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OQwt QO |Q}os}tYD |=Q@ u=OvtWv=O R= xwQo u}rw= p}rO u}ty x@ 'OW|t xH=wt pmWt =@ |tra
uOw@ OwOLt xrtH R= |DqmWt x@ xHwD =@ R}v xRwQt= "OvOQm P=ND= =Q |D=t}tYD '|ovH |=yxr=Ut
|=Q@ |=xH}Dv |tra |=yQ=my=Q R= xO=iDU= uwO@ ': : : w ?U=vt |=y|Q}os}tYD =@ x]@=Q QO =yOL=w
|a@=D '|tra |=yVwQ |Q}oQ=mx@ Qw_vt x@ CqmWt u}= x@ xHwD =@ "OwW|tv pY=L QDy@ 1|QwxQy@
1) Productivity
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"OW xO=yv =v@ =yOL=w OQmrta |@=} RQ= CyH 1O}rwD `@=D s=v x@

O}rwD `@=D 2�1
x@ |y=o =t= "OyO@ =Q |HwQN st} Rm =t =y|OwQw R= ?}mQD Qy |=Q@ xm CU= |a@=D O}rwD `@=D
xO=iDU= `@=D OwN |=H x@ u; ?} QkD R= s} Qw@Ht Qo}O |DqmWt w `@=D u}= uOw@ xQ=Okt OvJ p}rO
OQmrta |x]@=Q CQwY u}= QO "CU= O=YDk= sra syt C=aw[wt R= |m} O}rwD `@=D CN=vW "s}vm
h} QaD y = f(u;v) CQwY x@ w CU= hwQat O}rwD `@=D x@ xm 'CU= |a@=D Q=PoQ}F=D pt=wa =@
CtUk wO R= |OwQw Q=OQ@ "Ovm|t O}rwD =Q y |HwQN (u;v) |OwQw Q=OQ@ u; QO xm 'OwW|t
xm CU= O}rwD `@=D f "OvDUy pQDvm p@=kQ}e pt=wa v w pQDvm p@=k pt=wa u 'CU= xOW p}mWD
y =@ =Q |HwQN Q=Okt Qo = Qo}O CQ=@a x@ "O}=tv|t O}rwD =Q |HwQN st} Rm =t =y|OwQw ?}mQD R=
CQwY x@ u=wD|t =Q O}rwD `@=D s}yO u=Wv xm w xm�1': : : 'x2'x1 =@ =Q =y|OwQw w s}yO u=Wv
xO=iDU= =@ u=wD|t xm CU= |HwQN QFm =OL y `@=D u}= QO "CiQo Q_v QO y = f(x1;x2; : : : ;xm)

'CU= Q=wWO |rm Cr=L QO `@=D u}= x@U=Lt "Owtv O}rwD xm w xm�1': : : 'x2'x1 pt=wa ?}mQD R=
"CU= |QDt=Q=B Q}e w |QDt=Q=B CQwY wO x@ ?} QkD u}= "s}vm|t xO=iDU= u; ?} QkD R= u}=Q@=v@

|QDt=Q=B VwQ 1�2�1
|QDt=Q=B Q}e VwQ �17� 2pQ=i xm 1957 p=U =D Cio u=wD|t w CU= |t}Ok Q=}U@ 'VwQ u}=
u}tND |=Q@ =Q `@=D l} R= |Y=N pmW |QDt=Q=B VwQ QO "OW|t xO=iDU= VwQ u}= R= Owtv O=yvW}B =Q
xm Ovvm|t XNWt =Q `@=D |=yQDt=Q=B |[=} Q |=yVwQ R= xO=iDU= =@ w OvQ}o|t Q_vQO O}rwD `@=D
CQwY x@ ?} QkD u} QDxO=U VwQ u}= QO "OwW|t xDio R}v �3|vLvt VR=Q@ VwQ� u; x@ ,=Lq]Y=
xm OvQ=O OwHw =yQDt=Q=B u}= x@U=Lt |=Q@ |}=yVwQ "CU= |}=yQDt=Q=B pt=W xm CU= |]N `@=D

%R= OvDQ=@a
'C=i=QLv= jr]t QOk ẁtHt uOwtv st}v}t �1

1) Production function 2) Farrell 3) Curve �tting



3 pw= pYi

'C=i=QLv= C=a@ Qt ẁtHt uOwtv st}v}t �2
"CU= C=i=QLv= st} Rm =t uOwtv st}v}t �3

%OwW|t h} QaD Q} R CQwY x@ xm CU= 1Tqo =O � ?=m VwQ '|QDt=Q=B |=yVwQ R= |m}
y = x0Ax11 A

x22 : : : Axn
n (1�1)

"OvW=@|t u; |=yQDt=Q=B xn w xn�1': : : 'x1'x0 w |HwQN y w =y|OwQw An w An�1': : : 'A2'A1
' i = 1; 2; : : : ;m |=R= x@ Aij w s=j OL=w |xOW xOy=Wt |HwQN yj s}vm|t ZQi u}vJsy
`@=D u}= |=yQDt=Q=B u; pL w Q} R |]N |R} Qxt=vQ@ pOt u=}@ =@ uwvm = "CU= s=j OL=w s=i |OwQw

%s}vR|t u}tND =Q O}rwD
min

nP
j=1

�
x0 +

mP
i=1

xiaij � qj
�

s: t: x0 +
mP
i=1

xiaij � qj > 0; j = 1; : : : ; n
(2�1)

x@ s=j OL=w |=Q@ `@=D u}= |}=Q=m "CU= qj = lnyj w aij = lnAij ' x0 = lnA0 u; QO xm
%OwW|t h} QaD Q} R CQwY

yj
y�j
6 1

"CU= xv}y@ |HwQN Q=Okt y�j u; QO xm

|QDt=Q=B Q}e VwQ 2�2�1
p@=k |QDt=Q=B VwQ =@ xm OvDW=O OwHw VR=Q@ |vLvt xv}tR QO |U=U= C=O=Q}= w =yp=wU
|=yVwQ R= |m} "OQm KQ]t =Q |QDt=Q=B Q}e VwQ 1957 p=U QO �17� pQ=i =Pr "OvOw@v |} woNU=B
|}=Q=m x@U=Lt |=Q@ =Q |m}vmD 'VwQ u}= "CU= (DEA) 2 =yxO=O |WWwB p}rLD VwQ '|QDt=Q=B Q}e
Qo}Om} =@ =yOL=w xU}=kt p}rO x@ |@Uv -xtrm � Ovm|t sy=Qi(DMUs) 3|Q}os}tYD |=yOL=w |@Uv
Ovv=t |}=ypOt 'Ow@ xOQm KQ]t VwQ u}= QO pQ=i xm |O}rwD u=mt= xawtHt R= xO=iDU= =@ "�CU=
1) Cobb-Douglas 2) Data Envelopment Analysis 3) Desigen Making Units

4) Charnes Cooper Rhodes
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x@ xm "OvOW |iQat =yOL=w |}=Q=m |x@U=Lt |=Q@: : : w BCC1 pFt |}=ypOt xt=O= QO w CCR4

w BCC 'CCR |=ypOt x@ =yvD xtOkt u}= QO ?r=]t O=} R sHL w =ypOt |oOQDUo w \U@ p}rO
30 |] DEA |=ypOt `=wv= w CiQW}B OvwQ =@ QDW}@ |}=vW; |=Q@ "OQm s}y=wN xQ=W= 2|atH pOt
|y=Dwm xQ=W= syt swyit OvJ x@ =OD@= =ypOt u}= |iQat R= p@k "O}vm ẁHQ �8� `HQt x@ Q}N= p=U

"s}vm|t
'u=R}t |OwQw x@ |HwQN C@Uv 'OW=@ |HwQN l} w |OwQw l} |=Q=O |Q}os}tYD OL=w Qo =

"OyO|t u=Wv =Q (DMU) OL=w u; 3jr]t |}=Q=m
xv} Ry w =y|HwQN Ct}k w OW=@ |HwQN s w |OwQw m |=Q=O |Q}os}tYD OL=w Qo = p=L
|}=Q=m u=R}t =y|OwQw |vRw ẁtHt x@ =y|HwQN |vRw ẁtHt C@Uv 'OvW=@ XNWt =y|OwQw

%OwW|t h} QaD Q} R CQwY x@ xm OyO|t u=Wv =Q |O=YDk=

�s=j OL=w�Eff =

sP
r=1

uryrj
mP
i=1

vixij
(3�1)

QO s=r |HwQN uRw ur w s=r |HwQN yrj w s=j OL=w QO s=i |OwQw uRw vi w s=i |OwQw xij xm
|m} w CU}v XNWt '|HwQN Ct}k w |OwQw xv} Ry =yOL=w R= |[a@ |@=} RQ= QO "CU= s=j OL=w
|HwQN w |OwQw EL@ u}=Q@=v@ "CU= |}=Q=m u}}aD w =yuRw u}ty uOQm =O}B 'DEA |rY= h=Oy= R=

%OwW|t KQ]t |R=Ht
|R=Ht |OwQw = �1x1 + � � �+ �nxn =

nP
j=1

�jxj

|R=Ht |HwQN = �1y1 + � � �+ �nyn =
nP
j=1

�jyj
(4�1)

"�j > 0(j = 1; : : : ; n) xm

=Q Q} R h} QaD =OD@= CU= sRq DMU l} 4|@Uv |}=Q=m h} QaD u=}@ |=Q@ VN@ u}= QO uwvm =
"s}vm u=}@

1) Banker Charnes Cooper 2) Additive model 3) Absolute e�ciency 4) Relative

e�ciency
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y Q=OQ@ CQwY u}= QO "x 6= y w x > y Qo = \ki w Qo = CU= y Q=OQ@ Q@ ?r=e x Q=OQ@ 1 h} QaD
"CU= xO}OQo ?wret x Q=OQ@ |xr}Uw x@

Ov} wo |@Uv |=Q=m =Q yp |HwQN w xp |OwQw Q=OQ@ =@ �s=p |Q}os}tYD OL=w� DMUp 2 h} QaD
"OwWv ?wret (�Pn

j=1 �jxj;
Pn

j=1 �jyj) Ovv=t |@DQt GwR I}y |xr}Uw x@ (�xp;yp) Qo =
|}=Q=m st} Rm =t Q@ =Q OL=w u; jr]t |}=Q=m O}=@ OL=w Qy |@Uv |}=Q=m u=R}t |x@U=Lt |=Q@

"OQm s}UkD =yOL=w Qo}O u}@ R= jr]t

(PPS) O}rwD u=mt= xawtHt 3�2�1
x@U=Lt |DL=Q x@ O}rwD `@=D 'hrDNt |=yp}rO x@ OW QmP |QDt=Q=B Q}e VwQ QO xm |Qw] u=ty
|=xawtHt wQ u}= R= "CU= umttQ}e u; |r}rLD CQwY uOQw; CUO x@ `k=wt |[a@ QO w OOQo|tv
|@Uv |}=Q=m =D s} Q}o|t Q_v QO O}rwD `@=D R= |@} QkD =Q u; RQt w s} R=U|t 1O}rwD u=mt= xawtHt s=v x@

%OwW|t h} QaD Q} R CQwY x@ O}rwD u=mt= xawtHt "OyO@ =t x@ =Q C=Oy=Wt xawtHt
T = f(x;y)jOvm O}rwD =Q y |ivt=v Q=OQ@ Ov=wD@ x |ivt=v Q=OQ@g

|HwQN w |OwQw Q=OQ@ Qy QO xm s}vm|t ZQi =OD@= T |xawtHt uOQm XNWt |=Q@ p=L
Q} R pwY= QO xm s} Q}o|t Q_v QO |Qw] =Q T |xawtHt p=L "OQ=O OwHw C@Ft xir-wt l} pk=OL

"O}=tv jOY
u=mt= xawtHt x@ C=Oy=Wt |t=tD xm OQ=O|t u=}@ pY= u}= %C=Oy=Wt pwtW pY= �1

%|va} "OvQ=O jraD T O}rwD
(xj;yj) 2 T j = 1; : : : ; n

OQ=O C@=F T=}kt x@ xOR=@ O}rwD |SwrwvmD %C@=F T=}kt x@ xOR=@ =} xaW= |v=Qm}@ pY=�2
%CU= C@=F |OwQw C=Q}}eD x@ |HwQN C=Q}}eD |va}

((x;y) 2 T; � > 0) =) (�x; �y) 2 T
1) Production Possebility Set
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%|va} "CU= xDU@ w ?OLt |=xawtHt T %?OLD pY=�3
((x1;y1) 2 T; (x2;y2) 2 T; 0 6 � 6 1) =) (�(x1;y1)+(1��)(x2;y2)) 2 T
QDoQR@ |OwQw Qy 'Ovm O}rwD =Q y 'x Qo = xm OQ=O u}= Q@ CrqO pY= u}= %|Q}PBu=mt= pY=�4

%|va} "Ovm|t O}rwD =Q y R= |w=Ut =} QDtm |HwQN ' Ov=wD|t R}v x R= |w=Ut =}
((�x; �y) 2 T; 8x x � �x;8y y � �y) =) (x;y) 2 T

x=ou; 'OW=@ Q=QkQ@ 4 =D 1 pwY= QO T 0 O}rwD u=mt= xawtHt Qo = %|@=}uwQO xv}tm pY=�5
"Ovm|t jOY 4 =D 1 pwY= QO xm CU= |=xawtHt u} QDmJwm T Qo}O CQ=@a x@ "T � T 0

%Ovm|t h} QaD Q} R CQwY x@ =Q Tc OQix@ QYLvt |xawtHt 'jwi xv=o GvB pwY=

Tc =

8<:(x;y)jx >
nX
j=1

�jxj;y 6
nX
j=1

�jyj; �j > 0; j = 1; : : : ; n
9=;

"O}vm ẁHQ �1� `HQt x@ O}rwD u=mt= xawtHt =@ QDW}@ |}=vW; |=Q@
|Dkw |a=aW |=ypOt QO "OvDUy |a=aW Q}e w |a=aW |=ypOt CQwY x@ DEA |=ypOt
QO |}=Q=m "CU= =Q=m |a=aW swyit x@ x]w@ Qt DMU Ov} wo OW=@ 1 Q@=Q@ Q_vOQwt |@=} RQ= OL=w |}=Q=m
O=ODt= QO xm CU= u; =ypOt u}= QO |}=Q=m x}tUD xHw "OW=@ |wk =} h}a[ CU= umtt =ypOt u}=
\U@vt C@Uv l} x@ |a=aW O=ODt= QO =y|HwQN =} Z@kvt C@Uv l} x@ =Q =y|OwQw |a=aW
Z=@kv= VwQ |a=aW Q}e |=ypOt QO "OvDUy |a=aW |=ypOt R= BCC w CCR pOt wO "OvOQo|t
=Q |@=} RQ= CLD OL=w xrY=i Cw=iDt |=yxR=Ov= =@ pm QO w "CU}v C@Uv l} x@ ,qwtat =y}OwQw |t=tD
xR=Ov= |wQ 'umtt Z=@kv= u} QDW}@ x@U=Lt |=H x@ `k=w QO "OyO|t Q=Qk VHvU OQwt |}=Q=m RQt =@
OL=w OW=@ QiY xv}y@ xrY=i Qo = =ypOt ẁv u}= QO u}=Q@=v@ "OvwW|t RmQtDt |mtm |=yQ}eDt xv}y@
"CU= |atH pOt '=ypOt u}= R= |m} "OOQo|t |iQat =Q=m =v CQwY u}= Q}e QO w '=Q=m |@=} RQ= CLD

CCR pOt 3�1
|WWwB p}rLD VwQ =yu; "O}OQo `=O@= �6� ROwQ w QB wm 'RvQ=J \UwD 1978 p=U QO pOt u}=
|Ov@pwtQi R= pOt u}= QO "OvO=O s}taD |HwQN OvJ w |OwQw OvJ |=ysDU}U |=Q@ =Q =yxO=O



7 pw= pYi

VwQ =@ Qo}O |=yOL=w x@ C@Uv |Q}os}tYD OL=w l} |}=Q=m |Q}oxR=Ov= |=Q@ |]N |R} Qxt=vQ@
C}y=t wO CLD CCR pOt 'O}rwD u=mt= xawtHt R= xO=iDU= =@ "OwW|t xO=iDU= '|[=} Q |R=Uxv}y@
s}vm|t ZQi pw= Cr=L |UQQ@ QO "O};|t CUO x@ �C}y=t uwO@� |@}mQD pOt w |HwQN w |OwQw
RQt |wQ =Q DMUo s}v=wD|t VwQ xU x@ |a=aW Qw] x@ "OW=@ |@=} RQ= CLD |=Q=m =v OL=w DMUo

�1�1 pmW� "s}vm Q} wYD =Q=m
's}yO Vy=m =Q u; |OwQw �1

's}yO V}=Ri= =Q u; |HwQN �2
"s}yO V}=Ri= =Q |HwQN w Vy=m =Q |OwQw u=tRty Qw]@ �3

-

6

u
u
u
u
uu

6

�
o

-

|OwQw

=Q=m RQt

I

B O

I: |OwQw C}y=t QO Q} wYD
O: |HwQN C}y=t QO Q} wYD
B: |@}mQD C}y=t QO Q} wYD

|HwQN

=Q=m RQt |wQ Q@ =Q=m =v DMU Q} wYD %1�1 pmW
=@ =Q |HwQN u=ty xm s} Q=O |R=Ht OL=w uOQm =O}B QO |aU '�1� |OwQw C}y=t QO u}=Q@=v@

%s}DUy xH=wt Q} R |xr=Ut pL =@ TB "Ovm =O}B umtt |OwQw pk=OL
min �

s: t: (�xo;yo) 2 Tc: (5�1)
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%OwW|t p}O@D Q} R CQwY x@ jwi |xr=Ut Tc Q=DN=U x@ xHwD =@

min �

s: t:
nP
j=1

�jxij 6 �xio; i = 1; : : : ;m;
nP
j=1

�jyrj > yro; r = 1; : : : ; s;
�j > 0; j = 1; : : : ; n;
� O=R;:

(6�1)

sQi x@ xm q=@ pOt p;wO "CU= hwQat |OwQw C}y=t QO CCR |WWwB pOt x@ jwi pOt
%CU= p}P KQW x@ CU= hwQat |OwQw C}y=t QO |@ Q[t

max
sP

r=1
uryro

s: t:
mP
i=1

vixio = 1;
sP

r=1
uryrj � mP

i=1
vixij 6 0; j = 1; : : : ; n;

ur > 0; r = 1; : : : ; s;
vi > 0; i = 1; : : : ;m:

(7�1)

QFm =OL |OwQw u=ty =@ 'xm CU= u}= Q@ |aU |HwQN C}y=t QO |R=Ht OL=w uOQm =O}B |=Q@
%OwW|t QU}t Q} R |xr=Ut pL =@ u=mt= u}= w "Ovm O}rwD =Q |HwQN

max '

s: t: (xo; 'yo) 2 Tc: (8�1)
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%s} Q=O Tc Q=DN=U j@] u}=Q@=v@

max '

s: t:
nP
j=1

�jxij 6 xio; i = 1; : : : ;m;
nP
j=1

�jyrj > 'yro; r = 1; : : : ; s;
�j > 0; j = 1; : : : ; n;
' O=R;:

(9�1)

u; p;wO =} |@ Q[t sQi xm OwW|t xO}t=v |HwQN C}y=t QO CCR |WWwB pOt q=@ |xr=Ut
pOt QO |R=Ht OL=w uOQm =O}B |UQQ@ x@ swU Cr=L QO w "OwW|t h} QaD p@k Cr=L =@ x@=Wt R}v

%CU= x=Qty |HwQN V}=Ri= w |OwQw Vy=m =@ ,=t=wD xm s} R=OQB|t �C}y=t uwO@� |@}mQD

max �

s: t: ((1� �)xo; (1 + �)yo) 2 Tc: (10�1)

%s} Q=O Tc Q=DN=U =@ j@=]t w

max �

s: t:
nP
j=1

�jxij 6 (1� �)xio; i = 1; : : : ;m;
nP
j=1

�jyrj > (1 + �)yro; r = 1; : : : ; s;
�j > 0; j = 1; : : : ; n;
� O=R;:

(11�1)

x@=Wt Qw] x@ R}v �C}y=t uwO@� |@}mQD pOt QO CCR |WWwB pOt |@ Q[t sQi =} p;wO
"CU= xOW xO=O u=Wv CCR pOt O}rwD RQt w O}rwD u=mt= xawtHt �2�1� pmW QO "OwW|t h} QaD
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-

6

u
u
u
u
uu

-

|OwQw

=Q=m RQt

|HwQN

u
O}rwD u=mt= xawtHt

CCR pOt O}rwD RQt w O}rwD u=mt= xawtHt %2�1 pmW

%s}vm|t u=}@ Q=YDN= x@ =Q CCR |@ Q[t w |WWwB pOt X=wN uwvm =

CCR |WWwB pOt X=wN 1�3�1
xQ=wty |@}mQD pOt w |HwQN C}y=t QO xJ w |OwQw C}y=t QO xJ CCR |WWwB pOt �1

"CU= |vOW
"0 < �� 6 1 %s} Q=O xQ=wty |va} OQ=O |y=vDt xv}y@ ?=wH |OwQw C}y=t �2

"0 < �� < 1 %|va} CU= |y=vDt xv}y@ ?=wH |=Q=O R}v �C}y=t uwO@� |@}mQD pOt
"CU= OwOLt=v CCR |WWwB sQi |vOW x}L=v �3

"�� = 1
'� %s} Q=O xQ=wty DMUo |@=} RQ= QO CCR |WWwB pOt QO �4

|Q}oxR=Ov= OL=w Q}}eD =@ Qo}O CQ=@a x@ 'CU= Q=O}=B OL=w Q}}eD x@C@Uv CCR pOt|WWwB sQi �5
"OwW|tv pY=L pOt |}=Q=m QO |Q}}eD '=y|HwQN =} w =y|OwQw
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"O}vm xaH=Qt �34� x@ O}v=wD|t X=wN u}= C=@F= |=Q@

CCR |@ Q[t pOt X=wN 2�3�1
"CU= Q=QkQ@ CCR |@ Q[t pOt |=Q@ xQ=wty |WWwB pOt pw= C}Y=N �1

u}y@ ?=wH Qy QO |w=Ut=v Ow}k R= |m} pk=OL CCR |@ Q[t pOt =@ DMUo |@=} RQ= QO �2
"CU= Pi=v

"OQ=O OwHw =Q=m |DMU l} pk=OL CCR pOt QO �3
"O}vm xaH=Qt �1� x@ O}v=wD|t X=wN u}= C=@F= |=Q@

BCC pOt 4�1
QB wm w RvQ=J 'Qmv@ \UwD 1984 p=U QO xm CU= BCC pOt |a=aW |=ypOt R= Qo}O |m}
xDN=U CCR O}rwD u=mt= xawtHt R= C@=F T=}kt x@ xOR=@ hPL T=U=Q@ pOt u}= "O}OQo `=O@= �21�

%OwW|t xO=O V}=tv Tv =@ �3�1 pmW� 'BCC O}rwD u=mt= xawtHt "OwW|t

Tv =

8<:(x;y)j
nX
j=1

�jxj � x;
nX
j=1

�jyj � y;
nX
j=1

�j = 1; �j � 0
9=; :

|@=}uwQO xv}tm w Q}PBu=mt= '?OLD 'C=Oy=Wt pwY= QO xm CU= |=xawtHt u} QDmJwm Tv
xU}=kt =@ "CU= QDm}ORv |oOvR |k}kL p�=Ut x@ xm CU= u}= 'pOt u}= |=yC} Rt R= "Ovm|t jOY

%xm s}@=}|tQO CCR w BCC pOt
CCR pOt QO |}=Q=m Q=Okt |w=Ut =} QDW}@ BCC pOt QO |}=Q=m Q=Okt TB "Tv � Tc �1

"�Ovm|tv QDy@ =Q hOy `@=D Q=Okt C}OwOLt uOwRi= =Q} R� "CU=
"s}�wo|t1|U=}k |}=Q=m u; x@ xm CU= ��CCR��BCC

CQwY x@ BCC |}=Q=m x@ CCR |}=Q=m C@Uv �2
1) Scale e�ciency


