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1 ÛÊê
�û¥��÷Ç��

â��� ×þ ý�Ü�¨�� ùÀª À�ó�� ¤�Ü�� ý��ÜÞ� À�� 1.1üã¨ ñ�� ,Àª� � ÕµÈõ ý�¤�¢ ( n � 1 ) n ý�±�Âõ � � x = � ý�ÎÖ÷ ¤¢ f â�� � À� �î Âêx = � ý�ÎÖ÷ ¤¢ �î ý¤�Ï �� Ý��î �À�� p À�÷�õ n ý��¤¢ ¥� Â·î�À� ý��ÜÞ� À�� ×þ Ý��îüõü�ãþ ,À÷�ª ¤�ÂìÂ� üµÆþ�� �î ´Æû ¯Âª (n + 1) ßþ�Â���� .Àª�� Â��Â� ö� ñø� ÕµÈõ n ø f ��:Àþ��p(�) = f(�) ; p0(�) = f 0(�) ; : : : ; p(n)(�) = f (n)(�) (1.1):�f ·õ , n ý��¤¢ ý��ÜÞ�À�� ×þ �Áóp(x) = 0 + 1(x� �) + 2(x� �)2 + � � �+ n(x� �)n (2.1)ù¢�Ôµ¨� (1:1) Íþ�Âª ¥� .Ý�û¢üõ ¤�Âì Çþ�õ¥� ¢¤�õ ( À÷�ª ß��ã� Àþ�� �î ) °þÂ® (n+1) �� �¤.¢Âî Ý�û��¡ ß�ãõ üó��µõ ¤�Ï �� �¤ °þ�Â® ßþ� ø ù¢Âî�� ø p(�) = 0 Ýþ¤ø�üõ ´¨¢ �� ø ù¢�¢ ¤�Âì p(x) ý��ÜÞ� À�� ¤¢ �¤ x = � ¤�ÀÖõ �Àµ��(2:1) ýø�Æ� ß�êÂÏ ¥� ñ�� . 0 = f(�) :´ª�¢ Ý�û��¡ Å� p(�) = f(�) Àþ�� �Ø÷� �� ����1



2 �û¥��÷Ç�� .ñø� ÛÊê�� ø p0(�) = 1 : ¢¤ø� Ý�û��¡ ´¨¢ �� ,ù¢�¢ ¤�Âì �¹�µ÷ ¤¢ �¤ x = � ¤�ÀÖõ �f¢À¹õ ø �µêÂð ÕµÈõÕµÈõ (2:1) ýø�Æ� ¥� ¤�� ø¢ Âð� �õ� .1 = f 0(�) :´ª�¢ Ý�û��¡ p0(�) = f 0(�) ¯Âª �� ������ ø ùÀ�¨¤ p(2)(�) = 22 ýø�Æ��� Ý�û¢ ¤�Âì ùÀõ� ´¨¢ �� ý�¹�µ÷ ¤¢ �¤ x = � ¤�ÀÖõ ø �µêÂð(2:1) ýø�Æ� ¥� ¤�� k Âð� üÜî ¤�Ï �� .2 = f (2)(�)=2 :´ª�¢ Ý�û��¡ (1:1) Íþ�Âª �� ������ �î Ý���þüõ ´¨¢ p(k)(�) = k!k ýø�Æ� �� Ý�û¢ ¤�Âì ö� ¤¢ �¤ x = � ¤�ÀÖõ ø �µêÂð ÕµÈõ:À�¨¤ Ý�û��¡ Âþ¥ üÜî ¤�µ¨¢ �� p(k)(�) = f (k)(�) ¯Âª �� ����k = f (k)(�)k! k = 0;1; : : : ; n (3.1).ÝþÂ�ðüõ f(�) ü�ãõ �� �¤ f (0)(�) , k = 0 üµìø ö� ¤¢ �î�µª�¢ ¢��ø n ý��¤¢ ¥� Â·î�À� ý��ÜÞ� À�� ×þ ù�ðÂû �î À�îüõ ´��� Àª �µÔð �»÷�ÅØäÂ� ø À�þ�üõ ´¨¢�� (3:1) ¥� �fõ��ó� ö� °þ�Â® ù�Ú÷� À�î ëÀ¬ (1:1) Íþ�Âª ¤¢ �î Àª��ö���üõ ü÷�¨� �� �¤ ßþ� ) À�îüõ ëÀ¬ (1:1) Íþ�Âª ¤¢ (3:1) °þ�Â® �� ý��ÜÞ� À�� ×þ.´¨� Âþ¥ ý��Ìì ��±�� ùÀª ö��� °ó�Îõ ,�Áó .( ¢Âî Õ�Ö½��µª�¢ ÕµÈõ n ý�±�Âõ �� x = � ý�ÎÖ÷ ¤¢ �î Àª�� üã��� f �î À��î Âê . 1.1 ��Ìì¤¢ �î ¢¤�¢ ¢��ø n Â·î�À� ý��¤¢ ¥� p À�÷�õ ý��ÜÞ� À�� ×þ ÍÖê ø ×þ �¤�¬ ßþ� ¤¢ .Àª��¯Âª (n+ 1)p(�) = f(�) ; p0(�) = f 0(�) ; : : : ; p(n)(�) = f (n)(�):´¨� Âþ¥ �¤�¬ �� ý��ÜÞ� À�� ßþ� ø À�î ëÀ¬p(x) = nXk=0 f (k)(�)k! (x� �)k (4.1).f (n)(�) 6= 0 Âð� �ú�� ø Âð� ´¨� n ýø�Æõ p ý��¤¢ �î ´¨� ¼®�ø



3 �û¥��÷Ç�� .ñø� ÛÊê×þ ,(1685 � 1731)1¤�Ü�� íøÂ� ,üÆ�ÜÚ÷� ö�À�®�þ¤ ¤�¿µê� �� �¤ (4:1) ý��ÜÞ� À��.Ý�û¢üõ ö�È÷ fn(x) ¢�Þ÷ �� �¤ p(x) ý��ÜÞ� À�� .À�õ�÷üõ ¤�Ü�� ý��ÜÞ� À��ý��ÜÞ� À�� ö���üõ �È�Þû Àª�� �µª�¢ ÕµÈõ n ý�±�Âõ �� x = � ý�ÎÖ÷ ¤¢ f â��� Âð� Å��¤�¬ �� x = � ý�ÎÖ÷ ¤¢ �¤ ö� fn(x) ¤�Ü��fn(x) = nXk=0 f (k)(�)k! (x� �)k; .¢�¢ Û�ØÈ�
ùÀ÷�Þ�ì�� �� ¤�Ü�� ¤�µ¨¢ 2.1�þ�Ìì ø Óþ¤�ã� 1.2.1¤¢ ö� ¤�Ü�� ý��ÜÞ� À�� ý�Ü�¨ø �� f â��� °þÂÖ� ¤¢ �î Ý��îüõ ¶½� ü��Î¡ ¢¤�õ ¤¢ ö��î�:Ýþ¤�¢ ø ù¢�¢ ö�È÷ En(x) �� �¤ �Î¡ ßþ� .¢�ªüõ ¢�¹þ� ,( fn(x) ü�ãþ ) � ý�ÎÖ÷En(x) = f(x)� fn(x):Ý�Æþ��� Ý�÷���üõ ,Àª�� n ý�±�Âõ �� ÕµÈõ ý�¤�¢ x = � ý�ÎÖ÷ ¤¢ f â��� Âð� �Áóf(x) = nXk=0 f (k)(�)k! (x� �)k + En(x) (5.1)ýù¥�À÷� ö��µ� �î ´¨� À�Ôõ ü÷�õ¥ ¤�µ¨¢ ßþ� .À�þ�ð ùÀ÷�Þ�ì�� �� ¤�Ü�� ¤�µ¨¢ �¤ (5:1) ýø�Æ�ß�Þ¿� �¤ ñ�ÂÚµ÷� ýù¥�À÷� Àã� ø ù¢Âî ö��� ñ�ÂÚµ÷� ×þ �¤�¬ �� �¤ �Î¡ �õ .¢¥ ß�Þ¿� �¤ En(x)�¤ üÎ¡ °þÂÖ� ×þ ¥� Û¬�� ý�Î¡ �Àµ�� ¢�ª ßªø¤ ¤�î üÜ¬� ¯�Î¡ �Ø÷� ý�Â� .Ý�÷¥üõ.Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õBrook Taylor1



4 �û¥��÷Ç�� .ñø� ÛÊê.Àª�� �µª�¢ �µ¨��� ý��ãÎì �ø¢ ÕµÈõ � üÚþ�ÆÞû ×þ ¤¢ f â��� �î À��î Âê . 2.1 ��Ìì:Ýþ¤�¢ üÚþ�ÆÞû ßþ� ¤¢ x Âû ý�¥� �� �¤�¬ ßþ� ¤¢f(x) = f(�) + f 0(�)(x� �) + E1(x) ö� ¤¢ �îE1(x) = Z x� (x� t)f 00(t)dt:
:Ýþ¤�¢ �Î¡ ÓþÂã� Õ±Ï .��±��E1(x) = f(x)� f1(x)= f(x)� f(�)� f 0(�)(x� �)= Z x� f 0(t)dt� f 0(�) Z x� dt= Z x� [f 0(t)� f 0(�)℄dt Âê ��u = f 0(t)� f 0(�) ; v = t� x :´ª�¢ Ý�û��¡du = f 00(t)dt ; dv = dt :´ª�÷ ö���üõ �Áó øE1(x) = Z x� [f 0(t)� f 0(�)℄dt = Z x� udv:¢¤ø� Ý�û��¡ ´¨¢�� Ǒ�� �� Ǒ�� ýÂ�ð ñ�ÂÚµ÷� ¤�µ¨¢ ¥� ù¢�Ôµ¨� �� øE1(x) = Z x� udv



5 �û¥��÷Ç�� .ñø� ÛÊê= uv℄x� � Z x� vdu= (f 0(t)� f 0(�))(t� x)℄x� � Z x� (t� x)f 00(t)dt= 0� Z x� (t� x)f 00(t)dt= Z x� (x� t)f 00(t)dt2 .´¨� Ûõ�î ��Ìì ��±�� �Áó ø�¤�¬�� ,fn(x) ý��ÜÞ� À�� ý�Ü�¨ø �� f â��� °þÂÖ� ý�Î¡ ý�Â� �¤ ÂÒ��µõ ý�¹�µ÷ ñ��.Ýþ¤�¢üõ ö��� Âþ¥ ý��Ìì�µª�¢ �µ¨��� ý��ãÎì (n + 1) ý�±�Âõ ÕµÈõ � Ûõ�ª ý�ù¥�� ¤¢ f â��� �î Âê . 3.1 ��Ìì¤�Ü�� ¤�µ¨¢ ,ù¥�� ßþ� �� ÕÜãµõ x Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .Àª��f(x) = nXk=0 f (k)(�)k! (x� �)k + En(x) ö� ¤¢ �î Ýþ¤�¢ �¤En(x) = 1n! Z x� (x� t)nf (n+1)(t)dt:
´¨¤¢ n = 1 ý�Â� ÝØ� �î ÝþÀþ¢ 2:1 ý��Ìì ¤¢ .Ý��îüõ ´��� �ÂÖµ¨� �� �¤ ��Ìì .��±��Âê ) Àª�� ´¨¤¢ ��÷ n ý�¥� �� ÝØ� �î Ý��îüõÂê ,´¨� ¤�ÂìÂ� �ÂÖµ¨� ý�þ�� �Áó ø ù¢��.´¨� ´¨¤¢ ÝØ� ��÷ (n + 1) ý�Â� �î Ý�û¢üõ ö�È÷ ñ�� ( �ÂÖµ¨�:´ª�¢ Ý�û��¡ .Ý��î üõ Ýî Ýû ¥� ø �µª�÷ (n + 1) ø n ý�Â� �¤ (5:1) ¤�Ü�� ¤�µ¨¢f(x)� f(x) = n+1Xk=0 f (k)(�)k! (x� �)k + En+1(x)� nXk=0 f (k)(�)k! (x� �)k � En(x)

0 = f (n+1)(�)(n+ 1)! (x� �)(n+1) + En+1(x)� En(x)



6 �û¥��÷Ç�� .ñø� ÛÊê
En+1(x) = En(x)� f (n+1)(�)(n+ 1)! (x� �)(n+1)::Ýþ¤�¢ En(x) �� ¯��Âõ ñ�ÂÚµ÷� ø �ÂÖµ¨� Âê ¥� ù¢�Ôµ¨� ��En+1(x) = 1n! Z x� (x� t)nf (n+1)(t)dt� f (n+1)(�)(n+ 1)! (x� �)(n+1) (6.1)Âþ¥ ýø�Æ� �� ������(x� �)n+1n+ 1 = Z x� (x� t)ndt; (7.1)

:Ýþ¤ø�üõ ´¨¢�� (6:1) ¤¢ ö� ý¤�ÁÚþ�� øEn+1(x) = 1n! Z x� (x� t)nf (n+1)(t)dt� f (n+1)(�)n! Z x� (x� t)ndt= 1n! Z x� (x� t)n[f (n+1)(t)� f (n+1)(�)℄dt: Âê �� ñ��u = f (n+1)(t)� f (n+1)(�) ; v = (x� t)(n+1)=(n+ 1); :´ª�¢ Ý�û��¡du = f (n+2)(t)dt ; dv = (x� t)ndt; :�Áó øEn+1(x) = 1n! Z x� udv;u = 0 :Ýþ¤�¢ t = � ¤¢ �î °ÜÎõ ßþ� �� ���� �� ø Ǒ�� �� Ǒ�� ýÂ�ð ñ�ÂÚµ÷� ¤�µ¨¢ ¥� ù¢�Ôµ¨� ��:Ý�¨¤üõ Âþ¥ ý�¹�µ÷ �� ,´¨� v = 0 ,t = x ¤¢ øEn+1(x) = 1n! �uv℄x� � Z x� vdu�



7 �û¥��÷Ç�� .ñø� ÛÊê= �1n! Z x� vdu= 1(n+ 1)! Z x� (x� t)n+1f (n+2)(t)dt:2 .´¨� ¤�ÂìÂ� n � 1 Âû ý�Â� ��Ìì ÝØ� Å�
¤�Ü�� ¤�µ¨¢ ¤¢ �Î¡ ß�Þ¿� 2.2.1ý�±�Âõ ÕµÈõ ý�¤�¢ �î ´¨� üó�ÂÚµ ÷� �¤�¬ �� ¤�Ü � � ¤� µ¨¢ ¤¢ En(x) ý�Î¡ �î �¹÷� ¥�ýÂµÈ�� ��ä�Ï� �� ,¢¥ ß�Þ¿� �¤ En(x) ýù¥�À÷� ¢�È� �Ø÷� ¥� Û±ì �Áó ,´¨� f â��� ��(n + 1)��� ý�ûö�Âî Âð� ,Ý��îüõ ö��� Âþ¥ ý��Ìì ¤¢ �î �÷�ð ö�Þû .´ª�¢ Ý�û��¡ ¥��÷ f (n+1) ýù¤��¤¢�¤ Â�Ñ÷ ü��þ�� ø ��� ý�ûö�Âî ��÷ En(x) ý�Â� Ý�÷��� üõ ,Àª�� �µª�¢ ¢��ø f (n+1) ý�Â� ü��þ�� ø.Ý�����Âû ý�¥� �� ø ù¢�� ��(n+1) ý�±�Âõ ÕµÈõ ý�¤�¢ � Ûõ�ª ý�ù¥�� ¤¢ f â��� ù�ðÂû . 4.1 ��Ìì:Ý�ª�� �µª�¢ ù¥�� ßþ� �� ÕÜãµõ tm � f (n+1)(t) � M (8.1):´ª�¢ Ý�û��¡ En(x) ý�Â� �¤ Âþ¥ ý�ûß�Þ¿� ,¤�îÁõ ýù¥�� ¥� x Âû ý�¥� �� ù�Ú÷�:ù�Ú÷� x > � Âð�m(x� �)n+1=(n+ 1)! � En(x) �M(x� �)n+1=(n + 1)!:ù�Ú÷� x < � Âð� øm(�� x)n+1=(n+ 1)! � (�1)n+1En(x) �M(� � x)n+1=(n+ 1)!:



8 �û¥��÷Ç�� .ñø� ÛÊêýù¥�� ýø¤ En(x) �� ¯��Âõ ñ�ÂÚµ÷� �¤�¬ ßþ� ¤¢ . x > � �î Ý��î üõ Âê �Àµ�� .��±��¤¢ (x� t)n=n! �Â® �� Å� .(x� t)n � 0 :Ýþ¤�¢ ù¥�� ßþ� ¤¢ t Âû ý�¥� �� ø ¢�� Àû��¡ [�; x℄:´ª�¢ Ý�û��¡ (8:1) ý�ûýø�Æõ�÷ ß�êÂÏm(x� t)n=n! � (x� t)nf (n+1)(t)=n! �M(x � t)n=n!:Ýþ¤ø�üõ ´¨¢ �� x �� � ¥� ýÂ�ð ñ�ÂÚµ÷� �� ñ��mn! Z x� (x� t)ndt � 1n! Z x� (x� t)nf (n+1)(t)dt � Mn! Z x� (x� t)ndt (9.1):ü�ãþ ,(7:1) ýø�Æ� �� ���� �� ø(x� �)n+1n + 1 = Z x� (x� t)ndt:´ª�¢ Ý�û��¡ (9:1) ý�ûýø�Æõ�÷ ¤¢ ö� ý¤�ÁÚþ�� øm(n + 1)!(x� �)n+1 � En(x) � M(n+ 1)! (x� �)n+1.´¨� Ûõ�î ��±�� x > � ´ó�� ý�Â� Å�Àû��¡ �¤�¬ [x; �℄ ýù¥�� ýø¤ En(x) �� ¯��Âõ ýÂ�ð ñ�ÂÚµ÷� ,Àª�� x < � �»÷��� ñ��Å� .t � x :Ýþ¤�¢ ù¥�� ßþ� ¥� t Âû ý�¥��� .´êÂð(�1)n(x� t)n = (t� x)n � 0;:Ýþ¤�¢ (8:1) ý�ûýø�Æõ�÷ ß�êÂÏ ¤¢ (�1)n(x� t)n=n! üÔ�õ�÷ �¤�±ä �Â® �� ßþ�Â����(�1)n(x� t)nm=n! � (�1)n(x� t)nfn+1(t)=n! � (�1)n(x� t)nM=n!:´ª�¢ Ý�û��¡ � �� x ¥� ýÂ�ð ñ�ÂÚµ÷� �� ñ��(�1)nmn! Z �x (x� t)ndt � (�1)n Z �x (x� t)nn! f (n+1)(t)dt � (�1)nMn! Z �x (x� t)ndt(10.1)


