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�õÀÖõ
ý�ûñÀõ ×Þî �� �î Ýþ�ªüõ ����õ üÜ��Æõ �� ü¨À�úõ ø ô�Üä ÓÜµ¿õ ý�û�¡�ª ¤¢
��¢�ãõ ý�ä�Þ¹õ ¥� �f �Þãõ ü®�þ¤ ý�ûñÀõ .À÷Â�ðüõ ¤�Âì ü¨¤Â� ø ¶½� ¢¤�õ ,ü®�þ¤
ßþ�Â���� .´¨� üãì�ø ÝµÆ�¨ ý�Â� °þÂÖ� ×þ �ú÷� ý�û���� �î À÷�ªüõ Û�ØÈ� üÜ�Æ÷�ÂÔþ¢
�� .Ý�ª�� Û�Æ÷�ÂÔþ¢ ��¢�ãõ Û� �� ¤¢�ì �î ´¨� ô¥� ,üãì�ø ý�ûÝµÆ�¨ ¤�µê¤ ü¨¤Â� ý�Â�

.Àª��üõ ¤�¢¤�¡Â� ý�ùÄþø ´�Þû� ¥� üÜ��Æõ ß��� Û� �î ´¨� ÂÏ�¡ ß�Þû
Â� ùø�ä ,À�µÆû ü®�þ¤ ý�ûñÀõ À�õ¥��÷ �ãó�Îõ ý�Â� �î üþ�ûùÀþÀ� Â� Ýî�� Íþ�Âª
Û��Æõ á��÷� À�ó�� ¶ä�� ,À��îüõÉ¿Èõ �¤ Û�Æ÷�ÂÔþ¢ ý�ó¢�ãõ ���� ýù¢øÀ½õ �Ø�þ�
Û��Æõ ø ��óø� ¤�ÀÖõ Û��Æõ �� ö���üõ �ÜÞ� ö� ¥� �î À÷�ªüõ Ã�÷ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ¤¢
ø ���� â��� ¤�ÀÖõ ü�ãþ ,��óø� Íþ�Âª ô�Þ� ,��óø� ¤�ÀÖõ Û��Æõ ¤¢ .¢Âî ù¤�ª� ý¥Âõ ¤�ÀÖõ
É¿Èõ ,áøÂª ý�ÎÖ÷ ¤¢ �f �Þãõ ø ���� ý��õ�¢ ¥� �ÎÖ÷ ×þ ¤¢ ö� ��ÖµÈõ üû�ð üµ�
�ÎÖ÷ ×þ ¥� Ç�� ¤¢ ���� â��� ¤�ÀÖõ �ÜÞ� ßõ ,�ó�bÆõ Íþ�Âª ,ý¥Âõ ¤�ÀÖõ Û��Æõ ¤¢ .´¨�

.¢�ªüõ ù¢�¢ ,���� ý��õ�¢ ¥� (�ÎÖ÷ ø¢ ¤¢ �f �Þãõ)
,üþ�¹��� ø ö�Øõ Â��ç� ý�ãó�Îõ ¤¢ ñ�·õ ý�Â� �û¢Â�¤�î ¥� ý¤��Æ� ¤¢ ý¥Âõ ¤�ÀÖõ Û��Æõ
¤¢ �� ø ��óø� ¤�ÀÖõ Û��Æõ ¤¢ �� ,üÜî ´ó�� ¤¢ .À�þ�üõ Ç�� ©�ã�¤� Û��Æõ ø �õÂð ö�þÂ�
�î ¢¤�¢ ¢��ø Û�Æ÷�ÂÔþ¢ ��¢�ãõ ¥� üÜ��Æõ Û� ý�Â� üÜî ©ø¤ á�÷ ø¢ ,ý¥Âõ ¤�ÀÖõ Û��Æõ

.ý¢Àä ý�û©ø¤ ø üÜ�Ü½� ý�û©ø¤ ¥� À��¤�±ä
ø ¼þÂ¬ ¤�Ï �� ,üþ�û×��Ø� ¥� ù¢�Ôµ¨� � � ö�� �üõ �¤ Û�Æ÷�ÂÔ þ¢ ��¢�ãõ ¥� üÌã�
�î À�þ�üõ Ç�� üÜ��Æõ üû�ð ,�õ� ¢¤ø� ´¨¢ �� �¤ �ûö� Õ�ì¢ ���� ø ¢Âî Û� üÜ�Ü½�
ñÀõ ¤¢ �¤ üãì�ø ý�ûù�Úµ¨¢ ¥� ýÂµÈ�� ����Ã� üµ� ø Ýþ¥�¨üõ �¤ �ûö� ü®�þ¤ ñÀõ üµìø
À�µÆ�÷ Û� Û��ì üÜ�Ü½� ¤�Ï �� �î Ý�¨¤üõ ü��¢�ãõ ¥� �µ¨¢ ö� �� ,Ý�û¢üõ ´ó�¡¢ ü®�þ¤
Â�è üû�ð üµ� ø ÛØÈõ ,�ú÷� ü��þ¥ ¤� �þ ö¢¤ø� ´¨¢ �� �î À÷�ªüõ üþ�ûÛ�ù�¤ �� Â¹�õ �þ ø
üãì�ø ���� °þÂÖ� ý�Â� ý¢Àä ý�û©ø¤ ¥� �î ´¨� üãì��õ ß��� ¤¢ .Àª��üõ ßØÞõ

.Ý��îüõ ù¢�Ôµ¨� �ó�bÆõ
�µêÂð ¤�Âì �ãó�Îõ ¢¤�õ ý¢�þ¥ ý�û©ø¤ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý¢Àä Û� ý�Â� ö��î��
���� ý�Â� ü±þÂÖ� ö���ä �� ���÷ø ¤¢ â��� ×þ ¥� ù¢�Ôµ¨� �� ö���üõ �ÜÞ� ö� ¥� �î ´¨�
�î ¢Â� ô�÷ ö���üõ �¤ ���÷ø ¤¢ ý�ûý��ÜÞ� À�� ,ö��õ ßþ� ¤¢ .¢Âî ù¤�ª� Û�Æ÷�ÂÔþ¢ ý�ó¢�ãõ



ßþ� �õ� .À�µÆû ü���÷ø ¤¢ ý�Â� ü±¨��õ ¤�Ã�� ,¢¤��õ ¥� ý¤��Æ� ¤¢ ø À÷¤�¢ ýÂ�´��¤ ��±¨�½õ
Çþ�Ãê� �� �î ¢Âî ù¤�ª� �µØ÷ ßþ� �� ö���üõ �ÜÞ� ö� ¥� �î À÷¤�¢ Ã�÷ ü��¢�Âþ� �û���÷ø ¤¢ �÷�ð
á�®�õ ß�Þû ø À�îüõ �À�� Çþ�Ãê� Ã�÷ �ûý��ÜÞ�À�� ßþ� ý��¤¢ ,ü���÷ø ¤¢ ¯�Ö÷ ¢�Àã�
¯�Ö÷ ¤¢ ×��î Â��ç� Âû ü�ãþ ,¢�ªüõ �Î¡ ñ�Þµ�� ßµê¤ ��� ø ��±¨�½õ öÀª ü÷��Ï ¶ä��

.¢�ªüõ ���÷ø ¤¢ ý��ÜÞ�À�� ¤¢ ùÀÞä ü��Â��ç� °��õ ,ü���÷ø ¤¢
,ý¢Àä à�½ó ¥� �õ� ´¨� ü±¨��õ ¤�Ã�� ,ýÂÑ÷ à�½ó ¥� ý��ÜÞ�À�� ���÷ø ¤¢ ,âì�ø ¤¢
ý��Ø� ý�ûý��ÜÞ�À�� §�¨� Â� ,�û©ø¤ ßþ� ¥� üØþ .¢¤�¢ ¢��ø Ã�÷ ýÂµú� ý�û©ø¤
ö�ÆØþ ý��¤¢ �� üþ�ûý��ÜÞ�À�� Ûõ�ª �î À÷¥�¨üõ üþ�ûü�½�õ ,�û©ø¤ ßþ� .´¨�

.Àª��üõ ßþ�³¨� á��÷� ¥� ù¢�Ôµ¨� ,�ûö� ßþÂµÞúõ ¥� üØþ �î À�µÆû
Û�ØÈ� É¿Èõ ýù¥�� ×þ ¥� üþ�ûù¥��Âþ¥ ýø¤ Â� üþ�ûý��ÜÞ�À�� ¥� ßþ�³¨� â����
�¤ ù¥�� ¥� üó��µõ ý�ûùÂð ß�� ø À÷À÷���üõ Ýû �� ü¬�¡ üÚµ¨��� Íþ�Âª �� �î À÷�ªüõ
ÛÊê ¤¢ �Ø�þ� �� ���� �� .À��îüõ ¤�±ä ,üó��µõ ýù¥��Âþ¥ ø¢ ß�� íÂµÈõ ùÂð ¥� ø ü���÷ø ¤¢
¤�Âì ü¨¤Â� ø �ãó�Îõ ¢¤�õ �¤ ßþ�³¨� á��÷� üÌã� ýÀ���µ¨¢ ø ÓþÂã� ,�õ�÷ö�þ�� ßþ� ôø¢
â���� ýÂ�ðÛØª ý�»¿þ¤�� �� ù���î ý¤øÂõ �Àµ�� ,�¹�þ� ¤¢ �î ´¨� ô¥� �Áó ,¢�¢ Ý�û��¡

.Ý�ª�� �µª�¢ ßþ�³¨�
��½÷� Û��ì ¢��õ ¥� �î ýÀ�Ü� ø ×þ¤�� ý�û¤��÷ ¥� ü÷��Ï �Àõ ý�Â� üÈî�ÈÖ÷ ß�¨À�úõ
À�µªÁðüõ ü®øÂÔõ ¯�Ö÷ �ä�Þ¹õ ¥� �î ý¤��Þû ý�ûü�½�õ Çþ�Þ÷ ý�Â� ,ùÀªüõ �µ¡�¨
¯�Ö÷ ¤¢ ßþ�³¨� ßµª�¢ �Ú÷ �� .À÷Àªüõ ùÀ�õ�÷ ßþ�³¨� �û¤��÷ ßþ� �î À÷¢Âîüõ ù¢�Ôµ¨�
´�ã®ø ö¢�¢ Â��ç� �� ø À÷�ªüõ ùÀ�õ�÷ \ �ûö�È÷ " �î üþ�ú÷¥ø ¥� ù¢�Ôµ¨� �� ,°¨��õ ÓÜµ¿õ
×þ ö���ä �� ßþ�³¨� ×þ ßþ�Â���� .À÷�¤Áð ¯�Ö÷ ßþ� ¥� ¤��Þû ü�½�õ ×þ ö���üõ ,ßþ�³¨�
¥� ×þ Âû ¥� �î ý¤�Ï �� ¢�ª �µª�¢ �Ú÷ üþ�ûö¥ø Í¨�� À÷���üõ �î ¢�ªüõ ÓþÂã� ôÂ÷ ¤��÷
´¡���Øþ ¤�Ï �� üðÀ�Þ¡ ß�÷��ì Õ±Ï Â� ÂÚþ¢ ýù¥�� �� ù¥�� ×þ ¥� �õ� ,¢¤ÁÚ� ùÀª ù¢�¢ ¯�Ö÷

.À�î ¤�±ä
×þ ¤¢ �î ´¨� �ãÎì �� �ãÎì ý��ÜÞ� À�� â��� ×þ , m ý��¤¢ ¥� ßþ�³¨� ×þ �f �Þãõ
Âþ¥ ý¢�Àã� �� �þÃ¹� Û��ì D ý����÷ ,ö� ¤¢ �î ý¤�Ï �� ¢�ªüõ ÓþÂã� D À�÷�õ ����÷
.´¨� m ý��¤¢ ¥� Â·î� À� ý��ÜÞ� À�� ×þ ,�ú÷� ¥� ô�Àî Âû ¤¢ â��� �î ´¨� �ä�Þ¹õ

.´¨� �µ¨��� D ý����÷ ¤¢ ö� ñø� ÕµÈõ (m� k) ø ùÀª Âî£ â��� ß��»Þû



�¤ ü÷�ø�Âê üÞÜä ý�û¢Â��î , ´¨� �ÂÎõ ßþ�³¨� â��� ý�Â� �î üþ�ûüðÄþø �� ���� ��
¤¢ ���÷ø ¤¢ ö���ä �� â���� ßþ� ÇÖ÷ �� ö���üõ �ÜÞ� ö� ¥� �î ¢ÂÞªÂ� ö� ý�Â� ö���üõ
Û·õ ü÷��Ï Â�Æõ ×þ ¥� �î üµìø ,ñ�·õ ö���ä �� .¢Âî ù¤�ª� ý¤�¢Â��ÈÖ÷ ø ü÷�ÂÞä ý�û¤�î
... ø ýÂúª ý�ûù�ÚµÆþ� ß� �� õ ýøÂµõ Í¡ � þ ø �ûÂúª ß� � Û÷� � Â �Æõ � þ ù�ð¢øÂê À ÷� �
¢¤�õ ,À�µÆû ��®øÂÔõ �þ �ûù¢�¢ ö�Þû �î ¤�î ßþ� ¤¢ ¢���õ ��Êµ¿õ ,¢�ªüõ ý¤�¢Â��ÈÖ÷
�µª�¢ �¤ ¯�Ö÷ ßþ� ýùÀ��î ÛÊµõ ü�½�õ ,ü�¤�±ä �� �þ ��Êµ¿õ ßþ� ¤�µê¤ Âð� .´¨� ¥��÷
¤��Þû üÜ�¡ Â�Æõ ×þ ßµª�¢ ý�Â� �î ´¨� üúþÀ� �õ� .¢�ªüõ ß��ã� ÂÑ÷ ¢¤�õ Â�Æõ ,Ý�ª��
�î ¢ø¤ ¤�î �� ��Êµ¿õ ßþ� ¤�µê¤ ýùÀ�÷¥ °þÂÖ� ö���ä �� ý�â��� Àþ�� ,��½÷� ßþÂµÞî ��
ßþ�³¨� ���÷ø ¤¢ ¥� ù¢�Ôµ¨� �� À÷���üõ ¤�î ßþ� .Àª�� ýÂ�ß�þ�� ý��½÷� �� ø ¤��Þû ý�â���
üØªÃ� ô�Üä ¤¢ °þÂÖ� ö���ä �� ö� ÇÖ÷ �� ö���üõ ,ßþ�³¨� ý�û¢Â�¤�î ÂÚþ¢ ¥� .¢Â�ð ô�¹÷�
ø Åþ�÷ü¨¤�ê ý�û¤�Ãê�ôÂ÷ ¤�µ¡�¨ ¤¢ ø üØ�ê�Âð ý�û¤�î ¤¢ Ã�÷ ø üê�Âð�÷�¨ ¤¢ �f¬�Ê¿õ
â��� ×þ ö���ä �� ßþ�³¨� ýÂ�ð ¤�î �� ,ñ�� Âû �� .¢Âî ù¤�ª� 1 Àî��� ü¨À�úõ ¤�Ãê�ôÂ÷
��¢�ãõ á��÷� ¥� üÌã� Û� ¤�Ñ�õ �� ý¢Àä ý�û©ø¤ ¤¢ ùÄþø �� ,���÷ø ¤¢ ø ö¥°þÂÖ�

.´¨� ù¢�� Ã�õ� ´�Öê�õ ¤��Æ� , ý¥Âõ ¤�ÀÖõ Û��Æõ ø Û�Æ÷�ÂÔþ¢
Â�è ø ý��ÜÞ�À�� ý�ûßþ�³¨� À�÷�õ ,ßþ�³¨� á��÷� üÌã� ¥� �î ü÷�ÖÖ½õ �ÜÞ� ö� ¥�
,2¤� �ý¢ �� ö�� �üõ À÷�ù¢Âî ù¢�Ô µ¨� Û�Æ÷�ÂÔ þ¢ ��¢�ãõ ý¢Àä Û� ý�Â � ý��ÜÞ�À��
,11ÃþÃä , 10ß�� ,9��Ø�õ ,8Ã��Ø¨�û , 7ü��¨�±ó� ,6Óþ�ê ,5��±ó�� , 4�Æó�Ø¨�ó ,3ïÂ±ó�

.¢Âî ù¤�ª� ... ø 12��÷ýÀ�ª¤
ü�Ã� Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý��óø� ø ý¥Âõ ¤�ÀÖõ Û��Æõ Û� ý�Â� ßþ�³¨� â���� ¥� ù¢�Ôµ¨�
üó�Þãõ ü±ãØõ ßþ�³¨� ¥� ù¢�Ôµ¨� �õ� �µª�¢ ´�õ�Þä ,ö�÷�À�®�þ¤ ¥� ý¤��Æ� Í¨�� ,üó�Þãõ ø

Auto Cad1

De Boor2

Ahlberg3

Loscalzo4

Talbot5

Fyfe6

Albasiny7

Hoskins8

Micula9

Jain10

Aziz11

Rashidinia12



,ø� üÜ¬� ýùÀþ� .Àª ¢�ú�È�� 13üÜØ�� Í¨�� ¤�� ß�óø� ,üÎ¡ ý¥Âõ ¤�ÀÖõ Û��Æõ Û� ý�Â�
,Óþ�ê Ã�÷ �fÀã� .¢�� üÎ¡ ý¥Âõ ¤�ÀÖõ ý�ó�bÆõ ý¥�¨�µÆÆð ý�Â� üÚµ¨��� Íþ�Âª ¥� ù¢�Ôµ¨�
.¢Âî �ÂÎõ ,üÎ¡ ý¥Âõ ¤�ÀÖõ ý�ÜÿÆõ ¥� ü¬�¡ ´ó�� ý�Â� �¤ üÜØ�� ©ø¤ ýùÀª ��¬�
.´¨� O(h2) üþ�ÂÚÞû ý�± �Âõ ý�¤�¢ ,¢Â � ¤�î � � üÜØ� � �î �¨ ��¤¢ ßþ�³¨� ©ø¤
ßþ� Å� .´¨� O(h4) ´ì¢ ý��¤¢ ý�¤�¢ ,üó�Þãõ ý�¨ ��¤¢ ßþ�³¨� â��� ¢�¡ �Ø�ó��¤¢
¥� üµì¢ �� ,�¨ ��¤¢ ßþ�³¨� ¥� ù¢�Ôµ¨� �� �î ¢�ª À�ó�� üÜ� ù�¤ �î À�îüõ ��¹þ� á�®�õ
À÷�ªüõ À�ó�� ý��ÜÞ�À�� Â�è ý�ûßþ�³¨� ¥� üä�÷ ,¤�Ñ�õ ßþ� ý�Â� .Ý�¨Â� O(h4) ý�±�Âõ
Âû ¤¢ Û�Æ÷�ÂÔþ¢ ý�ó¢�ãõ ×þ Û� ÕþÂÏ ¥� ø À�µÆû �µÆ��ø w > 0 À�÷�õ ýÂµõ�¤�� �� �î
¤¢ �ó�bÆõ Â� Ýî�� Íþ�Âª ÕþÂÏ ¥� ö� ���� ý�û´��� �îý¤�Ï �� ,À÷�ªüõ ÓþÂã� ù¥��Âþ¥
â��� �� w ! 0 �î üµìø ø À�µÆû C2 §�î ¥� �ûßþ�³¨� ßþ� .À�þ�üõ ´¨¢ �� ý�ùÂð ¯�Ö÷

.À���þüõ Û�ÜÖ� üó�Þãõ ý�¨ ��¤¢ ßþ�³¨�
À�÷�õ Ã�÷ â���� ßþ� .¢Âî À�ó�� Ã�÷ �¤ Â���� ���¤¢ ¥� ýÂµõ�¤�� ßþ�³¨� â���� ö���üõ �µ±ó�
¤�ÀÖõ Û��Æõ ö�»Þû üÜ��Æõ ý¢Àä Û� ¤¢ °þÂÖ� ö���ä �� �f �Þãõ ,ßþ�³¨� â���� Âþ�¨
Û� ý�Â� ö�¤�ØÞû ø �� ÷ýÀ�ª¤ Â�¡� ý�ûñ�¨ ¤¢ ,ñ�·õ ö���ä �� .À÷ø ¤üõ ¤�î �� ,ý¥Âõ

�¤�¬ �� ¢ÂÔ�õ ý��ÎÖ÷ ø¢ ý¥Âõ ¤�ÀÖõ Û��Æõ ý¢Àä

x��(x�y0)0 = f(x; y); 0 < x < 1;

ý¢Àä Û� ý�Â� Ã�÷ ø y(1) = B ø y0(0) = A �þ y(1) = B ø y(0) = A ý¥Âõ Íþ�Âª ��
�¤�¬ �� ,� ñ�µ¡� Âµõ�¤�� �� ¢ÂÔ�õ ý¥Âõ ¤�ÀÖõ ý�ó�bÆõ

��y00 + p(x)y = f(x); 0 < x < 1; 0 < p(x) < p(1);

ýÂµõ�¤�� ßþ�³¨� â��� ¥� ,0 < � < 1­Âê �� ø y(1) = B ø y(0) = A ý¥Âõ Íþ�Âª ��
ý�ÜÿÆõ á�÷ ×þ Û� ý�Â� ]29[ ¤¢ ö�¡Àª¤� ß���Ýû .[27;28]À÷�ù¢Âî ù¢�Ôµ¨� �¨ ��¤¢

ÛØª �� ý��ÎÖ÷ ø¢ ý¥Âõ ¤�ÀÖõ

y00(x) = f(x)y(x) + g(x); a � x � b;

.´¨� ù¢Âî ù¢�Ôµ¨� �¨ ��¤¢ ýÂµõ�¤�� ßþ�³¨� ¥� ,y(b) = �1 ø y(a) = �0 ý¥Âõ Íþ�Âª ��
ø ¢ÂÔ�õ ý¥Âõ ¤�ÀÖõ ý�ÜÿÆõ á�÷ ×þ Û� ý�Â� Ã�÷ ö�¡ Àª¤� ø ÃþÃä ë¤�Ï ]30[ ý�ó�Öõ ¤¢

Bickley13



ôÂê �� ø¢ ý�±�Âõ ñ�µ¡�

�y00 = p(x)y0 + q(x)y + r(x); a � x � b; 0 < � < 1;

ß���Ýû .À÷�ù¢Â� ¤�î �� �¤ ßþ�³¨� â��� á�÷ ßþ� ,y(b) = �1 ø y(a) = �0 ý¥Âõ Íþ�Âª ��
ÛØª �� 16×�ó��¤�³�û ý�ó¢�ãõ ×þ ý¢Àä Û� ý�Â� 15Ù�þ¢ ø 14Ù÷�¦ ,]31[ ¤¢

@2u

@t2
=

@2u

@x2
+ f(x; t); 0 � x � 1; t � 0;

ý��óø� Íþ�Âª ��8>>><
>>>:

u(x;0) = g1(x); 0 � x � 1;

@u(x;0)
@t = g2(x); 0 � x � 1;

ý¥Âõ Íþ�Âª ø8>>><
>>>:

@u(0;t)
@x

� �1u(0; t) = 0; �1 > 0; t � 0;

@u(1;t)
@x + �2u(1; t) = 0; �2 > 0; t � 0;

.À÷�ù¢�Þ÷ ù¢�Ôµ¨� �¨ ��¤¢ ýÂµõ�¤�� ßþ�³¨� ¥�
ø Óþ¤�ã � ü¡Â� ñø� ÛÊê ¤¢ .´¨� ùÀª Û�ØÈ� Â þ¥ ý�ûÛÊê ¥� �õ� ÷ö� þ� � ßþ�

â�Âõ �� ���� �� ôø¢ ÛÊê ¤¢ .Ý��îüõ ö��� �¤ ýÀã� ý�ûÛÊê ¤¢ ù¢�Ôµ¨� ¢¤�õ ý�þ�Ìì
�¤ ¸�� ��¤¢ ø �¨ ��¤¢ ýÂµõ�¤�� ßþ�³¨� á��÷� ø ùÀª ��ª� ßþ�³¨� â��� ÓþÂã� �� ,[26]
¥� ù¢�Ôµ¨� �� ø¢ ý�±�Âõ ý¥Âõ ¤�ÀÖõ ý�ÜÿÆõ ¥� ÝµÆ�¨ ×þ ý¢Àä Û� .¢Âî Ý�û��¡ üêÂãõ
�¤ ö� �� ¯��Âõ ý¢Àä ¸þ�µ÷ Ã�÷ ø ©ø¤ ßþ� ü��ÂÚÞû ü¨¤Â� ,�¨ ��¤¢ ýÂµõ�¤�� ßþ�³¨�
.´¨� ùÀª �µª�÷ [32] â�Âõ ý�ãó�Îõ �� ö� °ó�Îõ �î ¢Âî Ý�û��¡ �ÂÎõ ô�¨ ÛÊê ¤¢
´¨¢ �� ý�Â� �¤ ¸�� ý��¤¢ ýÂµõ�¤�� ßþ�³¨� ,[33] â�Âõ �� ¢��µ¨� �� Ã�÷ ¤�ú� ÛÊê ¤¢
ý���¤� �� ø ù¢Â� ¤�î�� ¤�ú� ý�±�Âõ ý¥Âõ ¤�ÀÖõ ý�ÜÿÆõ ¥� ÝµÆ�¨ ×þ ý¢Àä ���� ö¢¤ø�

.Ý�û¢üõ ö�È÷ �¤ ©ø¤ ßþ� üþ�¤�î ,üþ�ûñ�·õ
,ý¢Àä ý�ûñ� · õ ¥� Û¬�� ¸þ� µ ÷ À � ó� � ý�Â � ,�õ� ÷ö� þ� � ß þ� ¤¢ �î ´¨� Âî£ � � ô¥�
,4 ô��µ�� ��Ê¿Èõ �� üÊ¿ª ýÂ���³õ�î ýø¤ ø �µª�÷ Mathematica ö��¥ �� üþ�û�õ�÷Â�

.´¨� ùÀª �Â�� RAM 1.96 GB ø CPU 2.16 GHz

Zhang14

Ding15

hyperbolic16



1 ÛÊê

��óø� Ý�û�Ôõ ø Óþ¤�ã�

1



2 ��óø� Ý�û�Ôõ ø ÓþÂã� :ñø� ÛÊê

¢Âî Ý�û��¡ ù¢�Ôµ¨� �ûö� ¥� ,Àã� ý�ûÛÊê ¤¢ �î �¤ �þ�Ìì ø Óþ¤�ã� ¥� üÌã� ,ÛÊê ßþ� ¤¢
.Ý��îüõ �ÂÎõ

k:k Û·õ ¤�ÀÖõ üÖ�Ö� ´¨� ý�â��� ,X ý¤�¢Â� ý�Ìê ýø¤ ý¤�¢Â� ôÂ÷ ×þ .1.1 ÓþÂã�
:À�îüõ ëÀ¬ Âþ¥ ¯Âª �¨ ¤¢ �î

a) kxk � 0; 8x 2 X; ø kxk = 0() x = 0;

b) k�xk = j�j:kxk; 8� 2 C ; 8x 2 X;

c) kx + yk � kxk+ kyk; 8x; y 2 X:

ôÂ÷ -p ,p � 1 Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .X = C À�û¢ ¤�Âì 1.1 ÓþÂã� ¤¢ .2.1 ÓþÂã�
�¤�¬ �� x = (x1; � � � ; xn)T 2 X ¤�¢Â�

kxkp =
0
@ nX
i=1

jxijp
1
A
1=p

;

ë�ê ôÂ÷ p = 2 ý�¥� �� .À�îüõ ëÀ¬ ôÂ÷ «��¡ ¤¢ k:kp �î Àþ¢ ö���üõ .¢�ªüõ ÓþÂã�
p = 1 ý�¥� �� .À�õ� ÷üõ ÕÜÎõ ¤Àì á�Þ¹õ ôÂ÷ �¤ ö� ,p = 1 ý�¥� �� ø ü¨À�Üì� ôÂ÷ �¤

Ýþ¤�¢

kxk1 = lim
p!1kxkp = lim

p!1

0
@ nX

i=1

jxijp
1
A
1=p

= max
i
jxij;

.À�õ�÷ ÝÞþÃî�õ ôÂ÷ �þ ´þ�ú÷ü� ôÂ÷ �¤ ôÂ÷ ßþ�

A 2 C
n�n ÅþÂ��õ Âû ý�Â� ù�Ú÷� ,X = C

n�n Ý�û¢ ¤�Âì Âð� ,1.1 ÓþÂã� ¤¢ .3.1 ÓþÂã�

kAk1 = max
1�j�n

nX
i=1

j aij j;

kAk1 = max
1�i�n

nX
j=1

j aij j;

.À÷�ªüõ ùÀ�õ�÷ üÆþÂ��õ ´þ�ú÷ü� ôÂ÷ ø 1-ôÂ÷ °��Â� �� ø À��îüõ ëÀ¬ ôÂ÷ «��¡¤¢



3 ��óø� Ý�û�Ôõ ø ÓþÂã� :ñø� ÛÊê

Âû ý�¥� � � ù� ðÂû ,¢¤�¢ ü�Â® ´�¬�¡ C
n�n ýø¤ k:kÅþÂ�� õ ôÂ ÷ Ý � þ� ð .4.1 ÓþÂã�

,A;B 2 C
n�n

kABk � kAkkBk:

ø ¢¤�¢ ¢��ø (I +M)�1 ù�Ú÷� ,kMk < 1 Ý�ª�� �µª�¢M üã�Âõ ÅþÂ��õ ý�Â� Âð� 5.1 Ýó

k(I +M)�1k � 1

1� kMk ;

.Àª��üõ ù��¿ó¢ üÆþÂ��õ ôÂ÷ ×þ k:k ö� ¤¢ �î

ý¤�¢Â� �¤�¬ ßþ� ¤¢ .Àª�� ¢ÂÔ�õ ÅþÂ��õ ×þ I +M �î À��î ­Âê ÓÜ¡ ö�ûÂ� �� :��±��
:Ýþ¤�¢ ù�Ú÷� .(I +M)x = 0 �î ý¤�Ï �� ´¨� ¢���õ x 6= 0 Û·õ

x = �Mx) kxk = k �Mxk � kMkkxk;

�¹�µ÷ ¤¢
kMk � 1;

Ý�û��¡ �Áó .C = (I +M)�1 Ý�û¢üõ ¤�Âì ,ôø¢ ´ÞÆì ��±�� ý�Â� .´¨� Ëì��� ×þ �î
:´ª�¢

1 = kIk = k(I +M)Ck = kC +MCk

� kCk � kMCk

� kCk � kMkkCk = kCk(1� kMk):

ßþ�Â����
kCk � 1

1� kMk : 2



4 ��óø� Ý�û�Ôõ ø ÓþÂã� :ñø� ÛÊê

ù�ðÂû ,À�þ�ð ¢ÂÔ�õ �¤ ö� ø det(A) 6= 0 ù�ðÂû ,À�þ�ð ¢ÂÔ�õ�÷ �¤ A ÅþÂ��õ .6.1 ÓþÂã�
.det(A) = 0

´¨� ÂþÁ�§�Øãõ Ã�÷ AB ù�Ú÷� ,À�ª�� ÂþÁ�§�Øãõ ø n� n ÅþÂ��õ ø¢ B ø A Âð� 7.1 Ýó
.(AB)�1 = B�1A�1 ø

2 .À��î �ã��Âõ ]34[ �� :��±��

¢��ø r; s ¼�½¬ ¢�Àä� ù�ðÂû ,À�þ�ð 1ý¤��÷ �¤ A = (aij) 2 <n�n ÅþÂ��õ .8.1 ÓþÂã�
ø 1 < r; s < n �î ý¤�Ï �� À�ª�� �µª�¢

aij = 0; j � i � r; i� j � s;

.Àª��üõ w = r + s� 1 Â��Â� �ûÂÎì ¢�Àã� ß��»Þû

ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� �¤ n� n ý�±�Âõ ¥� A = (aij) ÅþÂ��õ 9.1 ñ�·õ

aij =

8>>><
>>>:
2; i = j = 1;2; � � � ; n;
�1; ji� jj = 1;

0; �ûÅþÀ÷� Âþ�¨:
(1.1)

×þ �î Àª��üõ w = 3 ö� ý�ûÂÎì ¢�Àã� ø r = s = 2 �� ý¤��÷ ÅþÂ��õ ×þ ,ÅþÂ��õ ßþ�

¤�î �� ü¨À�úõ ø ô�Üä ÓÜµ¿õ ý�û�¡�ª ¤¢ üþ�ûÅþÂ��õ ß��� .´¨� ýÂÎì �¨ ÅþÂ��õ

¤�ÀÖõ Û��Æõ Û� ý�Â� �î ý¢Àä ý�û©ø¤ ü��ÂÚÞû ü¨¤Â� ¤¢ ñ�·õ ö���ä �� .À÷ø ¤üõ

ø ÅþÂ��õ ßþ� ¥� ,�õ�÷ö�þ�� ßþ� ô�¨ ÛÊê ¤¢ Ã�÷ �õ .À÷�ªüõ ù¢�Ôµ¨� ,À÷ø ¤üõ ¤�î �� ý¥Âõ

.¢Âî Ý�û��¡ ù¢�Ôµ¨� ,Àª Àû��¡ üêÂãõ Ýó ×þ �� ù�ÂÞû �î ö� §�Øãõ

Band matrix1



5 ��óø� Ý�û�Ôõ ø ÓþÂã� :ñø� ÛÊê

:ù�ðÂû ,Ý�þ�ð ���Øþ �¤ A = (aij) 2 <n�n ÅþÂ��õ .10.1 ÓþÂã�

Ax � 0) x � 0; x 2 <n:

.´¨� ÂþÁ�§�Øãõ ù�Ú÷� ,Àª�� ���Øþ ÅþÂ��õ ×þ A 2 <n�n Âð� 11.1 ��Ìì

ù�Ú÷� ,Ax � 0 ø Àª�� ���Øþ ø n ý�±�Âõ ¥� üã�Âõ ÅþÂ��õ ×þ A �î À��î ­Âê :��±��

�Ax = A(�x) � 0) �x � 0) x � 0:

A ü�ãþ ,x = 0 �î ÝþÂ�ðüõ �¹�µ÷ ù�Ú÷� ,Ax = 0 ø Àª�� ���Øþ ÅþÂ��õ ×þ A Âð� ,ßþ�Â����
2 .´¨� ¢ÂÔ�õ�÷

üµÈÚþ��ÅþÂ��õ ù�ðÂû ,À�þ�ð 2ÂþÁ� Ûþ�½� �¤ A = (aij) 2 <n�n ÅþÂ��õ .12.1 ÓþÂã�
�î ý¤�Ï �� Àª�� �µª�¢ ¢��ø P À�÷�õ

PAP T =

0
@ A11 A12

0 A22

1
A ; (2.1)

,Àª� ± ÷ Â þÁ � Û þ�½ � � î üÆ þÂ �� õ .À � µÆû üã �Â õ ý� û ÅþÂ �� õ A22 ø A11 ö� ¤¢ � î
.¢�ªüõ ùÀ�õ�÷ 3ÂþÁ��÷ Ûþ�½�

.À�îüõ ö��� A 2 <n�n ÅþÂ��õ ýÂþÁ�Ûþ�½� ý�Â� �¤ üê�î ø ô¥� ¯Âª ×þ Âþ¥ ý��Ìì

üú��÷ ý��ä�Þ¹õ Âð� �ú�� ø Âð� ,´¨� ÂþÁ�Ûþ�½� A = (aij) 2 <n�n ÅþÂ��õ 13.1 ��Ìì
�ø¥ Âû ý�Â� �î ý¤�Ï �� Àª�� �µª�¢ ¢��ø ,S 6= N ø S � N = f1;2; : : : ; ng �î S À�÷�õ

.aij = 0 Ý�ª�� �µª�¢ ,j 2 N � S ø i 2 S �î (i; j) ÅþÀ÷�

2 .À��î �ã��Âõ ]34[ â�Âõ �� :��±��

Reducible2

Irreducible3



6 ��óø� Ý�û�Ôõ ø ÓþÂã� :ñø� ÛÊê

Âð� 14.1 ñ�·õ

A =

0
BBBBBBBB@

a11 : : : a1r : : : a1n... ...
0 : : : 0 arr 0 : : : 0
... ... ...
an1 : : : anr : : : ann

1
CCCCCCCCA
;

.Àª��üõ S = frg ¢¤�õ ßþ� ¤¢ ø ´¨� ÂþÁ� Ûþ�½� A ù�Ú÷� ,Àª��

Âð� �ú�� ø Âð� ,´¨� ÂþÁ��÷Ûþ�½� A = (aij) 2 <n�n ýÂÎì�¨ ÅþÂ��õ 15.1 Ýó

ai;i�1 6= 0; i = 2;3; � � � ; n; ai;i+1 6= 0; i = 1;2; � � � ; n� 1:

2 .À��î �ã��Âõ ]20[ â�Âõ �� :��±��

Âþ¥ Íþ�Âª ¤¢ ø ù¢�� ÂþÁ��÷Ûþ�½� A = (aij) 2 <n�n ÅþÂ��õ �î À��î ­Âê 16.1 ��Ìì
:À�î ëÀ¬

;i; j = 1;2; � � �n; i 6= j; aij � 0 (Óó�
(�

nX
j=1

aij =

8<
: � 0; i = 1;2; � � � ; n;

> 0; ý� i ý�¥� �� Ûì�À�:
(3.1)

.´¨���Øþ A ÅþÂ��õ �¤�¬ ßþ� ¤¢

A ÅþÂ��õ �î À��î ­Âê ,¤�Ñ�õ ßþ� ý�Â� .Ý��îüõ ´��� ÓÜ¡ ö�ûÂ� �� �¤ ��Ìì :��±��
¢¤�¢ ¢��ø zq À�÷�õ üÔ�õ ý�Ôó�b õ ×þ Ûì�À� �� Z À�÷�õ üþ�� n ¤�¢Â� ßþ�Â���� .Àª�±÷ ���Øþ

�î ý¤�Ï��

AZ � 0; q 2 N = f1;2; � � � ; ng;



7 ��óø� Ý�û�Ôõ ø ÓþÂã� :ñø� ÛÊê

�î üþ�¹÷� ¥� .Àª�� 1 ý�û�Ôó�b õ �� üþ�� n ¤�¢Â� ×þ e ¤�¢Â� �î Ý��îüõ ­Âê ,üêÂÏ ¥�
¯Âª Õ±Ï �Áó ,Àª��üõ A ÅþÂ��õ Â�Ñ÷ ÂÎ¨ ýø¤ Â¬��ä á�Þ¹õ ö�Þû Ae ¤�¢Â� ý�û�þ�¤¢
�� ßþ�Â���� ,¢�ªüõ üÔ�õ�÷ ¤�¢Â� ×þ ,üÔ�õ�÷ ¤�¢Â� ø¢ á�Þ¹õ ö�� .Ae > 0 :Ýþ¤�¢ (�)

:´ª�÷ ö���üõ 0 � � � 1­Âê

�AZ + (1� �)Ae � 0;

�¹�µ÷ ¤¢

A(�Z + (1� �)e) � 0: (4.1)

:Ý�û¢üõ ¤�Âì
!� = (�Z + (1� �)e):

!0 ý�û�þ�¤¢ ô�Þ� � = 0 ý�¥� �� �î ´¨� � °Æ� Â� ý¤�¢Â� ý�â��� !� �î Ýþ¤�¢ ����
ö�� .´¨� zq À�÷�õ üÔ�õ ý�Ôó�b õ ×þ Ûì�À� ý�¤�¢ !1 ¤�¢Â� ,� = 1 ý�¥� �� ø ´¨� ´±·õ
Ûì�À� ,À�îüõ Â��ç� 1 ø 0 ß�� � üµìø Å� ,À�µÆû � °Æ� Â� �µ¨��� üã���� !� ý�û�þ�¤¢
À��î ­Âê .¢Â�Ú� ÂÔ¬ ¤�ÀÖõ !�0 ¤�¢Â� ý�û�Ôó�b õ ¥� üØþ �î ý¤�Ï�� ¢¤�¢ ¢��ø ý� �0 ×þ
¼®�ø .¢¤�¢ ÂÔ¬ ý�Ôó�b õ ×þ Ûì�À� !
 ,ö� ý�¥� �� �î Àª�� � ¥� ¤�ÀÖõ ßþÂµØ��î 
 �î

.0 < 
 < 1 �î ´¨�
¥� .Ý�¨Â� ��Ìì �¤�¬ �� Ëì��� �� ,A ö¢�� ÂþÁ�Ûþ�½� ��±�� �� �î Ý�µÆû ö� ñ�±÷¢ ��

ý�¤�¢ �î !
 ¤�¢Â� ý�û�Ôó�b õ ¥� üþ�ûÅþÀ÷� ý�ä�Þ¹õ �¤�¬ �� �¤ S ý�ä�Þ¹õ ,ø¤ ßþ�
Ã�÷ T = N � S Ã�÷ ø (!
 ÓþÂã� Õ±Ï) S 6= � �fÞÜÆõ .Ý��îüõ ÓþÂã� À�ª��üõ ÂÔ¬ ¤�ÀÖõ

:´ª�÷ ö���üõ (4.1) ý�Î��¤ Õ±Ï ö��î� .´¨� üú��÷ ý�ä�Þ¹õ ×þ

A(
Z + (1� 
)e) � 0;

�¹�µ÷ ¤¢ ø A!
 � 0 ü�ãþ

8i 2 N : (A!
)i � 0;

:ù�Ú÷� i 2 S Âð� ,«�¡ ´ó�� ¤¢ ßþ�Â����

(A!
)i=
nX

j=1

aij!
j
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=
X
j2T

aij!
j � 0; (5.1)

üµìø ÍÖê (5.1) ý�Î��¤ ,��Ìì ñø� ¯Âª �� ���� �� .!
j > 0 ù�Ú÷� ,j 2 T üµìø üóø
:�î ´¨� ¤�ÂìÂ�

aij = 0; i 2 S; j 2 T;

�î ��Ìì �¤�¬ �� ���� �� �î ´¨� A ÅþÂ��õ ö¢�� ÂþÁ�Ûþ�½� ÓþÂã� �fÖ�ì¢ �Î��¤ ßþ�
2 .´¨� Ëì��� ¤¢ ,Ýþ¢�� ù¢Âî ­Âê ÂþÁ��÷Ûþ�½� ÅþÂ��õ ×þ �¤ A ÅþÂ��õ

:ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� �¤ A = (aij) 2 <n�n ý¤��÷ ÅþÂ��õ 17.1 ñ�·õ

aij =

8>>><
>>>:
2; i = j = 1;2; � � � ; n;
�1; ji� jj = 1;

0; �ûÅþÀ÷� Âþ�¨:

ßþ� �Áó .À�îüõ ëÀ¬ 16:1 ý��Ìì Íþ�Âª ¤¢ ÅþÂ��õ ßþ� ,¢�ªüõ �Ñ��õ �î ¤�Ïö�Þû

.´¨� ÂþÁ�§�Øãõ �¹�µ÷ ¤¢ ø ���Øþ ÅþÂ��õ ×þ ÅþÂ��õ

â��� .Àª�� ô�Üãõ xn; � � � ; x1; x0 ¯�Ö÷ ¤¢ f(x) â��� ¤�ÀÖõ �î Ý��î ­Âê .18.1 ÓþÂã�
:À�î ëÀ¬ Âþ¥ ¯Âª ¤¢ p(x) ù�ðÂû ,Ý���ð f(x) â��� ���÷ø ¤¢ �¤ p(x)

p(xi) = f(xi); i = 0;1; � � � ; n:

¯�Ö ÷ ý�¥� � � � î ¢Â î ù¤� ª� 4Ä ÷�Â ð� �� � ÷ø ¤¢ â �� � � � ö�� �ü õ ,�� � ÷ø ¤¢ â ��� � � Ü Þ� ¥�
:¢�ªüõ ÓþÂã� Âþ¥ üÜî ôÂê �� ,xn; � � � ; x1; x0

p(x) =
nX

i=0

Li(x)f(xi);

ö� ¤¢ �î
Li(x) =

nY
j=0
j 6=i

(x� xj)

(xi � xj)
; i = 0;1; � � � ; n:

Lagrange4
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À�ª�� �µ¨��� [a; b] ýù¥�� Â� n + 1 ý�±�Âõ �� ö� ��ÖµÈõ ø f(x) À��î­Âê .19.1 ÓþÂã�
�î ý¤�Ï �� ¢¤�¢ ¢��ø x ø x0 ß�� �(x) À�÷�õ ý¢Àä �¤�¬ ßþ� ¤¢ .x0 2 [a; b] ø

f(x) = Pn(x) +Rn(x);

ö� ¤¢ �î

Pn(x) = f(x0) + (x� x0)f
0(x0) +

(x� x0)
2

2!
f 00(x0) + � � �+ (x� x0)

n

n!
f (n)(x0);

ø
Rn(x) =

(x� x0)
n+1

(n+ 1)!
f (n+1)(�(x)):

À�� �¤ Rn(x) ø x0 ý�ÎÖ÷ �¤ø�¹õ ¤¢ f(x) â��� ô� n ý�±�Âõ ¤�Ü�� ý��ÜÞ� À�� �¤ Pn(x)

´¨� ßØÞõ Pn(x) ��Þ� ¢�Àã� .À�þ�ð Pn(x) �� ÂÒ��µõ üªÂ� ý�Î¡ �þ ùÀ÷�Þ�ì�� ý��ÜÞ�
.À÷�ª ß��ã� �ó�bÆõ Û� ´ì¢ ý�Ü�¨��

Ý�û��¡ ù�Ú÷� ,Ý��î âÎì ô� n ý�ÜÞ� ¤¢ �¤ ��� ¤�Ü�� ýÂ¨ ø Àª�� ô�Üãõ � > 0 ý�Î¡ Âð�
´ª�¢

1

(n + 1)!
jx� x0jn+1

���fn+1(�)��� < �;

Âð� ø
Mn+1 = max

a�x�b

���f (n+1)(x)��� ;

ù�Ú÷�

1

(n+ 1)!
jx� x0jn+1jMn+1j < �:
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