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¢



ùÀ�Ø�� � T ´½ � x ¤�À õ .À ª� � X  � ÷� � ý� Ì ê × þ ýø¤ ¤�À ÷�Â î ü Î ¡ Â Ú Ü Þ ä × þ T À � � î ­Â ê�Â Ô � ý� û� ó� ± ÷¢ ,T ´½ � Ó � ã ® ý� û¤�À õ ø ¢� ªü õ Ó þÂ ã � {T nx : n = 0,1, · · ·} �¤� ¬.x∗ ∈ X∗ ø x ∈ X �Ø�þ�� À�µÆû {〈Tnx, x∗〉 : n = 0,1, · · ·}.Ý�û¢üõ ���¤� �¤ T ÂÚÜÞä ¥� Ó�ã® ý�û¤�Àõ ø �û¤�Àõ �� ¯��Âõ ¸þ�µ÷ ¥� ý¤øÂõ �õö���ã� .À÷�ª ýÀ�±ó�õÂê �û¤�Àõ ��úÔõ ¥� ù¢�Ôµ¨� �� ´¨� ßØÞõ ,�ûÂÚÜÞä ý¤�ÿ� Û��Æõ ø Õ�Þä ¸þ�µ÷Ûî ,x ∈ X ÂÔ¬Â�è ¤�¢Â� Âû ¤�Àõ Âð� ÍÖê ø Âð� ¢¤�À÷ üúþÀ�Â�è ý�þ�� ý�ÌêÂþ¥ º�û T ÂÚÜÞä ,ñ�·õÂû ¤�Àõ Âð� ÍÖê ø Âð� ¢¤�À÷ üúþÀ�Â�è �µÆ� ý�þ�� �ä�Þ¹õÂþ¥ º�û T ,���Èõ ¤�Î� .¢¤ø��� ÀþÀ� �¤ �ÌêùÀþ� .´¨� ¯�±�¤� ¤¢ �þ�� ý�û�ÌêÂþ¥ �ÜÿÆõ �� �fÖ�ì¢ Ó�ã® ý�û¤�Àõ ��úÔõ ß���Ýû .Àª�� ñ�Ú� x 6= 0.´¨� ß�ãõ �f õ�î ý�ú�ðÄþø �� Ó�ã® ¤�Àõ ×þ ´¡�¨ öø�Â�-��Ø¨� ¤�úÈõ ×��Ø� üÜ¬�¥� ýÂµõ�¤�� ×� ý�úûøÂð�Þ�÷ ý�Â� ö�Èó¢�ãõ ,Ó�ã® ý�û¤�Àõ ø �û¤�Àõ �� ¯��Âõ ¸þ�µ÷ ¥� ý¤��Æ�.´¨� ¤�ÂìÂ� �µ¨��� ý�ûÂÚÜÞä.Ý�û¢üõ ö�È÷ L(X) �� �¤ À�îüõ Â�� X  �÷�� ý�Ìê ýø¤ �î ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä �ä�Þ¹õø Âð� ´¨� ùÀ÷�õ �ä�Þ¹õ ×þ ��®�� .Àª�� ñø� �µ¨¤ ¥� M∗ ù�ðÂû Ý�õ�÷ ùÀ÷�õ �¤ X ¥� M �ä�Þ¹õÂþ¥.Àª�� Gδ �ÂÔ� ñ�Ú� �ä�Þ¹õÂþ¥ ×þ Âð� ÍÖê
ù
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1 ÛÊê
ü��õÀÖõ Ý�û�Ôõ ø �û¥��÷Ç��



ü��õÀÖõ Ý�û�Ôõ ø �û¥��÷Ç�� -1
¥��÷ ¢¤�õ ý�þ�Ìì ø Óþ¤�ã� 1-1×þ ù�Ú÷� ,Àª�� ¤�À÷�Âî üÎ¡ üã��� ×þ L : H −→ IF Âð� (Åþ¤ Çþ�Þ÷ ��Ìì) :1.1-1 ��Ìì:�Ø�ÞÆì �� ´¨� ¢���õ H ¤¢ h0 À�÷�õ ¢ÂÔ�ÂÊ½�õ ¤�¢Â�

L(h) = 〈h, h0〉 ö� Â� ùø�ä .H ¤¢ h Âû ý�Â�
‖L‖ = ‖h0‖.Âð� ´¨� A ý�Â � � þ� � ý�ÌêÂ þ¥ ×þ M Ý� þ�ð ù�Ú ÷� ,M ≤ H ø A ∈ B(H) Âð� :2.1-1 ÓþÂã�,´¨� A ý�Â� üóø�÷ ý�ÌêÂþ¥ ×þ M Ý�þ�ð .AM ⊆ M ,ÂÚþ¢ �¤�±ä �� .h ∈ M �Ø�õ�Ú�û ,Ah ∈ M.AM⊥ ⊆ M⊥ ø AM ⊆ M Âð�ù¢ÂÈê H ¤¢ T (ballH) ¤�µÆ� Âð� ,´¨� ù¢ÂÈê T : H −→ H üÎ¡ ÂÚÜÞä Ý�þ�ð :3.1-1 ÓþÂã�.Àª��2



ran T Â ð� ,´¨� ü û� � µ õ � ± �Â õ ý�¤�¢ H �Â ± Ü � û ý�Ì ê ýø¤ T Â Ú Ü Þ ä × þ :4.1-1 ÓþÂã�.Àª�� Àã±ó�üû��µõ:À�ó¢�ãõ Ýû �� Âþ¥ ¢¤��õ ù�Ú÷� ,T ∈ B(H,K) Âð� :5.1-1 ��Ìì.´¨� ù¢ÂÈê T (�).´¨� ù¢ÂÈê T ∗ (�):�Ø�ÞÆì �� ´¨� ¢���õ üû��µõ �±�Âõ �� üþ�ûÂÚÜÞä ¥� {Tn} �ó�±÷¢ ×þ (�)
‖T − Tn‖ −→ 0.Âð� ,´¨� A ùÄþø ¤�ÀÖõ ×þ α Âó�Ø¨� ù�Ú÷� ,A ∈ B(H) Âð� :6.1-1 ÓþÂã�
ker(A − α) 6= (0)ßþ�Â���� ;´¨� α ý�Â� ùÄþø ¤�¢Â� ×þ h ù�Ú÷� ,Àª�� ker(A − α) ¤¢ ÂÔ¬Â�è ¤�¢Â� ×þ h Âð� ø

Ah = αh..¢�ªüõ ùÀ�õ�÷ α �� ÂÒ��µõ ý�ÌêÂþ¥ (A − α) ß���Ýû.¢¤�¢ ��÷ A ý��ÎÖ÷ Ó�Ï ø ¢�ªüõ ù¢�¢ ö�È÷ σp(A) �� A ùÄþø Âþ¢�Öõ ��Þ� �ä�Þ¹õ:Ý�û¢üõ ¤�Âì ß���Ýû
σap(A) = {λ ∈ IF : inf{‖(A − λ)h‖ : ‖h‖ = 1} = 0}.�î ´¨� ¼®�ø .¢�ªüõ ùÀ�õ�÷ A ü±þÂÖ� ý��ÎÖ÷ Ó�Ï σap(A)

σp(A) ⊆ σap(A).3



:Ý�û¢üõ ¤�Âì .Àª�� ¤�ÀõÂ÷ ý�Ìê ×þ X À��î ­Âê :7.1-1 ÓþÂã�
X ∗ ≡ f : X −→ IF À�÷�õ ¤�À÷�Âî üÎ¡ ý�ûüã��� �Þû �ä�Þ¹õ ..¢�ªüõ ù¢�¢ ö�È÷ B(X , IF ) �� ø ¢¤�¢ ��÷ X ý�Ìê ö�ðø¢ X ∗ �¤�Ê�þ� ¤¢,Àª�� �µ¨��� ø �ª�� üÎ¡ ÂÚÜÞä ×þ A : X −→ Y ø  �÷�� ý�û�Ìê Y ø X Âð� :8.1-1 ��Ìì.´¨� ¥�� Y ¤¢ A(G) ,X ý�Ìê ¤¢ G ¥�� �ä�Þ¹õ Âû ý�Â� ù�Ú÷�¤�ÀõÂ÷ ý�Ìê ×þ Y ø  �÷�� ý�Ìê ×þ X À��î ­Âê (´¡���Øþ ý¤�À÷�Âî Û¬�) :9.1-1 ��Ìì�Ø�ÞÆì �� A ⊆ B(X ,Y) Âð� .Àª��

sup{‖Ax‖ : A ∈ A} < ∞ ù�Ú÷� ,X ¤¢ x Âû ý�Â�
sup{‖A‖ : A ∈ A} < ∞.ÂþÁ�©¤�Þª �þ�¢Âð Âû í�Âµª� ù�Ú÷� ,Àª�� ��� ýÂµõ ý�Ìê ×þ X Âð� (Âÿ� ��Ìì) :10.1-1 ��Ìì.´¨� ñ�Ú� X ¤¢ X ñ�Ú� ¥�� ý�û�ä�Þ¹õÂþ¥ ¥�üú��÷ ¥�� �ä�Þ¹õÂþ¥ Ûõ�ª E ÇµÆ� Âð� ,Ý�þ�ð ñ�Ú� ��º�û �¤ E ⊂ X �ä�Þ¹õ :11.1-1 ÓþÂã�.À�õ�÷üõ ñø� �µ¨¤ ¥� �ä�Þ¹õ ×þ �¤ ñ�Ú� ��º�û ý�û�ä�Þ¹õ ¥� ÂþÁ³ª¤�Þª á�Þµ�� Âû .Àª�±÷ X ¥�.À�ª��üõ �ø¢ �µ¨¤ ¥� X ý�û�ä�Þ¹õÂþ¥ Âþ�¨:À�ó¢�ãõ Ýû �� Âþ¥ Íþ�Âª ù�Ú÷� ,λ ∈ C/ ´��� ø A ∈ B(H) ÂÚÜÞä Âð� :12.1-1 ��Ìì

λ /∈ σap(A) (Óó�.Àª�� �µÆ� ran(A − λ) ø ker(A − λ) = (0) (�4



�Ø�ÞÆì �� Àª�� �µª�¢ ¢��ø c > 0´��� ×þ (�
‖(A − λ)x‖ ≥ c‖x‖ .x Âû ý�Â��¤�Ê � þ� ¤¢ ,λ 6= 0 ø λ ∈ C/ ,A ∈ B0(H) À � � î ­Â ê (Ý Ü û¢Â ê ü �ø� � �) :13.1-1 ��Ììø ´¨� �µÆ� ran(A − λ)

dim ker(A − λ) = dimker(A − λ)∗ < ∞.�Ø�ÞÆì �� W À�÷�õ ´¨� ýÂÚÜÞä ,ü��� üþ�³ó�Ï ×þ :14.1-1 ÓþÂã�
‖Wh‖ = ‖h‖ý�Ìê ,ran W ý�Ìê ø ¢�ªüõ ùÀ�õ�÷ W ��óø� ý�Ìê ,(ker W )⊥ ý�Ìê .(ker W )⊥ ¤¢ h Âû ý�Â�.¢¤�¢ ��÷ W ÂÚÜÞä üþ�ú÷¢��ø W À�÷�õ ü��� üþ�³ó�Ï ×þ ù�Ú÷� ,A ∈ B(H) ÂÚÜÞä Âð� (ü±Îì �þ�¹�) :15.1-1 ÓþÂã�ø Àª�� ö� üþ�ú÷ ý�Ìê cl(ran A) ø ��óø� ý�Ìê (ker A)⊥ �Ø�ÞÆì �� ¢¤�¢
A = W |A|. Âð� ,ö� Â� ùø�ä
A = UP �î Àª�� ü��� ýÂµõø�þ� ×þ U ø P ≥ 0 �Ø�þ��

ker U = ker P,5



ù�Ú÷�
P = |A|, U = W.×þ ö� ¤¢ �î ´¨� ÍÜµ¿õ ö�À�õ ýø¤ A À�÷�õ ý¤�¢Â� ý�Ìê ×þ ÍÜµ¿õ Â±� Âû :16.1-1 ÓþÂã�,A ¤¢ z, y, x Âû ý�¥� �� ü�ãþ .´¨� ùÀª ÓþÂã� ÂþÁ³È¿� ø ÂþÁ³µîÂª �Â®

x(yz) = (xy)z,

(x + y)z = xz + yz,

x(y + z) = xy + xz.,Âó�Ø¨� ýα ø x, y ∈ A ý�¥� �� �î ´¨� ùÀª ¯��Âõ ö��� Âó�Ø¨� �Â® �� ø
α(xy) = x(αy) = (αx)y.ü�Â® ýø�Æõ�÷ ¤¢ ø ù¢Âî ñÀ� ¤�ÀõÂ÷ üÎ¡ ý�Ìê ×þ �� �¤ A �î Àª�� ¢���õ A ¤¢ �Â÷ ×þ ù�ðÂû

‖xy‖ ≤ ‖x‖‖y‖ (x, y ∈ A)´±Æ÷ ��� ýÂµõ ý�Ìê ×þ A ,ßþ� Â� ùø�ä ,ù�ðÂû .Àª��üõ ¤�ÀõÂ÷ ÍÜµ¿õ Â±� ×þ A ù�Ú÷� ,À�î ëÀ¬.Ý�õ�÷üõ  �÷�� Â±� ×þ �¤ A ù�Ú÷� ,Àª��  �÷�� ý�Ìê ×þ A ü�ãþ ,Àª�� �Â÷ ßþ� ��
σ(a) �� �¤ a Ó�Ï ù�Ú÷� ,a ∈ A ø Àª�� ü÷�Þû ÂÊ�ä ý�¤�¢  �÷�� Â±� ×þ A Âð� :17.1-1 ÓþÂã��Î��¤ �� ø ù¢�¢ ö�È÷

σ(a) = {α ∈ IF : Àª�±÷ ÂþÁ³÷ø ¤�ø a − α}�ä�Þ¹õ σl(a) ü�ãþ ²� Ó�Ï .Ý��îüõ ÓþÂã�
{α ∈ IF :Àª�±÷ ÂþÁ³÷ø ¤�ø ²� éÂÏ ¥� a − α}6



�ä�Þ¹õ σr(a) ü�ãþ ´¨�¤ Ó�Ï ø
{α ∈ IF :Àª�±÷ ÂþÁ³÷ø ¤�ø ´¨�¤ éÂÏ ¥� a − α} .Àª��üõ×þ ¤¢ �î �¤ üã ��� � �Þû �ä�Þ¹õ ù�Ú ÷� ,a ∈ A ø Àª� �  � ÷� � Â ±� ×þ A Âð� :18.1-1 ÓþÂã�.Ý�û¢üõ ö�È÷ Hol(a) �� À�ª�� üÜ�Ü½� σ(a) üÚþ�ÆÞûù�Ú÷� ,f ∈ Hol(a) ø a ∈ A ,Àª��  �÷�� Â±� ×þ A Âð� (üÔ�Ï ´ª�Ú÷ ��Ìì) :19.1-1 ��Ìì

σ(f(a)) = f(σ(a)).�� σp(A) ü�ãþ A ý��ÎÖ÷ Ó�Ï ù�Ú÷� ,A ∈ B(X) ø Àª��  �÷�� ý�Ìê ×þ X Âð� :20.1-1 ÓþÂã��Î��¤
σp(A) ≡ {λ ∈ C/ : ker(A − λ) 6= (0)}�Î��¤ �� σap(A) ü�ãþ A ü±þÂÖ� ý��ÎÖ÷ Ó�Ï ø

σap(A) ≡ {λ ∈ C/ �Ø�ÞÆì �� ´¨� ¢���õ X ¤¢ {xn} �ó�±÷¢ ×þ
‖(A − λ)xn‖ −→ 0, n Âû ý�Â� ‖xn‖ = 1} .¢�ªüõ ÓþÂã�ù�Ú÷� ,A ∈ B(X) ø Àª��  �÷�� ý�Ìê ×þ X Âð� :21.1-1 ��Ìì
∂σ(A) ⊆ σap(A).7



ù� Ú ÷� ,À ª� � (z − A)−1 °Î ì × þ ø À ª� � σ(A) ý� ú � � � Î Ö ÷ × þ λ0 Â ð� :22.1-1 �¹�µ÷.λ0 ∈ σp(A),Àª�� �Â±Ü�û ý�Ìê ×þ H ø X ý�û�ä�Þ¹õÂþ¥ Â±�−σ ,Ω ,�ä�Þ¹õ ×þ X Âð� :23.1-1 ÓþÂã�:�Ø�ÞÆì �� E : Ω −→ B(H) À�÷�õ ´¨� üã��� (X,Ω,H) ý�Â� üÔ�Ï ù¥�À÷� ×þ ù�Ú÷�;Àª�� Âþ�Ê� ×þ E(∆) ,Ω ¤¢ ∆ �ä�Þ¹õ Âû ý�Â� (Óó�;E(X) = 1 ø E(φ) = 0 (�;Ω ¤¢ ∆2 ø ∆1 �ä�Þ¹õ ø¢ Âû ý�Â� E(∆1 ∩ ∆2) = E(∆1)E(∆2) (�ù�Ú÷� ,Àª�� Ω ¥� �þ�Þµõ ø¢ �� ø¢ ý�û�ä�Þ¹õ ¥� ý��ó�±÷¢ {∆n}
∞

n=1 Âð� (�
E

( ∞⋃

n=1∆n

)

=
∞∑

n=1E(∆n).Ó�ã® ÂÚÜÞä ý��ó���� �¤�Ê�þ� ¤¢ ,Àª�� �Â±Ü�û ý�Ìê ×þ H À��î ­Âê :24.1-1 ÓþÂã�
{ph,k : h, k ∈ H} ý�úõÂ÷ �Þ�÷ �Ü�¨�� ùÀª ÓþÂã� üã®�õ �À½õ ý��ó���� ,B(H) ýø¤ (WOT)�Ø�þ�� ´¨�

ph,k(A) = |〈Ah, k〉|ý�úõÂ ÷ �Þ � ÷ ù¢�� ÷� ¡ � Ü � ¨� � B(H) ýø¤ ùÀª ÓþÂ ã � ý�� ó� �� � (SOT) ý�ì ÂÚ ÜÞä ý�� ó� �� � ø�Ø�þ�� ,´¨� {ph : h ∈ H}

ph(A) = ‖Ah‖.ù�Ú÷� ,g, h ∈ H ø Àª�� (X,Ω,H) ý�Â� üÔ�Ï ù¥�À÷� ×þ E Âð� :25.1-1 Ýó
Eg,h(∆) ≡ 〈E(∆)g, h〉8



‖g‖‖h‖ ýø�Æõ �þ ÂµØ��î ö� Ûî Â��ç� �Ø�ÞÆì �� À�îüõ ÓþÂã� Ω ýø¤ üãÞ� ÂþÁ³ª¤�Þª ù¥�À÷� ×þ.Àª��üõ¢ÂÔ�ÂÊ½�õ üÔ�Ï ù¥�À÷� ×þ ù�Ú÷� ,Àª�� ñ�õÂ÷ ÂÚÜÞä ×þ N Âð� (üÔ�Ï ��Ìì) :26.1-1 ��Ìì�Ø�ÞÆì �� ´¨� ¢���õ σ(N) ñ¤�� ý�û�ä�Þ¹õÂþ¥ ýø¤ E À�÷�õ;N =
∫

zdE(z) (Óó�;E(G) 6= 0 ù�Ú÷� ,Àª�� σ(N) üú��÷ ü±Æ÷ ¥�� �ä�Þ¹õÂþ¥ ×þ G Âð� (�ù�Ú÷� ,A ∈ B(H) Âð� (�
AN = NA ø

AN∗ = N∗A Âð� �ú�� ø Âð�
AE(∆) = E(∆)∆ .∆ �ä�Þ¹õÂþ¥ Âû ý�Â�

ÝÜû¢Âê �þÂÑ÷ 2-1:À�ó¢�ãõ Ýû �� Âþ¥ Íþ�Âª ù�Ú÷� ,A ∈ B(H) Âð� :1.2-1 ��Ìì.inf{‖(A − λ)h‖ : ‖h‖ = 1} > 0 ü�ãþ ;λ 6∈ σap(A) (Óó�9



.dim ker(A − λ) = 0 ø ´¨� �µÆ� ran(A − λ) (�.λ 6∈ σl(A) (�.λ 6∈ σr(A
∗) (�.ran(A∗ − λ) = H (�,B ∈ B(H) Âð� ß���Ýû .À�ó¢�ãõ Ýû �� (�) ø (Óó�) Íþ�Âª 11.1-1 ��Ìì ¥� ù¢�Ôµ¨� �� :��±��ù�Ú÷�

B(A − λ) = 1 Âð� �ú�� ø Âð�
(A∗ − λ)B∗ = 1..À�ó¢�ãõ Ýû �� (�) ø (�) Íþ�Âª �î ¢�¢ ö�È÷ ö���üõ ü÷�¨� �� ßþ�Â����Ý��îüõ ­Âê °ÜÎõ ßþ� ��±�� ý�Â� :Àû¢üõ �¹�µ÷ �¤ (�) ,(�) ¯Âª
M = ran(A− λ) �Î��® �� �¤ T : H −→ M ÂÚÜÞä ø
Th = (A − λ)hÂÚÜÞä ¥� � ´ª�Ú÷ ��Ìì ¥� ù¢�Ôµ¨� � � ø ´¨� üþ�¨ø¢ ÂÚÜÞä ×þ T �¤�Ê�þ� ¤¢ .Ý��îüõ ÓþÂã�ýø¤ B = 0 ø M ýø¤ B = T−1 ö¢�¢ ¤�Âì �� �¤ B : H −→ H ÂÚÜÞä .´¨� �µ¨��� T−1 : M −→ Hø B ∈ B(H) Ýþ¤�¢ �¤�Ê�þ� ¤¢ .Ý��îüõ ÓþÂã� M⊥

B(A − λ) = 1.10



�Ø�ÞÆì �� ´¨� ¢���õ B(H) ¤¢ C ÂÚÜÞä λ 6∈ σr(A
∗) �î �¹÷� ¥� :Àû¢üõ �¹�µ÷ �¤ (�) ,(�) ¯Âª

(A∗ − λ)C = 1. :Ýþ¤�¢ ßþ�Â����
H = (A∗ − λ)CH ⊆ ran(A∗ − λ).Ý��îüõ­Âê °ÜÎõ ßþ� ��±�� ý�Â� :Àû¢üõ �¹�µ÷ �¤ (Óó�) ,(�) ¯Âª

N = ker(A∗ − λ)⊥ �Î��® �� �¤ T : N −→ H ÂÚÜÞä ø
Th = (A∗ − λ)hÂÚÜÞä Ý��îüõ ­Âê .´¨� ÂþÁ³÷ø ¤�ø �¹�µ÷ ¤¢ ø üþ�¨ø¢ ÂÚÜÞä ×þ T �¤�Ê�þ� ¤¢ .Ý��îüõ ÓþÂã��Î��® �� C : H −→ H

ch = T−1h Ýþ¤�¢ .Àª�� ùÀª ÓþÂã�
CH = N ø

(A∗ − λ)C = 1. ßþ�Â����
C∗(A − λ) = 1.11



:Ýþ¤�¢ h ∈ H Âð� ñ��
‖h‖ = ‖C∗(A − λ)h‖ ≤ ‖C∗‖‖(A − λ)h‖. �¹�µ÷ ¤¢
inf{‖(A − λ)h‖ : ‖h‖ = 1} ≥ ‖C∗‖−1.:Ý�û¢üõ ¤�Âì ù�Ú÷� ,∆ ⊆ C/ Âð� :ý¤�Áð¢�Þ÷

∆∗ ≡ {λ : λ ∈ ∆}:Ýþ¤�¢ ù�Ú÷� ,A ∈ B(H) Âð� :2.2-1 �¹�µ÷
∂σ(A) ⊆ σl(A) ∩ σr(A)

= σap(A) ∩ σap(A
∗)∗.´Ö�Ö� ¤¢ .¢�ªüõ �¹�µ÷ Û±ì ��Ìì ¥� �Ü¬�ê�� ��� ýø�Æ� :��±��

σl(A) = σap(A) ø
σr(A) = σl(A

∗)∗ = σap(A
∗)∗. ù�Ú÷� ,λ ∈ ∂σ(A) Âð�

λ ∈ σap(A). Ýþ¤�¢ λ ∈ ∂σ(A∗) �î �¹÷� ¥� �õ�
λ ∈ σap(A

∗).12


