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Preface

In this thesis, some geometrical aspect of Banach splaces, i.’e,
fragmentability and approximation are discussed. The notion
of fragmentability of a topological space is appeared in a paper
of Jayne and Rogers [25]. It turned out that this notion have
interesting connection with other properties of Banach spaces,
and attracted the attention of recent research workers ( see e.g
[20]-[24], [37], [31], [32], [45]-[47] ). In chapter 1, charactriza-
tions of fragmentability, which are ob.tained by Namioka [37],
Ribarska [45] and kenderov-Moors [32], are givenl Also the
‘connection between fragmentability and its variants and other
topics in Banach spaces such as analytic spaces, the Radon- -
Nikodym property, differentiability of convex functions, Kadec
renorming are discussed.

In chapter 2, we use game charactrization of frgmentability of
Kenderov-Moors to construct a large class ‘of non-fragmentable
Banach spaces. In particular, we will show that if a compact
Hausdorff space X contains a non-trivial converging sequence,

then (C(X)/C(X),weak) is not fragmented by any metric,




where X is the Gleason extremally disconnected space cor-
responding to X.

Pedersen proved that if A is a C *—algebra with unit, B a Cheby-
shev C*-subalgebra of A then either B = A, B =1 or else |
A = My(@), 2 x2 matrices, and B is isomorphic to the algebra
of diagonal matrices. We extend his result for JB-algebras, in
chapter 3, we will show that if B is a Chebyshev subalgebra of
a unital JB-algebra A, then either B is a trivial subalgebra of
A or A has a representation of the form H & R1, where H is a
Hilbert space. This connects algebraic and geometric proper-
ties of a J B-algebra.

A famous problem in approximation theory is whether of not
sets having unique farthest point property are singletons. Klee,
[33] proved that any positive answer to this problem in Hilbert
spaces implies that all Chebyshév sets are convex. The prob-
lem is considered in chapter 4 for two special cases, i.e, it is ,
shown that every uniquely remotal subset of an alternative J B-
algebra or £*°-sum of Banach spaces is a singleton.
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Chapter 1

Fragmentability and
o-fragmentability

1.1 Introduction

Let (X, 7) be a topological space and let p be a pseudo-metric
on X. Given e > 0, a non empty subset A of X is said to be
| fragmented by p ciown to € if each non-empty subset Bof A
has a relatively T-open subset of diameter less than e. The set
A is said to be fragmented by p, if A is fragmented by p down
to e for each € > 0. The set A is said to be o-fragmented by p,
if for each € > 0, A can be expressed as A = U2, A, with each

A, fragmented by p down to ¢. The notion of fragméntability



and its variants have been found to have interesting connection

with other topics such as locally uniformly convex and Kadec
renorming of Banach spaces and the differentiability of convex

function on Banach spaces.

1.2 Fragmentability and continuity

A topological space X is called hereditarily Baire if each closed

subset of X is a Baire space with respect to the relative topol-

ogy.

Lemma 1.2.1 ([37], Lemmal.l ) Let (X, T) be a hereditarily
Baire space, and let p be a metric on X. Then the following
conditions are equivalent:

(i) The space (X,T) is p—fmgmented ’

(ii)For each non-empty closed subset A of (X 7') the set of
points of continuity of the identity map :(A,7) — (A,p) is a
dense G5—subset of (A, 7).

(ii3) For each non-empty closed subset A of X, there is a point
of continuity for map (A, 7) — (4, p).
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A compact Hausdorff space X is said to be Eberleian com-
pact (EC) if X is homeomorphic to a weakly compact subset
of a Banach space. Each EC space is fragmented by a metric

because of the following result (cf [37] ).

Theorem 1.2.1 If K is a weakly compact subset of a Banach
space E, then the identity map : (K,weak ) — (K,norm ) ad-
mits a point of continuity. Consequently, each weakly compact

subset of E is norm-fragmented.

Let X and Y be Hausdorff topological spaces and F : X —
Y be a mul;civalued function. F is said to be upper semi-
continuous if for every open subset U of Y the set {z € X :
F(z) C U}isopenin X. Wesay that F' is usco correspondence
if F is upper semi-continuous and F(z) is a nonempty compact
subset of Y for évery z€X. '

The graphs of all usco correspondences from X into Y can be
ordered by inclusion. Minimal elements of this relation are
graphs of usco correspondenes from X into Y which will beA
called "minimal usco” [10].

Let F : X — Y be a minimal usco correspondence between

8




the Hausdorff topological spaces X and Y. then the following

property holds:

For every open subset U of X and every open subset V of Y
such that F(U) NV # @, there is a nonemty open subset W
of U wih F(W) C V.

Applying the natural construction used by Kenderov [30], and
Christensen and Kenderov [10], Ribarska [45] proved that :

Proposition 1.2.1 Let B be a Baire space, X be a Hausdorff
topological space, fragmented by the metricd, and F : B — X be
a minimal usco corresponenece from B to X. Then there is a
dense G suléset G of B so that, for every ¢ € G, the set F(z)
is a singleton. Moreover, F- is continuous at the points of G ,

when X s endowed with the topology generated by d.

The next result states the interrelation between fragmentabil-

ity and minimal mappings ([32], theorem 5.1 ):

Theorem 1.2.2 Let F : Z — X be a minimal mapping be-
tween topological spaces Z and X. Suppose that X 1is frag-
mented by some metric d. Then there exists a first Baire cat-

egory subset E of Z such that, at every z € Z \ E, either
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F(z) = 0 or the mapping F is single-valued and usco with re-

spect to d.

A map f of the product X x Y of topological space X and |

Y into a topological space Z is said to be separately continuous

if , for each (zo,y0) in X X Y, the maps z +— f(z,y0): X — Z

and y — f(zo,y) : Y — Z are continuous. When f is contin-
uous at (g, yo) relative to the product topology, we shall say

that f is jointly continuous at (zo,yo)-

A compact Hausdorff space K is said to be in the class N*
if for each Baire space Y, and each separately continuous map
f : Y xK — R, there exists a dense G5 subset D of Y such that

f is jointly continuous at each point of D x K. One can easily

see that K is in N'*, if and only if , whenever f is a continuous

map of the Baire space Y into (C(K), p) , where p denotes the
pointwise topology on C(K), there exists a dense G5 subset D
of Y, such that f: Y — (C(K), norm ) is continuous at each

point of D.

10




The following result is a trivial corollary of lemma 1.2.1.

Corollary 1.2.1 If K is a compact Hausdorff space such that
(C(K),p) is fragmented by the norm , then K is in the class
N*. '

1.3 Relatively open partitioning and frag-

mentability

A well ordered family U = {U; : 0 < ¢ < o} of subsets Qf the
topological space X is said to be a relatively open partitioning
of X if

Vo= 0 ;

(ii) U, is contained in X \(U,<U,) and is relatively open in it
'forevery§,0<C<Co; )

(i) X = U¢<go Ue-

A family U of subsets of the topological space X is said to
be a o—relatively open partionning of X, if U = U, U™ and

U, n =1,2,..., are relatively open partionnings of X. U is

11




said to separate the points of X, if whenever z and y are two
different elements of X, there exists n such that z and y belong
to different elements of the partionning U™.In this case we say

that X admits a seperating o—relatively open partionning.

The relation between fragmentability and o-relatively open

partionning is discribed in the following theorem:

Theorem 1.3.1 ([46], theorem 1.9 ) The topological space X
admits a separating o— relatively open partionning , if and only

if there exists a metric which fragments X .

We could consider topological spaces which are fragmented by
some non-negative function A : X x X — [0, c0) with A(z, y) =
0 if and only if z = y. Ribarska noted that if there exists such
a fragmenting function on X, then t.here exists a metric which
fragments it [45].

The following corollary is obtanied by Ribarska by means of

12



theorem 1.3.1 (cf [45], p.247]):

Corollary 1.3.1 Let X be a Hausdorff compact space, which
admits separating o—relatively open partionning. Then there
exists a complete metric p oﬂ X, which fragments it and such
that the topology of p is stronger than the original topology on
X.

Ribarska used the notion. of o-relatively open partionning
to prove the following result, which gives us a large class of

fragmentable spaces [45]:

Theorem 1.3.2 Let X be a Hausdorff compact space which
is fragmented by a metric. Then the space C(X)*, endowed

with the weak star topology is a fragmented space as well.

The class of fragmentable spaces is closed under taking sub-

spaces, countable product and perfect images, more precisly,

we have:

Proposition 1.3.1 ( [45] p.250 ) Let M be the class of frag-
mentable spaces.

(a)If X € M then X1 € M for every X C X.

13
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(b)Let X € M and g be a perfect mapping from X onto the

topological space Y (i.e. g is a continuous mapping which
maps closed subsets of X into closed subsets of Y and g 1(y)
is a compact non-empty subset of X for every y € Y ), then
S YeM)

(c)From X = U2, X; where all X; are closed in X and X; €
M,i=1,2...., it follows that X € M. A

(d) If the spaces X;,i=1,2,... are in M, tﬁen their cartesian
product I, X; also belongs to M.

(e) Let X € M and h be a-continuous one-one mapping from

Y into X. ThenY is in M. -

w

Corollary 1.3.2 ([45], p.251) If X is a fragmentable compact
space and g : X — Y 1is a continuous (single-valued) mapping

onto the topologz'cal space Y, then Y is a fragmentable space.

1.4 Game charactrization of fragmentability

In [31] the following topological game was used to characterize
fragmentability of the space X. Two players ¥ and {2 select

alternatively subsets of X. X starts the game by selecting an '
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