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"(�x; �y) 2 T x=ou; '�y � y w �x � x w (x; y) 2 T Qo =

8(x; y);8(�x; �y); [((x; y) 2 T; �x � x; �y � y) �! (�x; �y) 2 T ]

� � 0 C@=F OOa Qy |=R= x@ w (x; y) 2 T Qy |=R=x@ :4�C@=F T=}kt x@ xOR=@� 3xaW=|v=Qm|@ pY=�3
y R= ?Q[t u=ty 'x R= |@ Q[t Qy x=ou; 'Ovm O}rwD =Q y Ov=wD@ x Qo = 'Qo}O CQ=@ax@ "(�x; �y) 2 T 's} Q=O
Ea=@ |OwQw QO Vy=m Qy =} w |HwQN QO V}=Ri= u=ty Ea=@ |OwQw QO V}=Ri= Qy '|va} "Ovm|t O}rwD =Q
'OW=@ e |@Uv |}=Q=m |=Q=O (x; y) Qo = 'Ovm|t u=}@ pY= u}= 'u}vJsy "OOQo|t |HwQN QO Vy=m u=ty
1) Nonempety 2) Possibility 3) Unbounded Ray 4) Constant Returns to Scale
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|}=Q=m '|=xR=Ov= Qy =@ DMU u}= '|va} "CU= e Q@=Q@ R}v � � 0 Qy |=Q@ (�x; �y) 2 T |@Uv |}=Q=m x=ou;
"CW=O Oy=wN |D@=F

8(x; y); 8�; [(x; y) 2 T; � � 0 �! (�x; �y) 2 T ]

=@ Q@=Q@ =y|OwQw C=Q}}eD x@ =y|HwQN C=Q}}eD C@Uv u; QO xm CU= |Dr=L :C@=F T=}kt x@ xOR=@ �hr=
"OQm Ovy=wN OWQ MQv u=ty =@ 'u=R}t u=ty x@ R}v =y|HwQN 'CU= l}

=y|OwQw C=Q}}eD x@ =y|HwQN C=Q}}eD C@Uv u; QO xm CU= |Dr=L :|W}=Ri= T=}kt x@ xOR=@ �?
"CU= =y|OwQw QOC=Q}}eD MQv w u=R}t R= QDV}@ =y|HwQN QOC=Q}}eD MQv w u=R}tCr=Lu}= QO 'CU=l} R= QDV}@

Ov=wD|t sy �x+ (1� �)�x x=ou; 'Ovm O}rwD Ov=wD@ =Q �y '�x u}vJsy w =Q y 'x Qo = %1?OLD pY=�4
'|va} "Ovm O}rwD =Q �y + (1� �)�y

8(x; y);8(�x; �y);8�; [((x; y); (�x; �y) 2 T; � 2 [0; 1]) �! �(x; y) + (1� �)(�x; �y) 2 T ]

=D 1 pwY= QO xm CU= |=xawtHt u} QDmJwm T O}rwD u=mt= xawtHt :2|@=}uwQO xv}tm pY=�5
"Ovm|t jOY 4

CQwYx@ |R=Ht |=yDMU s=tD xawtHt '?OLD w C@=F T=}kt x@ xOR=@ pY= uDiQ}PB x@ xHwD =@
:CU= Q} R

TC = f(x; y)jx =
nX
j=1

�jxj; y =
nX
j=1

�jyj; �j � 0; j = 1; : : : ; ng

u=mt= OQix@ QYLvt xawtHt =y|HwQN w =y|OwQw uOw@ |ivt=v w |Q}PBu=mt= pY= x@ xHwD =@ wQu}= R=
:CU= Q} R CQwYx@ Ovm|t jOY jwi pwY= QO xm O}rwD

TC = f(x; y)jx �
nX
j=1

�jxj; y �
nX
j=1

�jyj; �j � 0; j = 1; : : : ; ng

1) Convexity 2) Minimum Extrapolation Theorem
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"CU= xOW xDiQ}PB C@=F T=}kt x@ xOR=@ |SwrwvmD u}= QO xm CU= u; Q@ O}m -=D |=Q@ TC QO C T}Ov=
'OW=@ xDW=O Q=Qk RQt |wQ xm DMU Qy "CU= =Q=m RQt 'CU= |]N |=xa]k K]U l} xm TC xawtHt RQt

"CU= =Q=m =v 'CQwY u}=Q}e QO "CU= |@Uv |=Q=m
Q_vQO x=ou; 's} R=U@ 4 =D 1 pwY= uDW=O ^wLrt =@ =Q T |xawtHt Qo = xm CW=O xHwD O}=@ =Hv}= QO
xv=oGvB pwY= QO xm CU= |=xawtHt ' T xawtHt s}} wo@ Qo = 'TB "Ow@ Oy=wNv |QwQ[ sHvB pY= uDiQo
QO xm |=PPS 's} R=U@ 4 =D 1 pwY= uDiQo Q_vQO =@ =Q xawtHt xm CU= u}= =@ pO=at Ovm|t jOY jwi

"s}yO|t V}=tv TCCR =} TC =@ =Q Ovm|t jOY 5 =D 1 pwY=

CCR pOt 3�1

CCR |@ Q[t pOt 1�3�1
pwtQi R= xO=iDU= =@ s=j OL=w |}=Q=m 'OW=@ |HwQN s w |OwQw m =@ OL=w n |}=Q=m |UQQ@ 'hOy xm|DQwY QO

:OOQo|t x@U=Lt Q} R

�j =
Ps

r=1 uryrjPm
i=1 vixij

(4� 1)

's=j OL=w |=Q@ s=i |OwQw u=R}t �xij u; QO xm
's=j OL=w |=Q@ s=r |HwQN u=R}t �yij

'�s=r |HwQN Ct}k� s=r |HwQN x@ xOW xO=O uRw �ur
'�s=i |OwQw Ct}k� s=i |OwQw x@ xOW xO=O uRw �vi

1 |}=Q=m QFm =OL xm |}=Hu; R= w OwW QFm =OL =r=@ |x]@=Q O}=@ 's=j OL=w |}=Q=m uOwtv st}Um =t |=Q@
Q}=U |}=Q=m =D OOQo u}}aD |Qw] O}=@ 's=j OL=w |=Q@ xOt; CUOx@ |=yuRw xm CU= u}= syt |xDmv '=Pr CU=
\UwD 'CU= CCR pOt |QUm sQi x@ hwQat xm Q} R pOt 'xH}Dv QO "OW=@ l} |w=Ut =} QDlJwm 'R}v =yOL=w

"CU= xOW x�=Q= 1987 p=U QO ROwQ w QB wm 'RvQ=J
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max� =
Ps

r=1 uryroPm
i=1 vixio

s: t:
Ps

r=1 uryrjPm
i=1 vixij

� 1; j = 1; : : : ; n

vi � 0; i = 1; : : : ;m
ur � 0; r = 1; : : : ; s (5� 1)

|R} Qxt=vQ@ |xr-=Ut l} sQi x@ =Q p@k |QUm pOt u=wD|t �1978� QB wm w RvQ=J C=r}O@D R= xO=iDU= =@
"CU= hwQat CCR |@ Q[t pOt x@ xm CN=U Q} R CQwYx@ '|]N

max
sX

r=1
uryro

s: t:
sX

r=1
uryrj �

mX
i=1

vixij � 0; j = 1; : : : ; n
mX
i=1

vixio = 1

ur � 0; r = 1; : : : ; s
vi � 0; i = 1; : : : ;m (6� 1)



swO pYi

p�=Ut QO u; OQ@ Q=m w OWA Qorta VwQ
|Q}os}tYD

OWA xJN} Q=D 1�2
=Q (OWA) ?DQt Q=OuRw u}ov=}t Qorta u=wva CLD |O}OH `}tHD Qorta 1988 p=U QO �1Qo =} Or=vwQ�
|=xvwo x@ Ovm|t O=H}= |a]kQ}e \}=QW QO |Q}os}tYD |=Q@ OL=w |@r=k Qorta u}= "OQm |iQat Q=@ u}rw= |=Q@
st}v|t st}Um =t '�xv=v}@VwN� st}Um =t st}v|t Ovv=t hrDNt |Q}os}tYD |=yCU=}U VwQ u}= QO xm
QO syt xr�Ut l} "OvwW|t XNWt hrDNt uRw |=yQ=OQ@ =@ xH}Dv QO w hrDNt |=yQorta =@ '�xv=v}@O@�

"CU= Qorta u}= |=yuRw u}}aD xwLv OWA Qorta |Qw�D
xar=]t VwQ xvwtv u=wva x@ "CU= xOW KQ]t OWA Qorta |=yuRw u}}aD |=Q@ |OOaDt |=yVwQ
x@ "CU= xOW KQ]t Qo =} w �2wr}i� \UwD 1998 p=U QO xm CU= =yVwQ u}= xrtH R= =yxO=O T=U=Q@ =yuRw

"CU= xO=O O=yvW}B =yuRw u}}aD |=Q@ =Q =yGvUC}tm T=U=Q@ `}tHD VwQ Qo =} xwqa
|=yxr�Ut pL VwQ 'CU= xDiQo Q=Qk u}kkLt xHwD OQwt =yuRw u}}aD |=Q@ xm |Qo}O xHwD p@=k VwQ
VwQ x@ xm CU= xOW KQ]t �3uo =y)=� \UwD O}kt |R=Uxv}y@ xr�Ut u}rw= "CU= '=yuRw u}}aD |=Q@ O}kt
1) R. Yager 2) Filv 3) OHagen

8
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xrtH R= "OvDN=OQB VwQ u}= |=y|oS} w |UQQ@ x@ 1995 p=U QO Qo =} w wr}i "CU= hwQat |t_v|@ QFm =OL
Qrwi� \UwD 2003 p=U QO xm OQm xQ=W= Tv=} Q=w st}v|t pOt x@ u=wD|t VwQ u}= QO xHwD p@=k |=ypOt
u=wva x@ '=yuRw u}}aD |=Q@ =ypOt R= xDUO u}= pL xJQo = "CU= xOW x�=Q= =yuRw u}}aD CyH �1QOvrH=t w
|=ypOt ',qw= "OvDUy |U=U= ha[ wO |=Q=O xOW KQ]t |=ypOt =t= 'CU= xOw@ xHwD OQwt |OQ@ Q=m VwQ
"CU= xO}J}B |R=Uxv}y@ |=yxr�Ut xvwov}= pL w OvDUy O}kt |]NQ}e |=ypOt xrLQt u}= =D xOW KQ]t

"CU= wQx@ wQ |DqmWt =@ xQ=wty xOvQ}os}tYD \UwD |}=} u=R}t u}}aD ',=}v=F

R= |Dw=iDt C=aq]= R= xO=iDU= =@ 'xOW h} QaD |}=} u=R}t R= xO=iDU= uwO@ 2003 p=U QO �2=O w wS�
l} u}}aD |=Q@ =Q �3|vQ� |t_v|@ QFm =OL VwQ 2005 p=U QO QOvrH=t "Ov=xDN=OQB =yuRw u}}aD x@ =yuRw
'xm CU= xHwD p@=k "O=O x�=Q= |vQ |t_v|@ QFm =OL |=yuRw u}}aD w OWA |=yQorta R= |QDt=Q=B Tqm

"OvDUy |]NQ}e xrLQt u}= =D xOW KQ]t |=ypOt

st}Um =t st}v|t pOt x@ xm OvOQm KQ]t 2005 p=U QO =Q OWA |N pOt u}rw= �4u=mQ=B w nv=w�
st}v|t VwQ =@ xrY=i st}Um =t st}v|t VwQ xm O=O u=Wv 2007 p=U QO �5w}r� "CU= hwQat xrY=i
|UOvy =} |@=UL Oa=YD Ovv=t x]@=Q l} R= ,=twta '=yuRw 'xOW KQ]t |=yVwQ QO "CU= pO=at Tv=} Q=w

"CU= xOW KQ]t |=yVwQ ?}=at R= |oS} w u}= xm 'Ovvm|t |wQ}B

xm|Qw]x@ xO=O xaUwD =Q xrY=i st}Um =t st}v|t pOt 2006 p=U QO �6O=SvRwQt= w u}t=� 'u}=Q@=v@
`iQ |=Q@ xm |}=ypOt xrtH R= xwqa@ "Ovvm|tv |wQ}B |@=UL Oa=YD R= xDi=}xaUwD pOt R= pY=L |=yuRw
"CU= xOW x�=Q= =yuRw u}}aD |=Q@ �7u=Q=mty w nv=w� \UwD xm CU= |}=ypOt 'CU= xOW KQ]t pmWt u}=
\w@ Qt |=yuRw u}}aD |=Q@ w xDN=OQB OWA Qorta |=y|oS} w |NQ@ |UQQ@ x@ 2009 p=U QO Qo =} 'u}vJty
Cr=L wO u}= R= xO=iDU= =@ =Q \UwDt xv}y@ ?=wH w xOQm xO=iDU= |oOvm =QB st}v|t st}Um =t R= Qorta u}= x@

"CU= xOQm u}}aD |}=yv

1) Fuller & Majlender 2) Xu & Da 3) Renyi 4) Wang & Parkan 5) Liu 6) Amin &

Emrouznejad 7) Wang et.al.
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`}tHD xr�Ut pwtQi CN=U 2�2
s}tYD l} P=ND= x@ p}=tD u; QO xm CU= |Q}os}tYD p�=Ut `=wv= R= |m} �1xQ=}at OvJ |Q}os}tYD� xr�Ut
l} =@ =yQ=}at 2`}tHD 'hOy xQ=}atOvJ |Q}os}tYD xr�Ut QO u}=Q@=v@ "s} Q=O hrDNt Q=}at OvJ T=U=Q@ |rm

"CU= �3|rm s}tYD `@=D�
|rm s}tYD `@=D |iQat x@ '`}tHD |=yQorta R= xO=iDU= =@ (OWA) �4?DQt Q=OuRw u}ov=}t� VwQ

"CU= xOQm O=yvW}B =Q OWA VwQ Q=@ u}rw= |=Q@ 1988 p=U QO Qo =} Or=vwQ "OR=OQB|t
n Oa@ R= OWA Qorta l} "Ovm|t sy=Qi =Q `}tHD |=yQorta R= |QDt=Q=B Tqm l} 'OWA Qorta

%OwW|t h} QaD Q} R CQwY x@
F : In �! I; I = [0; 1]

F (a1(x); : : : ; an(x)) =
nX
j=1

wjbj

"Ovm|t xOQw;Q@ =Q s=i Q=}at 'x xm CU= |=xHQO xOvyO u=Wv ai(x) 2 [0; 1] 'ai Q=}at Qy |=Q@ xm|Qw]x@
%CWwv u=wD|t Q} R CQwYx@ xm CU= =yai R= xir-wt u} QDnQR@ bj 'xwqax@

b1 � b2 � : : : � bn

b1 = maxfa1(x); : : : ; an(x)g
b2 = maxffa1(x); : : : ; an(x)gnb1g
b3 = maxffa1(x); : : : ; an(x)gnfb1; b2gg

...

bn = maxffa1(x); : : : ; an(x)gnfb1; : : : ; bn�1gg
%Ovm|t jOY Q} R \}=QW QO xm CU= OWA Qorta |=yuRw R= |=xawtHt wj u}vJty

wj 2 [0; 1] �1Pn
j=1wj = 1 �2

|va} OW=@ =yai R= xirwt u} QDnQR@ j T}Ov= 'ind(j) xm|=xvwox@ 's}vm h} QaD T}Ov= l} =Q ind Qo =
1) Multi Criteria Decision Making 2) Aggregation 3) Overall Decision Function 4) Ordered

Weighted Averaging
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%OQm u=}@ Q} R CQwY x@ =Q F `@=D u=wD|t x=ov; bj = aind(j)

F (a1; : : : ; an) =
nX
j=1

wjaind(j)

u=wD|t Q=OQ@ u}= R= xO=iDU= =@ "s}t=v|t �OWA1 uRw Q=OQ@� =Q Q=OQ@ u}= w w = (w1; : : : ; wn) s}yO|t Q=Qk
%OQm u=}@ Q} R CQwY x@ =Q F `@=D

F (a1; : : : ; an) = wBT

CQwYx@D(x) |rm s}tYD `@=D "OwW|t xDio OWA u=twoQ; Q=OQ@ 'B Q=OQ@ x@ "B = (b1; : : : ; bn) u; QO xm
%OwW|t h} QaD Q} R

D(x) = F (a1(x); : : : ; an(x))

u=wD|t "OW=@ x \UwD =yQ=}at x}rm uOW OQw;Q@ -xHQO xOvyOu=Wv D(x) 2 I 'x ?=wH Qy |=Q@ xm|Qw]x@
"CU= �3uQ=kD� w �2|}=wvm}� X=wN |=Q=O F `@=D xm OQm u=}@

%|}=wvm} C}Y=N
8j; aj(x) � aj(y) =) D(x) � D(y)

Ovm xOQw;Q@ y x@ C@Uv |QDW}@ |xHQO =@ =Q =yQ=}at lDlD x Qo = xm CU= |vat u}= x@ xOW KQ]t C}Y=N
"OQm Oy=wN xOQw;Q@ y x@ C@Uv |QDW}@ |rm |OvtC}=[Q |xHQO =@ =Q =yQ=}at x}rm 'x=ou;

=Q =yu=twoQ; u}@ |}=Hx@=H u=mt= 'hrDNt |=yQ=}at u=Um} C}ty= xm CU= |vat u}= x@ %uQ=kD C}Y=N
%s} Q=O 'n = 4 Qo = 'O}vm ZQi QDW}@ K}[wD |=Q@ "Ovm|t sy=Qi

F (a1; a2; a3; a4) = F (a2; a4; a3; a1)

xOW KQ]t u; |=Q@ |}=yv XNWt Cr=L wO xm CU=yQ=}at u}@ p@=kDt |x]@=Q 'xHwD p@=k OQ=wt R= Qo}O |m}
QO |va} "s} Q=O =yQ=}at xty uOW xOQw;Q@ x@ p}=tD u; QO xm CU= |Dr=L '|}=yv XNWt Cr=L u}rw= "CU=
=@ =yQ=}at xty uOW xOQw;Q@ 'Cr=L u}= QO "Ovm xOQw;Q@ =Q an w : : :'a2 'a1 |=yQ=}at x}rm 'x xm s} Q=O Q_v
=yQ=}at R= |m} s} Q=O p}=tD xm CU= |Dr=L '|}=yv XNWt Qo}O Cr=L "OQ}PB|t s=Hv= �4uOw@ w� C}Y=N
1) OWA weight vector 2) Monotonicity 3) Symmetry 4) Anding
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R= |m} uOW xOQw;Q@ 'Cr=L u}= QO "Ovm xOQw;Q@ =Q an =}: : :a2 =} a1 Q=}at x xm s} Q=O Q_v QO '|va} OwW xOw;Q@
"OQ}PB|t s=Hv= �1uOw@ =}� C}Y=N =@ =yQ=}at

"Ovvm|tv |wQ}B xOW KQ]t XNWt Cr=L 2 R= ,qwtat =yQ=}at u}@ p@=kDt x]@=Q '|ak=w |=}vO QO
=yQ=}at R= �3|=xOa� =} =yQ=}at R= O=OaD �2u} QDW}@� uOW xOQw;Q@ x@ p}=tD u; QO xm |}=yCr=L 'p=Ft |=Q@
XNWt Cr=L wO u}= u}@ |}=yCr=L 's} Q=O =Q Q=}at �5Q=yJ R= QDW}@� =} w =yQ=}at R= �4|t}v pk=OL� =}

"OvDUy |}=yv
Q}UiD w h} QaD x@ xt=O= QO "CU= �6|}=}� swyit 'OQ=O |U=U= |Wkv OWA QO xm |U=U= swyit u}rw=
'CU= Qorta u}= x@ \w@ Qt uRw Q=OQ@ w w OWA Qorta l} F O}vm ZQi "OwW|t xDN=OQB swyit u}=
Xr=N �w� Qorta l} F xm Cio u=wD|t |]}=QW u}vJ QO "j 6= n w wj = 0 w wn = 1 xm |=xvwox@
|]}=QW QO Xr=N �=}� Qorta 'Qo}O hQ] R= "CU= xOW xO=O ?=wH u} QDO@ x@ l} uRw Cr=L u}= QO "CU=

"OwW|t xO=O ?=wH u} QDy@ x@ l} uRw Cr=L u}= QO "j 6= 1 w wj = 0 'w1 = 1 xm ODi=|t j=iD=
h} QaD Q} R CQwY x@ 'CU= xOW KQ]t Qo =} \UwD Q=@ u}rw= xm w uRw Q=OQ@ x@ \w@ Qt |v}@VwN xR=Ov=

%OwW|t
� = Orness(W ) =

nX
j=1

wj(n� j)=(n� 1)

%xm CU= xHwD p@=k
Orness(w�) = 1; Orness(w�) = 0; Orness(wA) = 0 5

|xOvvm u}}aD '|}=} u=R}t 'Qo}O CQ=@a x@ "OQ=O s}kDUt |=x]@=Q =yuRw `} RwD xwLv =@ OWA QO |}=} swyit
j 6= 1 'wj = 0 w w1 = 1 xm OW=@ |=xvwo x@ uRw Q=OQ@ Qo = 'p=Ft u=wva x@ "CU= =yuRw `} RwD |xwLv
'xwqax@ Orness(w�) = 0 x=ov; j 6= n w wj = 0 'wn = 1 Qo = u}vJty "Orness(w�) = 1 'x=ou;

"Orness(wA) = 0 5
"CU= |}=} swyit u=ty 'xOvQ}os}tYD |v}@VwN xHQO xm OQm |Q}oxH}Dv u=wD|t xOW KQ]t ?r=]t R=
xOQw;Q@ w �uOw@ w� Xr=N C}Y=N =@ |Qorta ltm x@ =yQ=}at xty uOW xOQw;Q@ 'OW KQ]t xm Qw]u=ty
|ak=w |=}vO QO 'xm|r=LQO "O@=}|t jkLD �uOw@ =}� Xr=N C}Y=N =@ |Qorta ltm x@ =yQ=}at R= |m} uOW
Qorta "OQ=O =Q =yu; R= |m} uOW xOQw;Q@ x@ p}=tD xv w =yQ=}at xty uOW xOQw;Q@ x@ p}=tD xv xOvQ}os}tYD |y=o
1) Oring 2) Most 3) Many 4) At least half 5) More than four 6) Orness


