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1 ÛÊê
��óø� Ý�û�Ôõ ø Óþ¤�ã�

�� ¥��÷ üã��� ´�û�õ �� ý�ûù¢�¢ À�ó�� ø ü��ä�Ï� ù�Úþ�� ¤¢ ùÀª ùÂ�¡£ ý�ûù¢�¢ Ý¹� öø�ê� ¥ø ¤ Àª¤ý�ûý¤ø��ê ´êÂÈ�� �� âì�ø ¤¢ .´¨� ù¢�¢ Çþ��ê� �¤ �ûù¢�¢ �÷�ð ßþ� ýÀ��ñÀõ ý�Â� ü®�þ¤ ý�û¤����ñø�À� ø ¢¤�À÷ ¢��ø ùÀª ùÂ�¡£ ��ä�Ï� Ý¹� ý�Â� üµþ¢øÀ½õ º�û ÂÚþ¢ ,�ûù¢�¢ ý¥�¨ùÂ�¡£ ø ´±��� ,ü��ãó�Îõ ý�ûÀ��ø ¢�ã�� ÂÑ÷ �ÎÖ÷ ¥� Ýû ø ùÀª ´±� ø ùÂ�¡£ ý�ûÀ��ø ¢�Àã� ÂÑ÷ ¥� Ýû �ûù¢�¢.À÷��µê�þ ©ÂµÆð �Àª�ûÀ��ø ¢�Àã� �ú÷� ¤¢ �î Ý�¹� ý�ûù¢�¢ ý�Â� �ûù¢�¢ Û�Ü½� ×�¨�î ý�û©ø¤ �î �¹÷� ¥�ý¥�¨�¬�¡ ý�Â� üþ�û©ø¤ ü¨¤Â� ø �ãó�Îõ �Áó À�µÆ�÷ °¨��õ ,´¨� ÂÑ÷ ¢¤�õ Â�çµõ Àã� ¥� ÂµØ��î.À��þüõ �¤øÂ® Ç�� ¥� Ç�� ,¢øÂ� ´¨¢ ¥� ��ä�Ï� ö���õ ßþÂµÞî �î ý��÷�ð �� ¢�þ¥ ý�ûù¢�¢×þÂû ¤¢ ùÀõ� ´¨¢�� ý�ûù¢�¢ ¥� �¤�î ø Ûõ�î üÊ�¿Ü� ö���ä �� �¤ üãÞ¹� âþ¥�� â��� ö���üõ�¤�¬ ü÷�¨� �� ùøÂð Âû ý�Â� üÊ�¿Ü� ß��� ´¡�¨ ��Âð� .´êÂð ÂÑ÷ ¤¢ �ãó�Îõ ¢¤�õ ý�ûùøÂð ¥�ù¢�¢ Ý�Þã� ø ÍÆ� �ûù¢�¢ á�÷ ßþ� ý�Â� ü±¨��õ ù¢�¢ Û�Ü½� ý�û¤���� �� ´¨� ý¤øÂ® �õ� ¢Â�ðüõø �µ¡�¢Â� ý¢�Þ÷ ý�ûù¢�¢ ö���ä �� �ûù¢�¢ ¥� üä�÷ üêÂãõ �� �õ�÷ö�þ�� ßþ� ¥� üÈ¿� ¤¢ ø¤ßþ� ¥� .¢�ª1



2 ��óø� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê.¢Â�ðüõ ¤�Âì �ãó�Îõ ¢¤�õ �ú÷� ýÀ���ª�¡�� À�÷���üõ �õ� ,´êÂð ÂÑ÷ ¤¢ ý¢�Þ÷ ý�ûù¢�¢ ö���ä �� ö���üõ �� Âð� �¤ �µ¨��� âþ¥�� â���� üêÂÏ ¥�â��� ´¡�¨ ¢¤�õ ¤¢ �õ�÷ ö�þ�� ¥� ýÂÚþ¢ Ç¿� ¤¢ ø¤ßþ� ¥� .À÷¢Âð ¤�Ñ�õ ��÷ üã��� ý�ûù¢�¢ ö���ä�ú÷� ýÀ���ª�¡ ùÄþø �� �ûù¢�¢ á�÷ ßþ� Û�Ü½� ¤�Ñ�õ �� ö� ¥� ù¢�Ôµ¨� ø üã��� ý�ûù¢�¢ ñ�Þµ�� âþ¥��.Ýþ¥�¢Â�üõ��ª� ¤�Êµ¡� �� üã��� ý�ûù¢�¢ ø ÛÊÔõ â��� ,���ð ÕµÈõ ö�»Þû üÞ�û�Ôõ �� ñø� ÛÊê ¤¢ö���ä �� �ûù¢�¢ á�÷ ßþ� ýÀ���ª�¡ ý�û©ø¤ ¥� üØþ ��÷ ø ý¢�Þ÷ ý�ûù¢�¢ �� �ø¢ ÛÊê ¤¢ .Ýþ�ªüõ.Àª Ý�û��¡ ��ª� ,´¨� ñ�Þµ�� âþ¥�� â��� Â� ü�µ±õ üªø¤ �î ,�µ¿�õ� �þ�¹�âþ¥�� â���� §�¨�Â� �Àµ�� üã��� ý�ûù¢�¢ ý�Â� ñ�Þµ�� âþ¥�� â��� ´¡�¨ ¤�Ñ�õ �� ��¨ ÛÊê ¤¢¤�Âì ü¨¤Â� ¢¤�õ ö� Óã® ¯�Ö÷ ø ù¢Âî üêÂãõ �¤ üãþ¥�� â��� ,ÛÊÔõ â���� ¥� Û¬�� Àã� üû��µõù�ÂÞû �� ü��Æ��±ª ß�Ú÷��õ ��úÔõ ¥� ¤���õ ©ø¤ ¤¢ ùÀª ö��� Éþ�Ö÷ ¥� ���µ�� ý�Â� Å³¨ .¢Â�ðüõÕµÈõ ¥� ù¢�Ôµ¨� �� ´þ�ú÷ ¤¢ .Ý��îüõ ù¢�Ôµ¨� üã��� âþ¥�� â��� ´¡�¨ ý�Â� ü¨À�Þª¤� ÛÊÔõ â���.Ýþ¤ø�üõ ´¨¢�� �¤ ùÀª �µ¡�¨ üã��� âþ¥�� â��� �� ÂÒ��µõ ý���ð üó�Ú� â��� ,���ð´¨¢�� �¤ ���ð üó�Ú� â��� ø âþ¥�� â��� ,ùÀª ý¥�¨��±ª ù¢�¢ ý�ä�Þ¹õ ý�Â� �¤�ú� ÛÊê ¤¢�µ¿�õ� �þ�¹� ©ø¤ �� �¤ ùÀª ý¥�¨��±ª ý�ûù¢�¢ ¤���õ üó�Ú� â��� ¥� ù¢�Ôµ¨� �� Å³¨ .Ýþ¤ø�üõ�õ�÷ ö�þ�� ßþ� ¤¢ ùÀª ü¨¤Â� ü���Þµ�� âþ¥�� â��� �î Àû¢üõ ö�È÷ Û¬�� ¸þ�µ÷ .Ý��îüõ ýÀ���ª�¡.À�µÆû üã��� ý�ûù¢�¢ Û�Ü½� ¤¢ �µ¿�õ� �þ�¹� ö�»Þû üþ�û©ø¤ ¤¢ ù¢�Ôµ¨� Û��ì ýÀ�Ôõ �¤�¬ ��



3 ��óø� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê���ð ÕµÈõ 1.11üã�Âõ ÂþÁ�ñ�ÂÚµ÷� â���� ý�Ìê ¤¢ Àã� üû��µõ�÷ ý�ûÂ�çµõ üó�Ú� â���� �� �õ�÷ö�þ�� ßþ� ¤¢ �î �¹÷� ¥�ÕµÈõ ¥� üÞ�Þã� �� üó�Ú� â���� ßþ� ö¢¤ø� ´¨¢�� ý�Â� ,Ýþ¤�¢ ¤�îøÂ¨ R ¥� ý��ä�Þ¹õÂþ¥ ýø¤.¢�ªüõ üêÂãõ ¤�Êµ¡� �� �õ�¢� ¤¢ �î ,´¨� ¥��÷ 3���ð ÕµÈõ ��÷ �� 2ü��¨¢���õ ý�û´ú� ��Þ� ¤¢ À÷���üõ �î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ R �� R2 ¥� f(x; y) ùÂ�çµõ ø¢ â��� ×þ,�û´ú� ¥� ×þÂû ¤¢ â��� ßþ� ��Â��ç� Ù�û� ü¨¤Â� ý�Â� .Àª�� ��Â��ç� ý�¤�¢ xy �½Ô¬ ýø¤ Â�.ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ´±·õ � y ø ´±·õ � x´ú� ø¢ ü�ãþ ,´ó�� ßþÂ�ù¢�¨ �Àµ��ùÀ�õ�÷ y ø x �� ´±Æ÷ °��Â� �� f â��� 4ü��� ÕµÈõ �¤ �ûÂ�Æõ ßþ� ¥� ��ÀîÂû ¤¢ f â��� ��Â��ç� Ù�û��¤�¬ �� �ûö� ¥� ×þÂû �î ,À�û¢üõ ö�È÷ �f�y ø �f�x �� ø�f�x = lim4x!0 f(x+4x; y)� f(x; y)4x (1.1.1).¢�ªüõ ÓþÂã�,¢Â¹õ ý�û�Ìê ¥� üØþ ö���ä �� 5 �÷�� ý�Ìê Â� �¬�¡ ý¤øÂõ �Àµ�� ���ð ÕµÈõ ÓþÂã� ý�Â��µÆ� Âó�Ø¨� �Â® ø âÞ� ÂÚÜÞä ø¢ ´½� �î Àª�� üú��÷ ý��ä�Þ¹õ X À��î ­Âê .Ý�û¢üõ ��¹÷�ü�ãþ ,Àª��8x1; x2 2 X ; x1 + x2 2 X Square integrable fun
tions1Dire
tional derivative2Gateaux derivative3Partial derivative4Bana
h spa
e5



4 ��óø� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊêø8
 2 R;8x 2 X ; 
:x 2 X.Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ üÖ�Ö� üÎ¡ ý�Ìê ù�Ú÷�ùÀ�õ� ÷ 6üÖ�Ö� üÎ¡ ý�Ìê ,Âó�Ø¨� �Â® ø âÞ� ÂÚÜÞä ø¢ � � X �ä�Þ¹õ : 1.1.1 ÓþÂã�:À�ª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª Âð� ¢�ªüõ.8x1; x2 2 X ; x1 + x2 = x2 + x1 (1.8x1; x2; x3 2 X ; (x1 + x2) + x3 = x1 + (x2 + x3) (2x 2 X Âû ý�Â� ø ¢�ªüõ ù¢�¢ Çþ�Þ÷ oX ¢�Þ÷ �� �î ¢¤�¢ ¢��ø X ¤¢ ü·�¡ ý�µØþ ÂÊ�ä ×þ (3.´¨� ¤�ÂìÂ� x+ oX = x �Î��¤�î ý¤�Ï �� Ý�û¢üõ Çþ�Þ÷ �x ¢�Þ÷ �� �î ¢¤�¢ ¢��ø X ¤¢ üþ�µØþ ÂÊ�ä x 2 X Âû ý�Â� (4x+ (�x) = oX8
 2 R;8x1; x2 2 X ; 
:(x1 + x2) = 
:x1 + 
:x2 (58
1; 
2 2 R;8x1 2 X ; (
1 + 
2):x = 
1:x+ 
2:x (68
1; 
2 2 R;8x1 2 X ; 
1:(
2:x) = (
1 � 
2):x (78x1 2 X ; 1:x = x (8Real linear spa
e6



5 ��óø� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊên ý�û¤�¢Â� �þ â��� ,ÅþÂ��õ À÷���üõ üÎ¡ ý�Ìê ×þ ý�Ìä� �î ´¨� ý¤øÂ® �µØ÷ ßþ� Âî£ñ¢�ãõ �¤ ý¤�¢Â� ý�Ìê ,´¨� ùÀª ��¨Âõ ù�±µª� �� �î �»÷� Õ±Ï Àþ�±÷ ßþ�Â���� .À�ª�� Rn �Ìä ýÀã�.´¨� üÎ¡ ý�Ìê ×þ âì�ø ¤¢ ýÀã� n ý�û¤�¢Â� Ûõ�ª ý¤�¢Â� ý�Ìê �ØÜ� Ý�÷�À� üÎ¡ ý�Ìê ��Ý�þ�ð üÎ¡ ÂÚÜÞä �¤ L : X ! Y â��� .À�ª�� üÎ¡ ý�Ìê ø¢ Y ø X À��î ­Âê : 2.1.1 ÓþÂã�:ù�ðÂû8x; y 2 X ; L(x+ y) = L(x) + L(y) ü�ãþ ,Àª�� üãÞ� L - Óó�8
 2 R;8x 2 X ; L(
:x) = 
:L(x) ü�ãþ ,Àª�� 7ßÚÞû L - �.Ýþ¥�¢Â�üõ üÎ¡ ý�Ìê ¤¢ 8�Â÷ ��úÔõ üêÂãõ �� �Àµ�� ¤�¢�Â÷ üÎ¡ ý�Ìê ÓþÂã� ý�Â�X ¥� Àª�� üã��� ùÀ�û¢ ö�È÷ kxk ø x 2 X ,üÖ�Ö� üÎ¡ ý�Ìê X À��î ­Âê : 3.1.1 ÓþÂã��î ý¤�Ï �� R ��kxk � 0 , x 2 X Âû Ǒ�¥� �� (1x = 0 ù�Ú÷� kxk = 0 Âð� (2k
:xk = j
j:kxk , 
 2 R Âû ø x 2 X Âû Ǒ�¥� �� (3kx+ yk � kxk+ kyk , X ¤¢ x; y Âû Ǒ�¥� �� (4.Ý�õ�÷üõ X üÎ¡ ý�Ìê ¤¢ �Â÷ ×þ �¤ kxk â��� ù�Ú÷��þ ¤�¢�Â÷ üÎ¡ ý�Ìê �¤ ö� Ý��î �ú¹õ �Â÷ ×þ �� �¤ X üÖ�Ö� üÎ¡ ý�Ìê Âð� : 4.1.1 ÓþÂã�. Ý�þ�ðüõ ¤�¢�Â÷ ý�Ìê Â�ù¢�¨Homogenous7Norm8



6 ��óø� Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊêâ��� �� X �¤�¬ ßþ� ¤¢ .Àª�� k:k �Â÷ �� ¤�¢�Â÷ üÎ¡ ý�Ìê X À��î ­Âê : 1.1.1 ��Ììd : X �X ! R �bÎ��® �� ød(x; y) = kx� yk .´¨� ×þÂµõ ý�Ìê ,Âµõ ö���ä ��üÎ¡ ý�û�Ìê ¢¤�õ ¤¢ ,¢�ªüõ ö��� ×þÂµõ ý�û�Ìê ¤¢ �î �¤ üÞ�û�Ôõ ��Þ� ö���üõ ×�þ�.¢Â� ��÷ ö���üõ �¤ �û�ó�±÷¢ üþ�ÂÚÞû ø �ó�±÷¢ Ý�û�Ôõ ñ�·õ ö���ä �� .¢Âî ö��� ��÷ ¤�¢�Â÷x 2 X �� �ó�±÷¢ ßþ� Ý�þ�ð ,Àª�� X ¤�¢�Â÷ üÎ¡ ý�Ìê ¤¢ �ó�±÷¢ ×þ fxng Âð� : 5.1.1 ÓþÂã�ù�ðÂû ´¨� �ÂÚÞûlimn!1 kxn � xk = 0�� �î Àª�� �µª�¢ ¢��ø üþ�N ù�ðÂû Ý�õ�÷ 9üª�î �¤ X ¤�¢�Â÷ üÎ¡ ý�Ìê ¤¢ fyng �ó�±÷¢ üêÂÏ ¥�ý�Î��¤ m;n � N Âû ý�¥�limn;m!1 kyn � ymk = 0 .Àª�� ¤�ÂìÂ�À�÷�õ ýÂÊ�ä �� �Ìê ö� ¤¢ üª�î �ó�±÷¢ Âû ù�ð Âû Ý�þ�ð Ûõ�î �¤ X ¤�¢�Â÷ üÎ¡ ý�Ìê ×þ.Àª�� �ÂÚÞû x 2 XCau
hy sequen
e9


