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ÂØÈ� ø ÂþÀÖ�
,ö�ðÀ�ª�î ø ���ä Çþ�û´Þã÷ ö¢ÂÞª ¤¢ ,ö�ðÀ÷¤�Þª ø À�÷�Þ� ø� ö¢�µ¨ ¤¢ ,ö�¤��¿¨ �î �¤ ý�À¡ §�³¨¥� ü÷�¢¤Àì ��Öõ ¤¢ �î ´¨� ö� ¥� Â ��� � ,ÝÜãõ ´ó��õ ø ù�Úþ�� ×ª öøÀ� .À� ÷��µ ÷ ö¢¤��ð �¤ ø� Õ�¥� §�³¨ ,ÝÜãõ ¥� Û�Ü¹� �î üþ�¹÷� ¥� �õ� .Ýþ¤�Ú�� ý��� ,ö����÷ ´¨¢ ø Â¬�ì ö��¥ �� ø� æþ¤¢ü� ��Þ�¥ß�ÞÌ� ,À÷�ù¢Â³¨ Çµ¨¢ �� �î �¤ üþ�û´÷�õ� ´õ�¨ ø ß�õ�� �¤ Ç�þÂê� ´þ�è ø éÀû �î ´¨� ü÷�Æ÷�¢�µ¨� ¥� " Ûa � ø �aä �Üaó� ÂØÈþ Ýó ß�ì�Ü¿Þó� ßõ Ýã�Þó� ÂØÈþ Ýó ßõ " ��� ¥� ø �Ô�Òø °Æ�Â� ,À�îüõ¥� ü��øÂê ø ÕÜ¡ ßÆ� �� ,¤À¬ �ã¨ ñ�Þî ¤¢ �î ´¨ø¢ßÏø Ý�û�Â�� Âµî¢ ý�ì� ���� �µÆþ�ª ø ���Þî��¢�µ¨� ¥� ;À�µêÂð ùÀúäÂ� �¤ �ó�¨¤ ßþ� üþ�Þ�û�¤ ´Þ�¥ ø À÷�ù¢�Þ�÷ æþ¤¢ ßõ Â� �¬Âä ßþ� ¤¢ üØÞî º�û�Þû ø À÷¢�Þ÷ Û±Öµõ �¤ �õ�÷ ö�þ�� ßþ� ù¤ø�Èõ ´Þ�¥ �î ö�ð¢�¥ý�¡� Âµî¢ ý�ì� ���� ��Ö��� ø ¤�±¬�� �î ü÷�¤ø�¢ �þ ¤ø�¢ ¥� ��÷ ø À÷�ù¢�Þ÷ ý¤�þ Ýúõ ßþ� öÀ÷�¨¤ ��¹÷� �� ¤¢ �Âõ �î Ýþ�ûü¨�ØÞû ø ö�µ¨ø¢.�¤�¢ �¤ ü÷�¢¤Àì ø ÂØÈ� ñ�Þî À�û¢üõ ´�õ ßõ Â� ¢�¡ ��ÂÑ÷ �ÎÖ÷



ùÀ�Ø��¤ ö� �î G üÜ�î é�Âð .1 =2 S � G ø S = S�1 = fs�1js 2 Sg ,üúþÀ��÷ ùøÂð ×þ G Ý��îüõÂêb ø a§�b¤ ø¢ ö� ¤¢ �î ´¨� G§��¤ ý�ä�Þ¹õ �� é�Âð ×þ ,Ý�û¢üõ Çþ�Þ÷ Cay(S : G) �¤�¬ ��.À�ª�� ¼�½¬ ö� �¤ø�¹õ ýùÄþø Âþ¢�Öõ Âð� ,´¨� ¼�½¬ é�Âð ×þ .ab�1 2 S ù�ðÂû À�µÆû ¤ø�¹õÀª�� ÍÜµ¿õ ¢�Àä� ýø¤ G ý�ûÇþ�Þ÷ ý�û´ªÂ¨ ��Þ� ý�ä�Þ¹õ Ĝ ø üû��µõ üûøÂð G À��î Âê.�(A) 2 Z ù�ðÂû , Ý�õ�÷üõ ¼�½¬ �¤ A ý�ä�Þ¹õ , �(A) = Pa2A �(a) ø � 2 Ĝ , A � G Âû ý�Â�ø üû��µõ ý�ûùøÂð ¥� ü¡Â� ýø¤ ¼�½¬ üÜ�î ý�ûé�Âð ø ¼�½¬ ý�û�ä�Þ¹õ �õ� ÷ö� þ� � ßþ� ¤¢.Ý��îüõ ö��� �¤ ¼�½¬ �ä�Þ¹õ ×þ ��úÔõ ß��»ÞûÂþÁ��÷ Ûþ�½� ´ªÂ¨ ,¼�½¬ ý�ûé�Âð ,é�Âð Ó�Ï ,üÜ�î é�Âð :ýÀ�Üî ��ÞÜî



AbstratLet G be non-trivial group, S = S�1 = fs�1js 2 Sg and 1=2 S � G. The Cayley graph ofG denoted by Cay(S : G) is a graph with vertex set G and two verties a and b are adjaentif ab�1 2 S. A graph is alled integral, if its adjaeny eigenvalues are integers.Suppose G be a �nite group, let Ĝ be the set of haraters of representatioins of G over theomplex numbers. for any subset A � G;� 2 Ĝ and �(A) = Pa2A �(a). We all A integralif �(A) 2 Z.In this thesis we introdue integral Cayley graphs on some of �nite groups. Also we introduethe notion of an integral set.Key Words: Cayley graph, Spetrum of graphs, Integral graphs, Irreduible haraters.



�õÀÖõ
ý�ûé�Âð ��úÔõ .À�ª�� ¼�½¬ ö� �¤ø�¹õ ÅþÂ��õ ýùÄþø Âþ¢�Öõ ù�ðÂû Ý�õ�÷üõ ¼�½¬ �¤ é�Âð ×þø 3 ÂØ�Þ¨�� 1976 ñ�¨ ¤¢ .℄9[Àª üêÂãõ 1974 ñ�¨ ¤¢ 2 ×÷�ª ø 1 ý¤�Âû Í¨�� �Àµ�� ¤¢ ¼�½¬�¹�µ÷ ßþ� .´¨� 13 Â��Â� �fÖ�ì¢ ,ü±ãØõ ø À�±Þû ,¼�½¬ ý�ûé�Âð ¢�Àã� �î À÷¢�¢ ö�È÷ 4 ºþ�Ø��¨ñ�¨ ¤¢ ºþ�Ø��¨ Í¨�� Õ�Ö½� ßþ� ¥� üµÞÆì �µ±ó� .℄3[ Àª üêÂãõ 1976 ñ�¨ ¤¢ ×÷�ª Í¨�� �f ÖµÆõÂ·î�À� �� ¼�½¬ ø À�±Þû ý�ûé�Âð ¢�Àã� �î ¢Âî ´��� 5 �ØÆ��ó�� 1999 ñ�¨ ¤¢ .℄6[ Àª ���¤� 1975.℄18[ ´¨� ¢Àä 150 �� Â��Â� �fÖ�ì¢ §�b¤ 10�î G üÜ�î é�Âð .1 =2 S � G ø S = S�1 := fs�1js 2 Sg ,Àª�� üúþÀ��÷ ùøÂð ×þ G À��î Âêb ø a§�b¤ ø¢ ö� ¤¢ �î ´¨� G§��¤ �ä�Þ¹õ �� üê�Âð ,¢�ªüõ ù¢�¢ Çþ�Þ÷ Cay(S : G) �¤�¬ ��Cay(S : G) é�Âð �¤�¬ ö� ¤¢ ,À�î À�ó�� �¤ G ùøÂð S ý�ä�Þ¹õ Âð� .ab�1 2 S ù�ðÂû À�µÆû ¤ø�¹õ¼�½¬ Cay(Un : Zn) ÂÔ¬ Â�è ýùÄþø Âþ¢�Öõ ��Þ� �î À÷¢�¢ ö�È÷ 7 ¤À÷�¨ ø 6 ���Üî .¢�ªüõ À�±Þû,Un ø n ý�±�Âõ ¥� ý¤ø¢ ùøÂð ,Zn �îö��� ;À��î üõ ¢�ä �¤ -ÂÜþø� ü��Æ� â��� - �(n) ¤�ÀÖõ ø À�µÆû.℄25[Àª��üõ Zn ¥� n ý�±�Âõ Â¬��ä ��Þ� ¥� ý��ä�Þ¹õ Âþ¥Harary1Shwenk2Bussemaker3Cvetkovi4Balinska5Klotz6Sander7



ùøÂð �� ¯��Âõ ÂþÁ��÷Ûþ�½� ý�û´ªÂ¨ ¥� ù¢�Ôµ¨� �� �¤ üÜ�î ý�ûé�Âð Ó�Ï 8 ý���� 1979 ñ�¨ ¤¢ÕÜã� ñ�� Â±� �� S ý�ä�Þ¹õ Âð� �î À÷¢�¢ ö�È÷ 2007 ñ�¨ ¤¢ ¤À÷�¨ ø ���Üî .℄19[¢Âî É¿Èõ G¼�½¬ é�Âð ×þ Cay(S : G) ù�ðö� ,Àª�� ùÀª À�ó�� G üÜ�� ùøÂð ¥� üþ�ûùøÂð Âþ¥ Í¨�� ø Àª�� �µª�¢.℄25[Àª��üõ�� ùÀ�÷��¡ �� ,Ýþ�ù¢Âî ���¤� é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ¥� ý��¬�¡ �õ�÷ö�þ�� ßþ� ñø� ÛÊê ¤¢´¨� ùÀª ���¤� ��ö� �� ´±Æ÷ üÜî ýÀþ¢ ø ¢�ª ��ª� ýÀã� ý�ûÛÊê ¤¢ ùÀª ù¢�Ôµ¨� ý��óø� Ý�û�Ôõ.À�î �À��� ±¨�½õ �¤ üû� � µ õ ý�ûùøÂð ¥� ü¡Â � üÞ�� ¢Àä ø ù¢Âî ö� � � �¤ ñ� � Â ±� ×þ ý�ûÝ �� �ø¢ ÛÊê ¤¢.Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ �¤ ¼�½¬ ý�û�ä�Þ¹õ Â�÷ ÛÊê ý�úµ÷� ¤¢ .Ý�þ�Þ÷üõá�Þ¹õ ø ℄19[ ý� �� � Í¨� � ùÀª � ��¤� üÜ¬� ý� þ�Ìì ¥� Û¬�� ¸þ� µ ÷ ¥� ù¢� Ô µ¨� � � ��¨ ÛÊê ¤¢�� �¤ ×þ Âû Ó�Ï ø üêÂãõ �¤ ù��¿ó¢ �±�Âõ ¥� ý¤ø¢ ý�ûùøÂð ýø¤ ¼�½¬ üÜ�î ý�ûé�Âð ,9ö���÷�õ�¤¥��÷ ¢¤�õ �õ�÷ö�þ�� ßþ� ¤¢ �î �¤ «�¡ ùøÂð À�� ´ªÂ¨ ñøÀ� ��÷ Â¡� ¤¢ .Ý��î É¿Èõ Ûõ�î ¤�Ï.´¨� ùÀª ùÀ÷�¹�ð ,´¨�

Babai8Ramanujan9



1 ÛÊê
��õÀÖõ ø �û¥��÷ Ç��

ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ °ó�Îõ �� ùÀ�÷��¡ ´¨� �¥� �õ�÷ö�þ�� ßþ� ¤¢ ùÀª ���¤� °ó�Îõ Âµú� í¤¢ ý�Â�ùøÂð Çþ�Þ÷ ý�þÂÑ÷ ø ùøÂð �� �Î��¤ ¤¢ üþ�þ�Ìì ø Óþ¤�ã� ñø� Ç¿� ¤¢ .Àª�� ��ª� ñ�� Â±� ø é�Âð��¨ Ç¿� ¤¢ .Ýþ�ù¢Âî ù¤�ª� ü�ø¢�õ ý�ûù¢¤ ¥� ü¨�¨� ��Ìì À�� �� �ø¢ Ç¿� ¤¢ .´¨� ùÀª ù¢¤ø�¤¢ .Ý��îüõ ���¤� �¤ ... ø üÎ¡ ´ªÂ¨ ,ÂþÁ��÷Ûþ�½� ´ªÂ¨ À�÷�õ üÔþ¤�ã� ø üêÂãõ �¤ ùøÂð ×þ ´ªÂ¨,¼�½¬ ý�ûé�Âð Ý�û�Ôõ üêÂãõ �� ø ù¢Âî ö��� �¤ é�Âð ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� �¤�ú� Ç¿�.Ý��îüõ ö��� �¤ ñ�� Â±� üÜ¬� ý�þ�Ìì ø Ý�û�Ôõ ,�õ�¢� ¤¢ ø .Ýþ¥�¢Â�üõ üÜ�î ý�ûé�Âð



2 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõùøÂð Çþ�Þ÷ 1-1
�� ¤�Êµ¡� �� �¤ F ¤¢ ý�û�þ�¤¢ �� n� n ÂþÁ� öø¤�ø ý�ûÅþÂ��õ ¥� Û¬�� ü�Â® ùøÂð 1.1 ÓþÂã�.Àª��üõ C �þ R ö�À�õ F �î ,À�û¢üõ Çþ�Þ÷ GL(n; F )
¢Àä ý�¥� � � GL(n; F ) �� G ¥� � ö�� üµ¿þÂÞû ¥� ´¨� �¤� ±ä F ýø¤ GÇþ�Þ÷ 2.1 ÓþÂã�.À�õ�÷ � ý��¤¢ �¤ n .n ö�� ü½�½¬g; h 2 G Âû ý�¥� �� Âð� ÍÖê ø Âð� ´¨� GÇþ�Þ÷ � ù�Ú÷� Àª�� GL(n; F ) �� G ¥� üã��� � Âð� ø ¤ ßþ� ¥�.(gh)� = g�h� ,
A ý�ûÅþÂ��õ .Àª�� D8 = ha; bja4 = b2 = 1; b�1ab = a�1i üú�øø¢ ùøÂð G ÝþÂ�ð 1.1 ñ�·õ:Ý��îüõ ÓþÂã� ß��� �¤ B øA = 0B� 0 1�1 0 1CA ; B = 0B� 1 00 �1 1CA�� � : G! GL(2; F ) â��� �î ¢�ªüõ �¹�µ÷ .A4 = B2 = I ø B�1AB = A�1 �î Ý��îüõ ùÀû�Èõ2 ýø�Æõ � ý��¤¢ .´¨� F ýø¤ D8 Çþ�Þ÷ ,� : aibj ! AiBj; (0 � i � 3;0 � j � 1) ý�Î��®.´¨�
.´¨� GÇþ�Þ÷ ×þ ,g 2 G Âû ý�¥��� ,g� = In ý�Î��® �� � : G! GL(n; F ) â��� 3.1 ÓþÂã�.´¨� ï¤�� ù��¿ó¢ ¤Àì �� ö�È���¤¢ �î ¢¤�¢ üþ�ûÇþ�Þ÷ ,ùøÂð Âû ßþ�Â����



3 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõ.¢�ª üõ ùÀ�õ�÷ G üúþÀ� Çþ�Þ÷ ,g� = (1) ý�Î��® �� � : G! GL(1; F ) Çþ�Þ÷ 4.1 ÓþÂã�
×þ �¤ V �¤�¬ ßþ� ¤¢ .Àª�� F ýø¤ ý¤�¢Â� ý�Ìê ×þ V ø ùøÂð ×þ G À��î Âê 5.1 ÓþÂã�,u; v 2 V Âû ý�¥��� ø ¢�ª ÓþÂã� vg �Â®Û¬�� ,g 2 G Âû ø v 2 V Âû ý�Â� ù�ðÂû Ý�õ�÷ ñøÀõ-FG:À�ª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª g; h 2 G ø � 2 Fvg 2 V (1v(gh) = (vg)h (2v1 = v (3(�v)g = �(vg) (4.(u+ v)g = ug + vg (5,Àª�� V ý�þ�� ×þ B Âð� g 2 G Âû ý�¥� �� �î ¢�ªüõ �¹�µ÷ ÓþÂã� ßþ� (5) ø (4) ø (1) Íþ�Âª ¥�ÅþÂ��õ ö¢�¢ ö�È÷ ý�Â� �¤ [g℄B ¢�Þ÷ .´¨� V üµ¿þÂ÷ø ¤¢ ×þ v�g = vg ý�Î��® �� �g : V ! V â���.ÝþÂ�üõ ¤�î �� B ý�þ�� �� ´±Æ÷ �g üµ¿þÂ÷ø ¤¢

1.1 ��Ìì�� V ,Âþ¥ �¤�¬ �� vg ÓþÂã� �� ù�Ú÷� ,V = F n ø Àª�� F ýø¤ GÇþ�Þ÷ � : G! GL(n; F ) Âð� (1.¢�ªüõ ÛþÀ±� ñøÀõ-FGvg = v(g�).g� = [g℄B ,g 2 G Âû ý�Â� �î ü�¤�¬�� ¢¤�¢ ¢��ø V ý�Â� B À�÷�õ ý��þ�� ùø�ä��GÇþ�Þ÷ g ! [g℄B â��� �¤�¬ ßþ� ¤¢ .Àª�� ö� ý�Â� ý��þ�� B ø ñøÀõ-FG×þ V À��î Âê (2.´¨� F ýø¤



4 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõ� .¢�ª á��¤ ℄11[ ¥� 4.4 ý��Ìì �� :��±��V ñøÀõ Âþ¥-FG×þ �¤ V ¥� W �ä�Þ¹õ Âþ¥ .Àª�� ñøÀõ-FG×þ V À��î Âê 6.1 ÓþÂã�.wg 2W Ý�ª�� �µª�¢ g 2 G Âû ø w 2W Âû ý�¥��� ø Àª�� V ¥� üþ�ÌêÂþ¥ W ù�ðÂû Ý�õ�÷
¥� Â�è üóøÀõ Âþ¥-FG ø Àª�� ÂÔ¬ Óó�¿õ ù�ðÂû Ý�õ�÷ ÂþÁ��÷Ûþ�½� �¤ V ñøÀõ-FG 7.1 ÓþÂã�.Ý�õ�÷üõ ÂþÁ�Ûþ�½� �¤ö� �¤�¬ßþ� Â�è ¤¢ .Àª�� �µª�À÷ V ø f0g
�� ÂÒ��µõ ñøÀõ-FG ü�ãþ F n ù�ðÂû Ý�õ�÷ ÂþÁ��÷Ûþ�½� �¤ � : G! GL(n; F ) Çþ�Þ÷ 8.1 ÓþÂã�.Àª�� ÂþÁ��÷Ûþ�½� ,¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� �î ö�vg = v(g�); (v 2 F n; g 2 G).Àª�� ÂþÁ�Ûþ�½� F n ù�ðÂû Ý�õ�÷ ÂþÁ�Ûþ�½� �¤ � ß��»Þû

:´�¬�¡ �� F ýø¤ V ýÀã�×þ ý¤�¢Â� ý�Ìê ¥� ´¨� �¤�±ä üúþÀ� ñøÀõ-FG 9.1 ÓþÂã�vg = v; (8v 2 V; g 2 G)
üµ¿þÂÞû-FG×þ �¤ T : V ! W â��� .À�ª�� ñøÀõ-FG ø¢ W ø V À��î Âê 10.1 ÓþÂã�:Ý�ª�� �µª�¢ ��÷ ø Àª�� üÎ¡ ÛþÀ±� T ù�ðÂû Ý�õ�÷(vg)T = (vT )g; (8v 2 V;8g 2 G)



5 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõö�¤¢ �î ,V = U1 � U2 � : : : � Ur ù�ðÂû Ý�þ�ð ÂþÁ�Ûþ�½� �f õ�î �¤ V ñøÀõ-FG 11.1 ÓþÂã�.À�µÆû V ÂþÁ��÷Ûþ�½� ý�ûñøÀõ Âþ¥-FG �ûUi ¥� ��Àî Âû
�f õ�î ,ÂÔ¬�÷ ñøÀõ-FG Âû ù�ðö� ,Àª�� C �þ R ö�À�õ F ø üû��µõ üûøÂð G Âð� 2.1 ��Ìì.´¨� ÂþÁ�Ûþ�½�� .¢�ª á��¤ ℄11[ ¥� 7.8 ý��Ìì �� :��±��:�¤�¬ ßþ� ¤¢ .À�ª�� ÂþÁ��÷Ûþ�½� ñøÀõ-CG , W ø V À��î Âê (1¤�ª Ýó) 1.1 ÝóÂû ý�¥��� � þ ø ´¨� üµ¿þÂØþ �CG ×þ T � þ ù�ðö� ,Àª�� üµ¿þÂÞû �CG T : V �! W Âð� (1). vT = 0 , v 2 V.´¨� 1V ü÷�Þû üµ¿þÂ÷¤ø¢ ýÂó�Ø¨� �ÂÌõ T ù�ðö�,Àª�� üµ¿þÂØþ �CG ×þ T : V �! V Âð� (2)� .¢�ª á��¤ ℄11[ ¥� 1.9 Ýó �� :��±��¢�Àã� ø À�µÆû 1 Àã� ý�¤�¢ G üÜ�� ø üû��µõ ùøÂð ý�¥��� ÂþÁ��÷Ûþ�½� ý�ûñøÀõ-CG ��Þ� 2.1 Ýó.´¨� jGj ýø�Æõ �ûö�� .¢�ª á��¤ ℄11[ ¥� 5.9 ù¤��ð �� :��±��ý�ûñøÀ õ-CG ¥� ü Ü õ� î ý�ä�Þ¹õ ýùÀ � û¢ Û �ØÈ � V1; : : : ; Vk À � � î Â ê 3.1 ��Ìì.Pki=1(dimVi)2 = jGj �¤�¬ ßþ� ¤¢ .À�ª�� ´¿þÂØþ Â�è ÂþÁ��÷Ûþ�½�� .¢�ª á��¤ ℄11[ ¥� 12.11 ý��Ìì �� :��±���� ÕÜãµõ ý�ûñøÀõ-CG ý�Þû ¢�ã�� d1; : : : ; dk ø Àª�� 8 �±�Âõ �� üûøÂð G À��î Âê 2.1 ñ�·õPki=1 d2i = 8 ,8.1 ý��Ìì ����� .À�ª�� ´¿þÂØþ�÷ ÂþÁ��÷Ûþ�½� ý�û ñøÀõ-CG ¥� üÜõ�î ý�ä�Þ¹õShur1



6 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõø¤ß þ� ¥� .di = 1 ,ý�i ý�¥� � � Å� ´¨� 1 Àã � ý�¤�¢ ø Â þÁ �� ÷Û þ�½ � ,üú þÀ � ñøÀ õ-CG ö�� .,´¨� üÜ�� ùøÂð G �î üµìø .¢¤�¢ �¤ 1;1;1;1;2 �þ 1;1;1;1;1;1;1;1´ó�� ø¢ ¥� üØþ d1; : : : ; dk.Àû¢üõ  ¤ �ø¢ ´ó�� ,G = D8 �î üµìø ø ,Àû¢üõ  ¤ ñø� ´ó��
¢Àä ¢�Àã� �î ´¨� üã��� ö� ø Ý�û¢üõ ö�È÷ �(n) ¢�Þ÷ �� �¤ üê â��� �þ 2ÂÜþø� â��� 12.1 ÓþÂã�×þ n Âð� ÂÚþ¢ ü�¤�±ä �� .¢¤�Þªüõ ,À�µÆû ñø� n �� ´±Æ÷ �î �¤ n ýø�Æõ �þ ÂµØ��î ´±·õ ¼�½¬. gd(n; k) = 1 ø 1 � k � n �î ´¨� k ¼�½¬ ¢�Àä� �(n) ù�ðö� ,Àª�� ´±·õ ¼�½¬ ¢Àä

.�(mn) = �(m)�(n) ù�ðö� , (m;n) = 1 ø m;n 2 N Âð� À��î ´��� 3.1 Ýó(1 � j � l) qj ø (1 � i � k) pi ö� ¤¢ �î n = q�11 q�22 :::q�ll ø m = p�11 p�22 :::p�kk À��î Âê :��±��:ÂÜþø� â��� ÓþÂã� �� ���� �� .À�ª�� �þ�Þµõ ñø� ¢�Àä� ,�(m) = m(1� 1p1 )(1� 1p2 ):::(1 � 1pk )�(n) = n(1� 1q1 )(1� 1q2 ):::(1� 1ql ) :ßþ�Â�����(m)�(n) = mn(1� 1p1 )(1� 1p2 ):::(1 � 1pk )(1� 1q1 )(1� 1q2 ):::(1 � 1ql ).¢�ªüõ Ûõ�î ö�ûÂ� �Áó , �(mn) �� ´¨� Â��Â� ë�ê ýø�Æ� ´¨�¤ éÂÏ �î Ý�÷�¢üõ üêÂÏ ¥�

Euler.2



7 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõü�ø¢�õ ýù¢¤ 2-1
Âð� ´¨� G ¤¢ y �ø¢�õ x Ý�þ�ð .Àª�� x; y 2 G ø üû��µõ ùøÂð ×þ G À��î Âê 13.1 ÓþÂã�G ¤¢ x � � �î ýÂ¬��ä ��Þ� ý�ä�Þ¹õ .y = g�1xg �îý¤�Ï �� Àª�� ¢���õ g 2 G À�÷�õ ý�Ìä. xG = fg�1xgjg 2 Gg ¥� ´¨� �¤�±ä À÷��ø¢�õ

.xGT yG = ; �þ xG = yG ù�ðö� x; y 2 G Âð� 4.1 Ýó�¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ z 2 xGT yG �Ìä ø ´Æ�÷ üú� xGT yG �î À��î Âê :��±��z = g�1xg = h�1yh �î üÞÆì �� À÷¤�¢ ¢��ø g; h 2 G ý�û�Ìä:Ýþ¤�¢ a 2 xG ù��¿ó¢ �Ìä ý�Â� �Áó k = hg�1 �î x = gh�1yhg�1 = k�1yk øÂ�þ� ¥�a = b�1xb; b 2 G) a = b�1k�1ykb) a = �1y;  = kb) a 2 yG�Á ó ø ,(y = kxk�1 ¥� ù¢�Ôµ¨� � �) yG � xG �î ÝþÂ�ðüõ �¹�µ ÷ �½÷ ß�Þû �� . xG � yG ßþ�Â �� � �� . xG = yG,... ,x1 ù�ðö� ,À�ª�� �þ�Þµõ xGl ,... ,xG1 ü�ø¢�õ ý�ûù¢¤ ø G = xG1 S : : :S xGl Âð� 14.1 ÓþÂã�.Ý�õ�÷üõ G ü�ø¢�õ ý�ûù¢¤ ý�ûùÀ�þ�Þ÷ �¤ xl
,À � û¢ü õ ö� È ÷ CG(x) ¢� Þ ÷ � � �¤ö� � î ,G ¤¢ x ¥� ¨� îÂ õ .x 2 G À � � î Â ê 15.1 ÓþÂã�:ü�ãþ ,À÷�ªüõ ������ x �� �î G ¥� ýÂ¬��ä ý�ä�Þ¹õ ¥� ´¨��¤�±äCG(x) = fg 2 Gjxg = gxg



8 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõ
:�¤�¬ßþ� ¤¢ .x 2 G À��î Âê 4.1 ��ÌìjxGj = jG : CG(x)j = jGjjCG(x)j .� .¢�ª á��¤ ℄11[ ¥� 8.12 ý��Ìì �� :��±��:�¤�¬ßþ� ¤¢ .G = D2n = ha; bjan = b2 = 1; b�1ab = a�1i À��î Âê 5.1 ��Ìì:¥� À��¤�±ä �î ´¨� ü�ø¢�õ ýù¢¤ n+32 ý�¤�¢ �fÖ�ì¢ G ù�ðö� ,Àª�� ¢Âê n Âð� (1f1g; fa; a�1g; : : : ; fan�12 ; a�(n�1)2 g; fb; ab; : : : ; an�1bg

:¥� À��¤�±ä �î ´¨� ü�ø¢�õ ýù¢¤ m+ 3 ý�¤�¢ �fÖ�ì¢ G ù�ðö� ,n = 2m Âð� (2f1g; famg; fa; a�1g; : : : ; fam�1; a�m+1g; fa2jbj0 � j � m� 1g; fa2j+1bj0 � j � m� 1g
� .¢�ª á��¤ ℄11[ ¥� Ýû¢¥�ø¢ ÛÊê �� :��±��

´ªÂ¨ 3-1�î ��ö� ¥� .´¨� �ûÇþ�Þ÷ ý�þÂÑ÷ ¤¢ �±¨�½õ ü¨�¨� ¤���� ø ,¢¤�¢ üú��� Û��ì «��¡ Çþ�Þ÷ ´ªÂ¨�û´ªÂ¨ ¥� ù¢�Ôµ¨� �� Çþ�Þ÷ ý�þÂÑ÷ Û��Æõ ¥� üÜ�¡ ßþ�Â���� ,¢�ªüõ ß�ãõ ÇµªÂ¨ �� ñøÀõ-CG ÂûùøÂð ×þ ÂþÁ��÷Ûþ�½� ý�û´ªÂ¨ Å³¨ .¢Âî Ý�û��¡ ÓþÂã� �¤ ùøÂð ´ªÂ¨ Ç¿� ßþ� ¤¢ .À÷�Û� Û��ì.Ý��îüõ üêÂãõ �¤



9 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõÅþÂ�� õ Âû � � .´¨� G üû� � µ õ ùøÂð Çþ�Þ ÷ � : G 7! GL(n; F ) �î À� � î Âê 16.1 ÓþÂã�Û¬�� ÅþÂ��õ ßþ� üÜ¬� ÂÎì Â¬��ä ��Þ� ö¢Âî âÞ� �� �î üÎÜµ¿õ ¢Àä (g 2 G) g� ö�� ý�n� n.Ý�õ�÷üõ �Çþ�Þ÷ ´ªÂ¨ �¤ � : G 7! C â��� .Ý�õ�÷üõ �(g) �¤ ö� ø Ý�û¢üõ ´±Æ÷ ,¢�ªüõ
¥� ´¨� �¤�±ä V ´ªÂ¨ �¤�¬ ßþ� ¤¢ .Àª�� B �þ�� �� üóøÀõ �CG , V À��î Âê 17.1 ÓþÂã�.¢¤�À÷ üÚµÆ� B ý�þ�� �� V ´ªÂ¨ . �(g) = tr[g℄B , (g 2 G) ý�Î��® �� � : G 7! C â���
´ªÂ¨ � Ý���ð ùø�ä �� .Àª�� ñøÀõ �CG ×þ ´ªÂ¨ � Âð� ´¨� G´ªÂ¨ � Ý���ð 18.1 ÓþÂã�Ûþ�½� ´ªÂ¨ � Ý���ð ß��»Þû ,Àª�� ÂþÁ��÷ Ûþ�½� ñøÀõ �CG ×þ ´ªÂ¨ � Âð� ´¨� G ÂþÁ��÷ Ûþ�½�.Àª�� ÂþÁ� Ûþ�½� ñøÀõ �CG ×þ ´ªÂ¨ � Âð� ´¨� G ÂþÁ�
� À��î Âê ø ,´¨� gl; :::; g1 ý�ûùÀ�þ�Þ÷ �� ü¹þø�� ù¢¤ l ý�¤�¢ �fÖ�ì¢ G À��î Âê 6.1 ��Ìì:�¤�¬ ßþ� ¤¢ .À�ª�� G´ªÂ¨  øh�; i = h ; �i = 1jGjPg2G �(g) (g�1) (1)h�; i =Pli=1 �(gi) (gi)jCG(gi)j (2)� .¢�ª á��¤ ℄11[ ¥� 5.14 ý��Ìì �� :��±��: �¤�¬ßþ� ¤¢ .Àª�� m ý�±�Âõ �� g 2 G ø V ñøÀõ-CG ´ªÂ¨ � À��î Âê 5.1 Ýó.�(1) = dimV (1. ´¨� À��ø ��-m ý�û�Èþ¤ ¥� ý¢�Àã� á�Þ¹õ �(g) (2.�(g�1) = �(g) (3.´¨� üÖ�Ö� ý¢Àä �(g) ù�ðö� ,À�ª�� �ø¢�õ g�1 ø g Âð� (4



10 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõ� .¢�ª á��¤ ℄11[ ¥� 9.13 ýù¤��ð �� :��±���� ���� �� .´¨� G ü¹þø�� ý�ûù¢¤ ¢�Àã� ýø�Æõ G ÂþÁ��÷ Ûþ�½� ý�û´ªÂ¨ ¢�Àã� 7.1 ��Ììö�Øõ� À� �� �¤ ´ªÂ¨ üÜ¡�¢ �ÂÌÜ¬�� ö���üõ ,´¨� ´��� ü¹þø�� ýù¢¤ Âû ýø¤ ´ªÂ¨ ¤�ÀÖõ �Ø�þ�.¢Âî ù¢�¨� .¢�ª á��¤ ℄11[ ¥� 3.15 ý��Ìì �� :��±��ý�ûù¢¤ ý�ûùÀ�þ�Þ÷ gk; :::; g1 ø G ÂþÁ��÷Ûþ�½� ý�û´ªÂ¨ �k; :::; �1 À��î Âê 8.1 ��Ìì:´¨� ¤�ÂìÂ� r; s 2 f1; :::; kg Âû ý�¥��� Âþ¥ Í��ø ¤ �¤�¬ ßþ� ¤¢ .À�ª�� G ü¹þø��:ýÂÎ¨ Àõ�ã� Í��ø ¤ (1)kXi=1 �r(gi)�s(gi)jCG(gi)j = Ærs :ü÷�µ¨ Àõ�ã� Í��ø ¤ (2)kXi=1�i(gr)�i(gs) = ÆrsjCG(gr)j
ö�ÆØþ �ø¢�õ ýù¢¤ Âû ýø¤ ´ªÂ¨ Â�� ø jgGi j = jGjjCg(gi)j , G = Ski=1 gGi �î Ý�÷�¢ üõ (1) :��±��.´¨�h�r; �si = Ærs = 1jGjPg2G �r(g)�s(g) = 1jGj(Px2gG1 �r(x)�s(x) + ::: +Px2gGk �r(x)�s(x)) =1jGj(jgG1 j�r(g1)�s(g1)+:::+jgGk j�r(gk)�s(gk)) = �r(g1)�s(g1)jCG(g1)j +:::+�r(gk)�s(gk)jCG(gk)j =Pki=1 �r(gi)�s(gi)jCG(gi)j�� �¤  s : G �! C (1) â��� .À�ª�� gi ý�ûùÀ�þ�Þ÷ � � G ¥� ü¹þø�� ý�ûù¢¤ Ci Ý��î Âê (2):Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�î �¹ ÷� ¥� .´¨� ý�ù¢¤ â �� � ×þ  s �î ´¨� üú þÀ � .  s(g) = 0 g =2 Cs ø  s(g) = 1 g 2 CsüêÂÏ ¥� .  s = �1�1 + :::+ �k�k �î À÷¢���õ C ¤¢ �k; :::; �1 ý�ûÂó�Ø¨� ,C = h�1; :::; �ki



11 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõ�i = h s; �ii = 1jGjPg2G  s(g)�i(g) = 1jGjPg2C1  s(g)�i(g) + :::+ 1jGjPg2Cs  s(g)�i(g)+ :::+ 1jGjPg2Ck  s(g)�i(g) = 1jGjPg2Cs  s(g)�i(g) = 1jGj�i(g)jCsj = �i(g)jCg(g)j = �i(gs)jCg(gs)j = kXi=1�i�i = kXi=1 �i(gs)jCg(gs)j�iÆrs =  s(gr) = kXi=1 �i(gs)jCg(gs)j�i(gr) = 1jC(gs)j kXi=1�i(gr)�i(gs)� :À÷¤�ÂìÂ� Âþ¥ Í��ø ¤ �¤�¬ ßþ� ¤¢ .i2 = �1 �î ý¤�Ï �� ,! = e�in À��î Âê 6.1 Ýó. P2n�1j=1 !j = �1 (1.Pn�1j=1 !lj = �1 ù�ðö� ,Àª�� �ø¥ l Âð� (2.Pn�1j=1 !lj + !�lj = 0 ù�ðö� ,Àª�� ¢Âê l Âð� (3P2n�1j=1 !j = ! + !2 + :::+ !2n�1 = !1�!2n�11�! = !�11�! = �1 :1 ö�ûÂ� :��±��Pn�1j=1 !lj = !l + !2l + :::+ !(n�1)l = !l 1�!(n�1)l1�!l = !l�11�!l = �1 :2 ö�ûÂ�Pn�1j=1 !lj+!�lj = !l+!2l+ :::+!(n�1)l+!�l+!�2l+ :::+!�(n�1)l=!l 1�!(n�1)l1�!l + :3 ö�ûÂ�� !�l 1�!�(n�1)l1�!�l = !l+11�!l + !�l+11�!�l = 0G �H Â þÁ �� ÷Û þ�½� ´ªÂ¨ À� � î Âê ß� �»Þû .À�ª� � ùøÂð ø¢ H ø G À� � î Âê 7.1 Ýó¤�ÀÖõ ù�ðö� .À�µÆû H ø G ÂþÁ��÷Ûþ�½� ý�û´ªÂ¨ °��Â� ��  ø � ö�¤¢ �î Àª�� ��  �¤�¬��:¢�ªüõ �±¨�½õ Âþ¥ �¤�¬ �� h 2 H ø g 2 G Âû ý�Â� ��  (��  )(g; h) = �(g) (h)
� .¢�ª á��¤ ℄11[ ¥� 18.19 ý��Ìì �� :��±��



12 ..... ¤£� ý¤�÷� ÂÔ¬ ................ é�Âð ý�þÂÑ÷ ø Çþ�Þ÷ ý�þÂÑ÷ ,�úûøÂð ý�þÂÑ÷ Â� ý��õÀÖõ;i; j 2 f1; : : : ; rg Âû ý�Â� �îý¤�Ï �� ,Cni = haii ø G = Cn1 � : : : � Cnr À��î Âê 8.1 Ýó:�¤�¬ �� G ÂþÁ��÷Ûþ�½� ý�û´ªÂ¨ �¤�¬ ßþ� ¤¢ ,!t = e2�int Âð� .(ni; nj) 6= 1�l1:::lr(ak11 ; : : : ; akrr ) = !l1k11 !l2k22 : : : !lrkrr.i = 1;2; : : : ; r ø li = 0;1; : : : ; ni � 1 �îý¤�Ï��� .¢�ª á��¤ ℄11[ ¥� Ýû¢¥�÷ ÛÊê �� :��±��ý�û´ªÂ¨ �¤�¬ ßþ� ¤¢ .Àª�� a Í¨�� ùÀª À�ó�� üû��µõ ý¤ø¢ ùøÂð Cn À��î Âê 9.1 Ýó.! = e2�in ø j; k = 0;1; :::; n� 1 �î ý¤�Ï�� ,À�ª��üõ �j : ak 7! !jk �¤�¬ �� ,Cn ÂþÁ��÷Ûþ�½�� .¢�ª á��¤ ℄11[ ¥� 9.9 ñ�·õ �� :��±��
é�Âð 4-1

¥� �ä�Þ¹õ ×þ ø §��¤ ��÷ �� üú��÷ ý�ä�Þ¹õ ×þ ¥� ´¨� ùÀª Û�ØÈ� é�Âð ×þ 19.1 ÓþÂã�é�Âð ¤¢ .À�û¢üõ ö�È÷ � éÂ� �� �¤ é�Âð ×þ �f �Þãõ .´¨�ûñ�þ ��÷ �� §��¤ ¥� °��Â� öøÀ� ý�û�ø¥.Àª��üõ �ûñ�þ ý�ä�Þ¹õ , E ¥� ¤�Ñ�õ ø §��¤ ý�ä�Þ¹õ V ¥� ¤�Ñ�õ , � = (V:E)
,vj �� vi ¥� ` ñ�Ï �� ù�¤ ×þ .À�ª�� ö� §�b¤ ø¢ vj ø vi ø é�Âð ×þ � À��î Âê 20.1 ÓþÂã�,1 � t � ` Âû ý�Â� �î üÞÆì�� ´¨� vi = u0 e1u1 e2u2 ::: elul = vj À�÷�õ � §��¤ ¥� üû��µõ ý��ó�±÷¢.´¨� ¥�¹õ �û§�b¤ ø �ûñ�þ ¤�ÂØ� ÓþÂã� ßþ� ¤¢ .À÷¤ø�¹õ ut ø ut�1 §��¤.Ý�û¢üõ ö�È÷ Pn �� �¤ ü¨�b¤ n Â�Æõ ×þ .Ý�õ�÷üõ Â�Æõ ×þ �¤ Àª�� �µª�À÷ ý¤�ÂØ� §�b¤ ø ñ�þ �î üû�¤


