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1 ÛÊê
×þÂµõ �±ª ý�Ìê



�õÀÖõ 1-1� µ êÂ ð ¤�Â ì ü¨¤Â � ¢¤� õ ý¢� þ¥ ö� ÷�¢ ü®� þ¤ Í¨� � ×þÂ µ õ � ±ª ý�û�Ìê «��¡ø ℄23, 18[�û�Ìê ßþ� ¤¢ ´��� �ÎÖ÷ ý�þ�Ìì �ãó�Îõ �� ý¢�þ¥ ¢�Âê� ß��»Þû .℄5, 4[´¨�ßþ� ßþÂµÞúõ ¥� .℄7, 8, 6[À÷��µ¡�¢Â� ×þÂµõ �±ª ý�Ìê �� ×þÂµõ ý�Ìê ¥� �ú÷� â�¨��1974 ñ�¨ ¤¢ ℄11[1À�Üî� ¤�� þ� Í¨�� ¤� � ß� óø� �î ,À�Üî� ��Â�ç � Û¬� ¥� ö�� �üõ ¸þ�µ ÷Û�Æ÷�ÂÔþ¢ ø �À½õ ,�µ�ª²�ó â���� Û� ¤¢ ¤���� ßþÂµÞúõ ¥� Û¬� ßþ� .¢Â� ��÷ ,Àª ���¤�.℄24, 50, 62[Àª��üõý�ûÛÊê ¤¢ �î �¤ ü¨À�Þª¤� Â�è ×þÂµõ �±ª ý�û�Ìê «��¡ ¥� ü¡Â� ,�ø¢ Ç¿� ¤¢�±ª ý�û�Ìê Ý�û�Ôõ ¥� ü¡Â� ,ÛÊê ßþ� ��¨ Ç¿� ¤¢ .Ý��îüõ ý¤ø�¢�þ ,´¨� ¥��÷ ¢¤�õ Àã�¸þ�µ÷ ¥� ü¡Â� ö��� �� ,�¤�ú� Ç¿� ¤¢ .Ý��îüõ ö��� �¤ ´¨� ¥��÷ ¢¤�õ �õ�¢� ¤¢ �î ×þÂµõ×þ ý�û´ª�Ú÷ ¢�¡ ýø¤ üÎþ�Âª ,Ý¹�� Ç¿� ¤¢ ´þ�ú÷ ¤¢ .Ýþ¥�¢Â�üõ À�Üî� ��Â�ç� Û¬��¤ À�µÆû ´��� �ÎÖ÷ ´�¬�¡ ý�¤�¢ �û´ª�Ú÷ ¢�¡ ,Íþ�Âª ö� ´½� �î ×þÂµõ �±ª ý�Ìê.´¨� ùÀª �µêÂð ℄38[�ó�Öõ ¥� ÛÊê ßþ� °ó�Îõ .Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õü¨À�Þª¤� Â�è ×þÂµõ �±ª ý�û�Ìê 2-1.Ý��îüõ ¥�è� ü¨À�Þª¤� Â�è ×þÂµõ ý�Ìê ÓþÂã� �� �¤ Ç¿� ßþ�Âµõ ×þ �¤ d : X �X ! [0;1) .Àª�� üú��÷ �ä�Þ¹õ ×þ X Ý��î Âê :1.1 ÓþÂã�Ivar Ekeland 12



.À�î ëÀ¬ Âþ¥ «��¡ ¤¢ ù�ðÂû Ý�þ�ð ü¨À�Þª¤� Â�è;x = y Âð� �ú�� ø Âð� d(x; y) = 0 (Óó�);d(x; y) = d(y; x) (�).d(x; z) � maxfd(x; y); d(y; z)g (�).Ý�þ�ð ü¨À�Þª¤�Â�è ×þÂµõ ý�Ìê ×þ �¤ (X; d) ,´ó�� ßþ� ¤¢×þ �¤ d : X �X ! [0;1) â��� .Àª�� üú��÷ �ä�Þ¹õ ×þ X Ý��î Âê :2.1 ÓþÂã�.x; y; z 2 X Âû ý�¥� �� Âð� Ý�þ�ð ü¨À�Þª¤� Â�è Âµõ �±ª;x = y Âð� �ú�� ø Âð� d(x; y) = d(y; x) = 0 (Óó�).d(x; z) � maxfd(x; y); d(y; z)g (�).Ý�þ�ð ü¨À�Þª¤�Â�è ×þÂµõ �±ª ý�Ìê ×þ �¤ (X; d) ,´ó�� ßþ� ¤¢üÔ�õ�÷ â���� �¤�¬ ßþ� ¤¢ .Àª�� ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :3.1 ÓþÂã�.Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ X �X ýø¤ ds ø d�1d�1(x; y) = d(y; x) ø ds(x; y) = maxfd(x; y); d�1(x; y)g:.Ý��îüõ ö��� ü¨À�Þª¤� Â�è ý�ûÂµõ �±ª ¥� üþ�ûñ�·õ ,�õ�¢� ¤¢ßþ� ¤¢ .Àª� � ü¨À�Þª¤� Â �è ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :4.1 ñ�·õ,�Âþ¥ ;´¨� X ¤¢ ü¨À�Þª¤� Â�è Âµõ ×þ ds(x; y) �¤�¬d�1 ö�� .d�1(x; y) = 0 ø d(x; y) = 0 ßþ�Â��� � .ds(x; y) = 0 Ý��î Âê (Óó�)3



�Á ó .x = y Ý � � î Âê ,ÅØä Â � .x = y ,À �ª� �üõ ü¨À �Þª¤� Â � è Â µ õ � ±ª ø¢ d ø.ds(x; y) = 0 ßþ�Â���� .d�1(x; y) = d(x; y) = 0Ýþ¤�¢ x; y 2 X Âû ý�¥� �� (�)ds(x; y) = maxfd�1(y; x); d(y; x)g = ds(y; x):,À�µÆû ü¨À�Þª¤� Â�è Âµõ �±ª ø¢ d�1 ø d ö�� (�)d(x; z) � maxfd(x; y); d(y; z)g ød�1(x; z) � maxfd�1(x; y); d�1(y; z)g: ßþ�Â����maxfd(x; z); d�1(x; z)g � maxfd(x; y); d(y; z); d�1(x; y); d�1(y; z)g� maxfmaxfd(x; y); d�1(x; y)g;maxfd(y; z); d�1(y; z)gg= maxfds(x; y); ds(y; z)g: ßþ�Â����ds(x; z) � maxfds(x; y); ds(y; z)g: .´¨� ¤�ÂìÂ� ÝØ� Å�4



ßþ� ¤¢ .Àª� � ü¨À�Þª¤� Â �è ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :5.1 ñ�·õ,�Âþ¥ ;´¨� ü¨À�Þª¤� Â�è Âµõ �±ª ×þ d�1 �¤�¬ü¨À�Þª¤� Â �è Â µ õ � ±ª d ö�� .d(y; x) = 0Å� .d�1(x; y) = 0 Ý� � î Âê (Óó�)Å� .d(y; x) = 0 �¤�¬ ßþ� ¤¢ .x = y ,Ý��î Âê ,ÅØäÂ� .x = y Ýþ¤�¢ ,´¨�:d�1(x; y) = 0,´¨� ü¨À�Þª¤�Â�è Âµõ �±ª ×þ d ö�� (�)d(z; x) � maxfd(z; y); d(y; x)g: ßþ�Â����d�1(x; z) � maxfd�1(x; y); d�1(y; z)g:.´¨� ü¨À�Þª¤�Â�è Âµõ �±ª ×þ d�1 ßþ�Â����ßþ� ¤¢ .Àª� � ü¨À�Þª¤� Â �è ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :6.1 ÓþÂã��¤�¬.n!1 üµìø d(x; xn)! 0 Âð� Ý�þ�ð �ÂÚÞû x 2 X �� �¤ X ¤¢ (xn)n �ó�±÷¢ (Óó�)�� Àª�� �µª�¢ ¢��ø n0 2 N ¢Àä � > 0 Âû ý�¥� �� Âð� Ý�þ�ð üª�î �¤ (xn)n �ó�±÷¢ (�).d(xn; xm) < � Ý�ª�� �µª�¢ n � m � n0 Âû ý�¥� �� �î ý¤�Ï.Àª�� �ÂÚÞû ö� ¤¢ üª�î �ó�±÷¢ Âû Âð� Ý�þ�ð Ûõ�î �¤ (X; d) ý�Ìê (�).Àª�� Ûõ�î (X; ds) ý�Ìê Âð� Ý�þ�ð Ûõ�î ø¢�¤ (X; d) ý�Ìê (¢)
5



×þÂµõ �±ª ý�û�Ìê Ý�û�Ôõ 3-1.Ý��îüõ ý¤ø�¢�þ �¤ ×þÂµõ �±ª ý�Ìê ��úÔõ �Àµ�� ¤¢�±ª ×þ �¤ d : X �X ! R+ â��� .Àª�� üú��÷ �ä�Þ¹õ ×þ X Ý��î Âê :7.1 ÓþÂã�.À�ª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª x; y; z 2 X Âû ý�¥� �� ù�ðÂû Ý�þ�ð Âµõ;d(x; y) = d(y; x) = 0 Âð� �ú�� ø Âð� x = y (Óó�).d(x; z) � d(x; y) + d(y; z) (�)¤¢ .Àª�� X ¤¢ ý��ó�±÷¢ (xn)n ø ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :8.1 ÓþÂã��¤�¬ ßþ�.d(x; xn)! 0 Âð� Ý�þ�ð �ÂÚÞû�d ,x �� �¤ (xn)n �ó�±÷¢ (Óó�)Àª�� �µª�¢ ¢��ø n� 2 N ¢Àä � > 0 Âû ý�¥� �� Âð� Ý�þ�ð ²� üª�î �¤ (xn)n �ó�±÷¢ (�).d(xn; xm) < � Ý�ª�� �µª�¢ n� � n < m �î m;n 2 N Âû ý�¥� �� �î ý¤�Ï ��Àª�� �µª�¢ ¢��ø n� 2 N ¢Àä � > 0 Âû ý�¥� �� Âð� Ý�þ�ð ´¨�¤ üª�î �¤ (xn)n �ó�±÷¢ (�).d(xm; xn) < � Ý�ª�� �µª�¢ n� � n < m �î m;n 2 N Âû ý�¥� �� �îý¤�Ï ��.Àª�� ´¨�¤ üª�î Ýû ø ²� üª�î Ýû Âð� Ý�þ�ð üª�î �¤ (xn)n �ó�±÷¢ (¢)�ÂÚÞû�d ,²� üª�î �ó�±÷¢ Âû Âð� Ý�þ�ð ²� Ûõ�î�d �¤ (X; d) ×þÂµõ �±ª ý�Ìê (û).Àª���ÂÚÞû�d ,´¨�¤ üª�î �ó�±÷¢ Âû Âð� Ý�þ�ð ´¨�¤ Ûõ�î�d �¤ (X; d) ×þÂµõ �±ª ý�Ìê (ø).Àª��6



.Àª�� ´¨�¤ Ûõ�î Ýû ø ²� Ûõ�î Ýû Âð� Ý�þ�ð Ûõ�î �¤ (X; d) ×þÂµõ �±ª ý�Ìê (ý).Àª�� (X; d) ×þÂµõ �±ª ý�Ìê ¥� ý��ä�Þ¹õ Âþ¥ E Ý��î Âê :9.1 ÓþÂã��îý¤�Ï �� Àª�� ¢���õ E ¤¢ (xn)n �ó�±÷¢ Âð� Ý�þ�ð E ýÀ� �ÎÖ÷ ×þ �¤ x 2 X (Óó�)d(x; xn)! 0:.¢�ª Ûõ�ª �¤ ©�ýÀ� ¯�Ö÷ Âð� Ý�þ�ð �µÆ� �ä�Þ¹õ ×þ �¤ E (�)x; y 2 E Âû ý�¥� �� �îý¤�Ï �� Àª�� �µª�¢ ¢��ø M > 0 ¢Àä Âð� Ý�þ�ð ¤�À÷�Âî �¤ E (�).d(x; y) �M Ý�ª�� �µª�¢.Àª�� �ÂÚÞû �ó�±÷¢ Âþ¥ ×þ ý�¤�¢ E ¤¢ ¤�À÷�Âî �ó�±÷¢ Âû Âð� Ý�þ�ð ù¢ÂÈê �¤ E (¢)x 6= y �î x; y 2 X Âû ý�¥� �� Âð� Ý�þ�ð Âµõ �±ª�T1 ×þ �¤ d Âµõ �±ª :10.1 ÓþÂã�.d(x; y) > 0 Ý�ª�� �µª�¢�¤ f : X ! R [ f1g â��� .Àª�� ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :11.1 ÓþÂã�Ý�ª�� �µª�¢ x 2 X �� �ÂÚÞû�d �ó�±÷¢ Âû ý�¥� �� ù�ðÂû Ý�þ�ð ü��þ�� �µ¨��� Ý�÷�df(x) � lim inf f(x):â�� � ×þ  : X ! R ø ×þÂµõ �±ª�T1 ý�Ìê ×þ (X; d) Ý��î Âê :12.1 ù¤��ð.Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ X ýø¤ \ � " �Î��¤ .Àª��d(x; y) �  (y) �  (x) Âð� �ú�� ø Âð� x � y:X ýø¤ ü��þ�� �µ¨��� Ý�÷�d ø ¤�À÷�Âî ß�þ�� ¥�  â��� ø ´¨�¤ Ûõ�î�d ý�Ìê ×þ XÂð�.´¨� ñ�Þ���õ �Ìä ý�¤�¢ X ù�Ú÷� ,Àª��7



2 .À��î �ã��Âõ ℄9[ �� ��±�� ý�Â� .��±���¤ f : X ! R [ f1g â��� .Àª�� ×þÂµõ �±ª ý�Ìê ×þ (X; d) Ý��î Âê :13.1 ÓþÂã�.fx 2 X : f(x) <1g 6= ; Âð� ,Ý�þ�ð Ë½õø ×þÂµõ �±ª�T1 ý�Ìê ×þ (X; d) Ý��î Âê (À�Üî� ��Â�ç � Û¬�) :14.1 ��ÌìÝ� � î Âê � > 0 Âû ý�Â � .Àª� � ¤�À ÷�Â î ß� þ� � ¥� Ë½õ â�� � ×þ f : X ! R [ f1g�îü¤�Ï�� Àª�� ýÂÊ�ä x� 2 Xf(x�) � inf f(X) + �:.À÷¤�ÂìÂ� Âþ¥ ý�ûù¤��ð �¤�¬ ßþ� ¤¢Âû ý�Â� ù�Ú÷� ,Àª�� ü��þ�� �µ¨��� Ý�÷�d ,f â��� ø ´¨�¤ Ûõ�î�d ý�Ìê ×þ X Âð� (Óó�)�îý¤�Ï �� ¢¤�¢ ¢��ø z = z�;� 2 X ÂÊ�ä � > 0;f(z) + ��d(z; x�) � f(x�) (1);d(z; x�) � � (2).f(z) < f(x) + ��d(x; z) ,x 2 X n z Âû ý�¥� �� (3)ý�Â� ù�Ú÷� ,Àª�� ü��þ�� �µ¨��� Ý�÷�d�1 ,f â��� ø ´¨�¤ Ûõ�î�d�1 ý�Ìê ×þ X Âð� (�)�îý¤�Ï �� ¢¤�¢ ¢��ø z = z�;� 2 X ÂÊ�ä � > 0 Âû;f(z) + ��d(x�; z) � f(x�) (10);d(x�; z) � � (20).f(z) < f(x) + ��d(z; x) ,x 2 X n z Âû ý�¥� �� (30)8



2 .À��î �ã��Âõ ℄9[ �� ��±�� ý�Â� :��±��� ±ª�T1 ý�Ìê ×þ (X; d) Ý� � î Âê (À � Ü î� ��Â � ç � Ó�ã® Û¬�) :15.1 ��ÌìÂþ¥ ý�ûù¤��ð �¤�¬ ßþ� ¤¢ .Àª�� ¤�À÷�Âî ß�þ�� ¥� â��� ×þ f : X ! R [ f1g ø ×þÂµõ.À÷¤�ÂìÂ�Âû ý�Â� ù�Ú÷� ,Àª�� ü��þ�� �µ¨��� Ý�÷�d ,f â��� ø ´¨�¤ Ûõ�î�d ý�Ìê ×þ X Âð� (Óó�)�îý¤�Ï �� y� 2 X ¢¤�¢ ¢��ø ÂÊ�ä � > 0;f(y�) � inf f(X) + � (1).f(y�) < f(x) + �d(x; y�) ,x 2 X n y� Âû ý�¥� �� (2)ý�Â� ù�Ú÷� ,Àª�� ü��þ�� �µ¨��� Ý�÷�d�1 ,f â��� ø ´¨�¤ Ûõ�î�d�1 ý�Ìê ×þ X Âð� (�)�îüÞÆì �� ¢¤�¢ ¢��ø y� 2 X ÂÊ�ä � > 0 Âû;f(y�) � inf f(X) + � (10).f(y�) < f(x) + �d(y�; x) ,x 2 X n y� Âû ý�¥� �� (20)2 .À��î �ã��Âõ ℄9[ �� ��±�� ý�Â� :��±��Âû ý�¥� �� �î Àª�� üã��� Q : R+ ! R+ ø R+ = fx 2 R : x � 0g Ý��îüõÂê ,�õ�¢� ¤¢.À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ s 2 R+;limn!1Qn(s) = 0 (Óó�).lims!1(s�Q(s)) =1 (�)9



×þ �¤ f : X ! X â�� � .Àª� � ×þÂ µ õ � ±ª ý�Ìê ×þ X Ý� � î Âê :16.1 ÓþÂã�Âû ý�Â � �îý¤�Ï � � À �ª� � � µª�¢ ¢��ø p; q 2 N ¢�Àä� Âð� Ý � þ� ð � µ ê� þ Ý �Þã � �±Ö ÷�.Àª�� ¤�ÂìÂ� Âþ¥ �Î��¤ x; y 2 Xd(fpx; f qy) � Q(M(x; y)); ö� ¤¢ �îM(x; y) = maxfd(f ix; f jy); d(f ix; f i0x);d(f jy; f j0y) : 0 � i; i0 � p;0 � j; j0 � qg:ý�¥� �� �î Àª�� üÔ�õ�÷ �ó�±÷¢ ×þ (an)n1 Âð� .t 2 R+ ø p 2 N Ý��î Âê :17.1 ÝóÀ�î ëÀ¬ Âþ¥ ýø�Æõ�÷ ¤¢ n 2 Z+ Âûan+p � Q(maxft; an+i : 0 � i � p� 1g);.lim supn!1 an � Q(t) ù�Ú÷�2 .À��î �ã��Âõ ℄22[ �� ��±�� ý�Â� :��±��.Àª�� (X; d) ×þÂµõ �±ª ý�Ìê ýø¤ �µê�þ Ý�Þã� �±Ö÷� ×þ T Ý��î Âê :18.1 Ýó.À�µÆû üª�î (T ny)n ø (T nx)n ý�û�ó�±÷¢ ,x; y 2 X Âû ý�Â� �¤�¬ ßþ� ¤¢2 .À��î �ã��Âõ ℄22[ �� ��±�� ý�Â� :��±��À�Üî� ��Â�ç� Û¬� ¸þ�µ÷ ¥� ü¡Â� 4-1.Ý��îüõ ¥�è� Âþ¥ ��Ìì �� �¤ Ç¿� ßþ�10



�±ª�T1 ý�Ìê ×þ (X; d) Ý��î Âê (3íÂî-2üµÆþ¤�î ´��� �ÎÖ÷) :19.1 ��Ìì.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ' : X ! R â��� ø f : X ! X ´ª�Ú÷ .Àª�� ×þÂµõÀª�� ü��þ�� �µ¨��� Ý�÷�d ø ¤�À÷�Âî ß�þ�� ¥� ' â��� ,´¨�¤ Ûõ�î�d ý�Ìê ×þ X Âð� (Óó�)À�î ëÀ¬ Âþ¥ ¯Âª ¤¢ x 2 X Âû ý�¥� �� f ´ª�Ú÷ ød(f(x); x) � �(x)� �(f(x)); (1-1).´¨� X ¤¢ ´��� �ÎÖ÷ ×þ ý�¤�¢ f â��� ù�Ú÷�Àª�� ü��þ�� �µ¨��� Ý�÷�d ø ¤À÷�Âî ß�þ�� ¥� ' â��� ,´¨�¤ Ûõ�î�d�1 ý�Ìê ×þ X Âð� (�)À�î ëÀ¬ Âþ¥ ¯Âª ¤¢ x 2 X Âû ý�¥� �� f ´ª�Ú÷ ød(x; f(x)) � �(x)� �(f(x));.´¨� X ¤¢ ´��� �ÎÖ÷ ×þ ý�¤�¢ f â��� ù�Ú÷�.Ý��îüõ ÓþÂã� u; v 2 X Âû ý�¥� �� X ýø¤ �¤ Âþ¥ �Î��¤ (Óó�) :��±��d(u; v) � �(v)� �(u) Âð� �ú�� ø Âð� u � v:���� �� f â��� ñ�� .f(x) � x Ýþ¤�¢ x 2 X Âû ý�¥� �� (1-1) �Î��¤ �� ���� �� ßþ�Â�����Î��¤ �� ��� Å� .¢¤�¢ (X;�) �ä�Þ¹õ �� ÕÜãµõ z À�÷�õ ñ�Þ���õ �Ìä ×þ 12.1 ù¤��ð ��×þ ý�¤�¢ f â��� Å� .f(z) = z Ýþ¤�¢ z ö¢�� ñ�Þ���õ �� ���� �� .f(z) � z Ýþ¤�¢ (1-1).´¨� ´��� �ÎÖ÷.À�ª��üõ ¥¤�Ýû ,Ýû �� Âþ¥ �Î��¤ ø¢ �î Ý��î ���� ´¨� üê�î ,(�) ´ÞÆì ��±�� ý�Â� (�)d�1(f(x); x) � '(x)� '(f(x)) ø d(x; f(x)) � '(x)� '(f(x)):Caristi 2Kirk 311



2 .´¨� ´��� �ÎÖ÷ ×þ ý�¤�¢ f â��� Û±ì ´ÞÆì Õ±Ï ßþ�Â����.Ý�û¢üõ ö�È÷ P (X) ¢�Þ÷ �� �¤ X ý�û�ä�Þ¹õ Âþ¥ ��Þ� �þ�¢Âðý�Â� ´��� �ÎÖ÷ ×þ �¤ x0 2 X ÂÊ�ä .Àª�� �ä�Þ¹õ ×þ X Ý��î Âê :20.1 ÓþÂã�:F (x0) = fx0g ù�ðÂû Ý�þ�ð F : X ! P (X) ý¤�ÀÖõ À�� â���×þ F : X ! P (X) ,×þÂµõ �±ª�T1 ý�Ìê ×þ (X; d) Ý��î Âê :21.1 ��ÌìÝ��î Âê ß��»Þû .F (x) 6= ; ,x 2 X Âû ý�¥� �� �îüÞÆì �� Àª�� ý¤�ÀÖõ À�� ´ª�Ú÷.À÷¤�ÂìÂ� Âþ¥ ý�ûù¤��ð �¤�¬ ßþ� ¤¢ .Àª�� â��� ×þ ' : X ! Rø Àª�� ü��þ�� �µ¨��� Ý�÷�d ø ¤�À÷�Âî ß�þ�� ¥� ' ,´¨�¤ Ûõ�î�d ý�Ìê ×þ X Âð� (Óó�)¯Âª ¤¢ y 2 F (x) ø x 2 X Âû ý�¥� �� F ´ª�Ú÷d(y; x) � '(x)� '(y) (2-1).¢¤�¢ X ¤¢ ´��� �ÎÖ÷ ×þ f ù�Ú÷� ,À�î ëÀ¬Àª�� ü��þ�� �µ¨��� Ý�÷�d�1 ø ¤�À÷�Âî ß�þ�� ¥� ' ,´¨�¤ Ûõ�î�d�1 ý�Ìê ×þ X Âð� (�)¯Âª ¤¢ y 2 F (x) ø x 2 X Âû ý�¥� �� F ´ª�Ú÷ ød(x; y) � '(x)� '(y).¢¤�¢ X ¤¢ ´��� �ÎÖ÷ ×þ f ù�Ú÷� ,À�î ëÀ¬x0 2 X �Ìä �¤�¬ ßþ� ¤¢ .� = � = 1 Ý�û¢üõ ¤�Âì À�Üî� ��Â�ç� Û¬� ¤¢ (Óó�) :��±��,y 2 X n fx0g Âû ý�¥� �� �î ý¤�Ï�� ¢¤�¢ ¢��ø'(x0) < '(y) + d(y; x0):12


