�Ú÷:À�þ�Þ÷ ���� Âþ¥ ñ�·õ �� .À÷¢���õ ��÷ ´�¬�¡ ßþ� öøÀ� ü®�±Ö÷� ß�ê� ý�úµª�Ú÷ ¥� üÌã�


