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1 ÛÊê

ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã�



À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ýÀã� ý�ûÛÊê ¤¢ �î üÞ�û�Ôõ ø Óþ¤�ã� �� ,�¬�¡ ¤�Ï �� ÛÊê ßþ� ¤¢

�¤ ö� ü��õÀÖõ ý�ûüðÄþø ø üêÂãõ �¤ �¢�Âµ¨� É¡�ª ÛÊê ßþ� ü÷�þ�� ý�û´ÞÆì ¤¢ ß��»Þû ,Ýþ¥�¢Â�üõ

.Ýþ�ù¢�Þ÷ ù¢�Ôµ¨� [1;2;3;4;5;9;11;14;16]â��Âõ ¥� ÛÊê ßþ� °ó�Îõ ©¤�Ú÷ ý�Â� .Ý��îüõ ü¨¤Â�

üú��÷ ý��ä�Þ¹õ V (G) ö� ¤¢ �î ,G = (V (G); E(G)) °�Âõ üþ�� ø¢ ¥� ´¨��¤�±ä ,é�Âð ×þ

G (¯�Ö÷ �þ �ûùÂð �þ) §��¤ �¤ V (G) Â¬��ä .´¨� V (G) ý�Ìä ø¢ ý�û�ä�Þ¹õÂþ¥ ¥� ý��ä�Þ¹õ E(G) ø

ù¥�À÷� ø �±�Âõ ,°��Â� �� �¤ G é�Âð ý�ûñ�þ ø §��¤ ¢�Àã� .Ý�õ�÷üõ G (¯�Î¡ �þ)�ûñ�þ �¤ E(G) Â¬��ä ø

m ø §�¤ n �� é�Âð Âû .Ý�û¢üõ ö�È÷ m ¤�Êµ¡� �� �þ j E(G) j ø n ¤�Êµ¡� �� �þ j V (G) j �� ø ùÀ�õ�÷ G

À÷��� �¤ �Ã¹õ ý�úµ÷� ø¢ �� üó�þ ø �ì�Ï �¤ ö�ÆØþ ý�úµ÷� ø¢ �� üó�þ .À�õ�÷üõ Ã�÷ é�Âð�(n;m)×þ �¤ ñ�þ

Â� ù�ðÂû Ý�þ�ð ¤ø�¹õ �¤ §�¤ ø¢ .À�ª�� íÂµÈõ §�¤ ×þ ¤¢ Âð� ÍÖê ø Âð� Ý�þ�ð ¤ø�¹õ �¤ ñ�þ ø¢ .À�õ�÷ üõ

À�ª�� �µª�¢ ö�ÆØþ ý�ûö�þ�� �î �¤ G é�Âð ¥� ñ�þ ø¢ Ûì�À� ¥� ÛØÈµõ ý��ä�Þ¹õ .À�ª�� âì�ø íÂµÈõ üó�þ

Âð� .Ý�õ�÷üõ ù¢�¨ é�Âð �¤ Àª�� �µª�À÷ �÷�ðÀ�� ñ�þ ø �ì�Ï �î üê�Âð .Ý�õ�÷üõ ý¥��õ �þ �÷�ðÀ�� ý�ûñ�þ �¤

é�Âð �¤ Àª�� �µª�¢ §�¤ ×þ �ú�� �î üê�Âð ø üû��µõ �¤ é�Âð ,À�ª�� üû��µõ E(G) ø V (G) �ä�Þ¹õ ø¢ Âû

.Ý�õ�÷üõ üúþÀ�

�¤Áð ý�ûñ�þ ¢�Àã� Ý�û¢üõ ö�È÷ d(v) üð¢�¨ ý�Â� �þ dG(v) �¤�¬ �� �î G é�Âð ¤¢ v §�¤ ��¤¢

��¤¢ ù�ðÂû .Ý�õ�÷üõ ö�Ãþø� §�¤ �¤ ×þ ��¤¢ ¥� §�¤ ø �ú�� §�¤ �¤ ÂÔ¬ ��¤¢ ¥� §�¤ .´¨� §�¤ ö� ¥�

�î üê�Âð .¢�ªüõ ÓþÂã� �ú��Èõ Ã�÷ ¢Âê §�¤ ø Ý�õ�÷üõ �ø¥ §�¤ �¤ §�¤ ö� ,Àª�� �ø¥ Gé�Âð ¤¢ v §�¤

ù�ðÂû Ý�õ�÷ k ��¤¢ ¥� ÝÑµ�õ �¤ G é�Âð .Ý�û¢üõ Çþ�Þ÷ Kn �� �µÔð Ûõ�î é�Âð �¤ À÷¤ø�¹õ ö� §�¤ ø¢ Âû

é�Âð ×þ Kn ßþ�Â���� ,À�õ�÷üõ Ã�÷ ÝÑµ�õ�k �¤ üþ�ûé�Âð ß��� ,Àª �� d(v) = k ,G ¥� v §�¤ Âû ý�Â�

ø ùÀ�õ�÷ é�Âð ��¤¢ ÝÞþÃî�õ �¤ G§��¤ ��¤¢ ö��õ ¤¢ ¢Àä ßþÂµð¤Ã� .m = n(n�1)
2

ø ´¨� ÝÑµ�õ(n� 1)

�� �¤ ,G é�Âð ÛÞØõ .Ý�û¢üõ ö�È÷ Æ(G)�� �î ¢�ªüõ ÓþÂã� ��¤¢ ÝÞ���õ �ú��Èõ ø Ý�û¢üõ ö�È÷ �(G) ��

,G ¤¢ Âð� ÍÖê ø Âð� À÷¤ø�¹õ �G ¤¢ §�¤ ø¢ ,¢¤�¢ G �� ö�ÆØþ ý�û§�¤ ý�ä�Þ¹õ �G�î Ý�û¢üõ ö�È÷ �G

2



: ��®�� .À�ª�±÷ ¤ø�¹õ

E(G)
S
E( �G) = E(Kn)

) �m =j E( �G) j= (n(n� 1)=2)�m;

) d �G(v) = n� 1� dG(v):

.À÷�ªüõ �µêÂð ÂÑ÷ ¤¢ üû��µõ ø ù¢�¨ �ûé�Âð üõ�Þ� �õ�÷ ö�þ�� ßþ� Â¨�Â¨ ¤¢-ÂîÁ�

ø V (H) � V (G) �î ý¤�Ï � � ´¨� H À� ÷� õ üê�Â ð ,G é�Âð ¥� é�Â ð Â þ¥ ×þ -1-1 ÓþÂã �

.E(H) 6= E(G) �þ V (H) 6= V (G) ù�ðÂû Ý�þ�ð G ýùÂ¨ é�Âð Âþ¥ �¤ G ¥� H é�Âð Âþ¥ .E(H) � E(G)

,Àª�� V (H) ¤¢ ©�ü÷�þ�� §��¤ �î G ñ�þ Âû �îý¤�Ï �� ´¨� H À�÷�õ üê�ÂðÂþ¥ ,G ¥� üþ�Öó� é�Âð Âþ¥

üþ�Öó� é�ÂðÂþ¥ .V (H) = V (G) ù�ðÂû Ý�þ�ð G Â�ð�Âê é�ÂðÂþ¥ �¤ G ¥� H é�ÂðÂþ¥ .Àª�� Ã�÷ H ¤¢ ñ�þ ×þ

ø¢ .Ý�û¢üõ ö�È÷ G[S] �� ø Ý�õ�÷ S Í¨�� G ¥� ùÀª�Öó� é�ÂðÂþ¥ �¤ S � V (G) §��¤ ý�ä�Þ¹õ �� ,G ¥�

.V (H1)
T
V (H2) = ; ù�ðÂû ,Ý�þ�ð �Ã¹õ §�¤ �¤ G é�Âð ¥� H2 ø H1 é�ÂðÂþ¥

ý�ùÂ¨ ý�ä�Þ¹õÂþ¥ S Âð� .Àª��üõ G �� ,uv ÀþÀ� ñ�þ ö¢øÃê� ¥� Û¬�� é�Âð ,G+ uv ¥� ¤�Ñ�õ

S éÁ� �� G ¥� Û¬�� é�ÂðÂþ¥ �¤ G[V (G) � S] é�Âð Âþ¥ ,Àª�� E(G) ¥� ý��ä�Þ¹õÂþ¥ E0 ø V (G) ¥�

é�ÂðÂþ¥ .À�û¢üõ ö�È÷ G� v �� �¤ G� S é�Âð ,S = fvg Âð� .Ý�û¢üõ ö�È÷ G� S ¢�Þ÷ �� ø ùÀ�õ�÷

G�E0 �� ø ùÀ�õ�÷ E0 ñ�þ �ä�Þ¹õ éÁ� �� G ¥� Û¬�� é�Âð Âþ¥ �¤ E(G)�E0 ñ�þ �ä�Þ¹õ �� G ¥� Â�ð�Âê

.À�û¢üõ ö�È÷ G� e �� �¤ G�E0 é�Âð ,E0 = e ù�ðÂû .À�û¢üõ ö�È÷

�Ø�ó�� ¤¢ À÷�ªüõ éÁ� G ¥� Ã�÷ ö� ¤ø�¹õ ý�ûñ�þ ý�Þû §�¤ ×þ éÁ� �� �Ø�þ� ���� Û��ì �µØ÷

.¢¤�À÷ G ý�û§�¤ Â� ýÂ���� ñ�þ ×þ éÁ�

(´Èð v0vk ×þ ¤�Êµ¡� �� �þ ) ,vk �� v0 ¥� k ñ�Ï �� ´Èð ×þ ,G ù¢�¨ é�Âð ¤¢ -2-1 ÓþÂã�

,1 � i � k Âû ý�¥� �� �îý¤�Ï�� ´¨�ûñ�þ ø �û§�¤ ¥� W = v0 e1 v1 e2 v2 ::: ek vk ý�ó�±÷¢ ×þ

3



.ei = vi�1vi

ø Ý�õ�÷üõ ©�üÜ¡�¢ §�¤ �¤ v1; :::; vk�1 ø ´Èð ý�úµ÷� ø �À±õ °��Â� �� �¤ vk ø v0 ´¨� Âî£ �� ô¥�

´Èð u� v ø¢ .´Æ�÷ üó�þ º�û Ûõ�ª üúþÀ� ´Èð ×þ .¢�ªüõ ùÀ�õ�÷ ´Èð ñ�Ï Ã�÷ k ¼�½¬ ¢Àä

Â�è ¤¢ ,k = l ø ui = vi, (0 � i � k) ù�ðÂû Ý�þ�ð Â��Â� �¤ u = v0; :::::; vl = v ø u = u0; u1; :::; uk = v

ñ�þ º�û �î üµÈð .(u 6= v)u = v ù�ðÂû ´¨� (¥��)�µÆ� ´Èð u� v ×þ .Ý�þ�ð �ø�Ôµõ �¤ �ûö� �¤�Ê�þ�

üúþÀ� Â�è �µÆ� ¤Áð ×þ .Àª��üõ j E(W ) j ,W ñ�Ï ´ó�� ßþ� ¤¢ ø Ý�õ�÷üõ ¤Áð �¤ Àª�� �µª�À÷ ý¤�ÂØ�

ñ�Ï ´ó�� ßþ� ¤¢ ø ùÀ�õ�÷ Â�Æõ �¤ Àª�� �µª�À÷ ý¤�ÂØ� §�¤ º�û �î üµÈð .¢�ªüõ ùÀ�õ�÷ ¤�Àõ ×þ G ¥�

×þ ¥� §�¤ ø¢ ß�� Â�Æõ ßþÂ�ù���î .Ý�û¢üõ ö�È÷ Pn �� �¤ ñ�þ n� 1 ø §�¤ n �� ýÂ�Æõ .´¨� k � 1 ,W

Â��Â� ö� üþ�úµ÷� ø üþ�Àµ�� ý�û§�¤ �î §�¤ n �� ýÂ�Æõ .Àª�� ñø¯ ßþÂ�Ýî ý�¤�¢ �î ´¨� ýÂ�Æõ é�Âð

�� ý¤ø¢ �ì�Ï ×þ .Ý�õ�÷üõ ,G ÂÞî �¤ G ¤¢ ¤ø¢ ßþÂµû���î ñ�Ï .À�û¢üõ Çþ�Þ÷ Cn �� ùÀ�õ�÷ ¤ø¢ �¤ Àª��

.´¨� ×þ Ûì�À� ñ�Ï

.À ª� � Â � Æ õ u � v × þ ý�¤�¢ ,u ø v 2 V (G) ´ Ô � Â û ý�¥� � � Â ð� ´ ¨� À � ± Þ û G é�Â ð

ý¥¤� Ý û ý� ûù¢¤ Vn,V2,:::V1 Â ð� .´ ¨� V (G) ýø¤ ý¥¤� Ý û ý� Î ��¤ × þ ýÀ � ± Þ û ý� Î ��¤

é�Â ð ,n = 1 Â ð� .Ý � þ� ð G ýÀ � ± Þ û ý� û� Ô ó� õ �¤ G[Vn],:::,G[V1] ý� ûé�Â ðÂ þ¥ ,À � ª� �

ñ� Ï .Ý � õ� ÷ü õ ýÀ � ± Þ û ý� Ô ó� õ n � � À � ± Þ û� ÷ �¤ é�Â ð �¤� ¬ß þ� Â � è ¤¢ À � ± Þ û �¤

Â�ù¢�¨ �þ dG(u; v) �� ø ùÀ�õ�÷ §�¤ ø¢ ö� ý�Ü¬�ê �¤ é�Âð ¤¢ u ø v ù��¿ó¢ §�¤ ø¢ ß�� Â�Æõ ßþÂµû���î

.¢�ªüõ ÓþÂã� d(u; v) =1 Àª�� �µª�À÷ ¢��ø u ø v§�¤ ø¢ ß�� ýÂ�Æõ º�û Âð� .Ý�û¢üõ Çþ�Þ÷ d(u; v)

×þ .´¨� ¤ø¢ öøÀ� é�Âð ,ÛÚ�� ×þ .Ý�õ�÷üõ ´¡¤¢ �¤ ¤ø¢ öøÀ� ø À�±Þû é�Âð-3-1 ÓþÂã�

.´¨� ñ�þ n� 1 ý�¤�¢ ,§� ¤ n �� ´¡¤¢

¤ø¢ ×� é�Âð .Ý�õ�÷üõ Â�ð�Âê ´¡¤¢ �¤ Àª�� Ã�÷ ´¡¤¢ �î ,é�Âð ×þ ¥� Â�ð�Âê é�Âð Âþ¥ ×þ

.¢�ªüõ �µ¡�¨ ¤ø¢ ×� é�Âð ´¡¤¢ �� ñ�þ ×þ ö¢øÃê� �� .À�ª�� Â��Â� Çþ�ûñ�þ ø §��¤ ¢�Àã� �î ´¨� üê�Âð
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´ ¨� G ý� û§�¤ ¥� � ä� Þ ¹ õ Â þ¥ × þ ,G é�Â ð ¤¢ Û Ö µ Æ õ � ä� Þ ¹ õ × þ -4-1 Ó þÂ ã �

ÛØª ¤¢ ñ�·õ ö���ä �� .Àª�� �µª�À÷ üó�þ º�û ,G(S) üþ�Öó� é�Âð Âþ¥ �î ý¤�Ï �� (S � V (G)),S À�÷�õ

.´¨� ÛÖµÆõ �ä�Þ¹õ ×þ fu ; vg �ä�Þ¹õ ,1-1

.C4 é�Âð ¤¢ ÛÖµÆõ §��¤ : 1-1 ÛØª

ÛÖµÆõ ý�ä�Þ¹õ ø¢ �� (Â·î�À�) �¤ ö� §��¤ ý�ä�Þ¹õ ö��µ� ù�ðÂû ,´¨� üÈ¿� ø¢ é�Âð ×þ

Kn2;n1 �� ø À�þ�ð Ûõ�î üÈ¿�ø¢ �¤ Û¬�� é�Âð À�ª�� ¤ø�¹õ V2 ¥� §�¤ Âû ø V1 ¥� §�¤ Âû Âð� ,¢Âî ¥�Âê�

Â·î�À� �¤ §��¤ �ä�Þ¹õ ö��µ� ù�ðÂû °��Â� ß�Þû �� .À�ª��üõ V2,V1 §��¤ ¢�Àã� n2,n1 �î À�û¢üõ ö�È÷

¤ø�¹õ Vi ø Vj §��¤ �Þû Âð� .À�õ�÷üõ üÈ¿� k �¤ é�Âð ,¢Âî ¥�Âê� Vk,:::,V1 À�÷�õ ÛÖµÆõ �ä�Þ¹õ k ��

ni �î Ý�û¢üõ ö�È÷ Kn1;n2;n3;::::nk �� ø ùÀ�õ�÷ Ûõ�î üÈ¿��k �¤ é�Âð (1 � i; j � k ø i 6= j),À�ª��

.Ý�û¢üõ ö�È÷ Sn �� ø ùÀ�õ�÷ ù¤�µ¨ é�Âð �¤ K1;n�1 é�Âð «�¡ ´ó�� ¤¢ .´¨� Vi §��¤ ¢�Àã� éÂãõ

�¤ ÂÚþÀÞû G§��¤ ¤¢ ÍÖê �î ¢�Þ÷ Ý¨¤ �½Ô¬ ýø¤ ö��� �¤ G ö��µ� ù�ðÂû ,Ý�õ�÷üõ ¼ÎÆõ �¤ Gé�Âð

.À��î âÎì

ù�ð ö� Àª�� ��ø f ø ñ�þ m ,§�¤ n �� À�±Þû ø ¼ÎÆõ é�Âð ×þ G Âð� ,ÂÜþø� ¥� éøÂãõ ý���Ìì Â����

.n�m+ f = 2

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ H ø G é�Âð ø¢ ¥� G+H ë�½ó�-5-1 ÓþÂã�

:�¤� ¬ß þ� ¤¢ ,E(G)TE(H) = V (G)
T
V (H)= ; � î À � ª� � é�Â ð ø¢ H ø G À � � î Â ê

V (G+H) = V (G)
S
V (H);

5



E(G+H)=E(G)
S
E(H)

Sfxy : x 2 V (G); y 2 V (H)g.

é�Â ð ø¢ á� Þ µ �� ,À � ª� � é�Â ð ø¢ G2 = (V (G2); E(G2)) ø G1 = (V (G1); E(G1)) Â ð�

ö� ¤¢ ø Ý � û¢ü õ ö� È ÷ G = G1

S
G2 � � �¤ ö� � î ´ ¨� G = (V (G); E(G)) é�Â ð G2 ø G1

.V (G1)
S
V (G2) ø E(G) = E(G1)

S
E(G2)

´Æ�¤�±ä �û§�¤ ý�ä�Þ¹õ ,�î Ý�û¢üõ ö�È÷ G�H �� �¤ H ø G é�Âð ø¢ ü�¤�î¢ �Â® Û¬��

�þ xy 2 E(H) ø a = b Âð� ÍÖê ø Âð� À÷¤ø�¹õ (b; y) ø (a; x) §�¤ ø¢ ø V (G�H) = V (G) � V (H) ¥�

.´¨� ùÀõ� C3 ø P2 é�Âð ø¢ ü�¤�î¢ �Â®Û¬�� 2-1 ÛØª ¤¢ .x = y �þ ab 2 E(H)

.C3 ø P2 ý�ûé�Âð ü�¤�î¢ �Â®Û¬�� :2-1 ÛØª

�¤�¬ ßþ� ¤¢ ,Àª�� fv1; :::; vng§��¤ ý�ä�Þ¹õ �� À�±Þû é�Âð ×þ G Ý��îÂê -6-1 ÓþÂã�

:Ý��îüõ ÓþÂã� ß��� ù¢�¢ Çþ�Þ÷ 1 � i; j � n �î ,A(G) = [aij ] �� �¤ G �¤ø�¹õ ÅþÂ��õ

aij =

8>>><
>>>:
1 Àª�� vj �� ¤ø�¹õ vi Âð�

:

0 �¤�¬ ßþ� Â�è ¤¢

üÜ¬� ÂÎì ýø¤ ý�û�þ�¤¢ ø ´¨� üÖ�Ö� ø ö¤�Öµõ ,é�Âð �¤ø�¹õ ÅþÂ��õ ,ë�ê ÓþÂã� �� ���� ��
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.À÷ÂÔ¬ ö�

¥� ´¨� �¤�±ä ,F ýø¤ V ý¤�¢Â� ý�Ìê ×þ .Àª�� ù��¿ó¢ ö�À�õ ×þ F Ý��î Âê -7-1 ÓþÂã�

Âû �� �ú÷� ¥� üØþ �î ,ÛÞä ø¢ �� ù�ÂÞû ,À÷�ªüõ ùÀ�õ�÷ ¤�¢Â� �î ,fvg Ǳ��ª� ¥� V À�÷�õ üú��÷ ý� �ä�Þ¹õ

ÂÊ�ä Âû �� ,ÂÚþ¢ ÛÞä ø Àû¢üõ ´±Æ÷ �¤ w ø v âÞ� Û¬�� ô�÷ �� v + w À�÷�õ ý¤�¢Â� w ø v ¤�¢Â� ø¢

ßþ� Â� Âê .Àû¢üõ ´±Æ÷ �¤ � 2 F ¤¢ v �Â® Û¬�� ô�÷ �� �v À�÷�õ ý¤�¢Â� ,v 2 V ¤�¢Â� Âû ø � 2 F

:À��îüõ ëÀ¬ Âþ¥ á�®�õ ñ�¬� ¤¢ ,u; v; w 2 V ø �; � 2 F ý�¥� �� ,ñ�Þä� ßþ� �î ´¨�

,u+ v = v + u ø u+ (v + w) = (u+ v) + w (1

,u+ 0 = u ,u 2 V Âû ý�¥� �� �î ý¤�Ï �� ¢¤�¢ ¢��ø 0 À�÷�õ ý¤�¢Â� (2

,u+ (�u) = 0 �î ý¤�Ï �� ¢¤�¢ ¢��ø �u À�÷�õ ý¤�¢Â� ,u ¤�¢Â� Âû ý�¥� �� (3

,�(u+ v) = �u+ v (4

,(�+ �)u = �u+ �u (5

,(��)u = �(�u) (6

.1u = u (7

T ùÄþø ¤�ÀÖõ ×þ ,Àª�� V ýø¤ üÎ¡ ýÂÚÜÞä T ø F ö�À�õ ýø¤ ý¤�¢Â� üþ�Ìê V Ý��î Âê

�µª�¢ ¢��ø T� = c� ´�¬�¡ �� V ¤¢ � ö�� ýÂÔ¬ Â�è ¤�¢Â� ö� ý�Â� �î ´¨� F ¤¢ c ö�� ýÂó�Ø¨�

:ù�ð ö� ,Àª�� T ùÄþø ¤�ÀÖõ ×þ c Âð� .Àª��

.¢�ªüõ ùÀ�õ�÷ c ùÄþø ¤�ÀÖõ �� �µÆ��ø T ùÄþø ¤�¢Â� ×þ T� = c� ´�¬�¡ �� � Âû (1

.¢�ªüõ ùÀ�õ�÷ c �� �µÆ��ø ùÄþø ý�Ìê T� = c� �î üþ�û � �Þû �ä�Þ¹õ (2

´¨� F ¥� c ö�� ýÂó�Ø¨� ,F ¤¢ A ùÄþø ¤�ÀÖõ ×þ Àª�� F ö�À�õ ýø¤ Â� n� n üÆþÂ��õ A Âð� ñ��

Âð� ´¨� A ùÄþø ¤�ÀÖõ ×þ c Ý�÷�¢üõ üÎ¡ Â±� ¥� .Àª�� (Â þÁ� §�Øãõ)¢ÂÔ�õ (A � cI) ÅþÂ��õ �î

ý��ÜÞ�À�� ßþ�Â �� � � ,det(cI � A) = 0 Âð� �ú� � ø Âð� ,¥ ¤� Ýû ¤�Ï �� � þ det(A � cI) = 0 Âð� �ú� � ø
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À�µÆû c ö�� üþ�ûÂó�Ø¨� �Ö�ì¢ ,F ¤¢ A ùÄþø Âþ¢�Öõ ��®ø �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = det(xI �A) = 0

.¢�ªüõ ùÀ�õ�÷ A �Ê¿Èõ ý��ÜÞ�À�� f ,Û�ó¢ ßþ� �� .f(c) = 0 �î

À�� ý�û �Èþ¤ ø ùÀ�õ�÷ é�Âð �Ê¿Èõ ý� �ÜÞ� À�� �¤ é�Âð �¤ø�¹õ ÅþÂ��õ �Ê¿Èõ ý� �ÜÞ� À��

ÅþÂ��õ ø §�¤ n �� üê�Âð ×þ G Âð� ÂÚþ¢ �¤�±ä �� .Ý�õ�÷ üõ é�Âð ùÄþø Âþ¢�Öõ �¤ �Ê¿Èõ ý� �ÜÞ�

:¥� ´Æ�¤�±ä ö� �Ê¿Èõ ý��ÜÞ� À�� ù�ð ö� ,Àª�� A �¤ø�¹õ

PG(x) = det(xI �A):

PG(x) = 0 ý�û �È þ¤ ù� ð ö� PG(x) = xn + c1x
n�1 + ::: + cn Ý � û¢ ¤�Â ì Â ð� Â Ú þ¢ �¤� ± ä � �

,ñ� · õ ö�� � ä � � .Ý � û¢ ü õ ö� È ÷ �1; �2; ::::�n � � �¤ � ú ÷� � î À � ª� �ü õ G é�Â ð ùÄ þø Â þ¢� Ö õ ö� Þ û

¤�Â Ø � � � Â Ô ¬ ùÄ þø ¤�À Ö õ ý�¤�¢ G �Á ó ø PG(x) = xn ù� ð ö� ,À ª� � §�¤ n � � ü ú � é�Â ð G Â ð�

� ú � � ø Â ð� ´ ¨� A ùÄ þø ¤�À Ö õ � Ý þÀ þ¢ .´ ¨� G ùÄ þø ¤�À Ö õ � ú � � Â Ô ¬ ,�� ®ø � � .À ª� �ü õ n

.¢�ª üõ ùÀ�õ�÷ � ùÄþø ¤�ÀÖõ Â�Ñ÷ ùÄþø ¤�¢Â� v´ó�� ßþ� ¤¢ Av = �v ,v À�÷�õ ÂÔ¬ Â�è ¤�¢Â� ×þ ý�¥� �� Âð�

:�¤�¬ ßþ� ¤¢ Àª�� ÝÑµ�õ k é�Âð ×þ G À��î Âê :[11]-1-1 ��Ìì

,´¨� G ùÄþø ¤�ÀÖõ ×þ k (Óó�

,´¨� ×þ �� Â��Â� k ¤ÂØ� ù�ð ö� Àª�� À�±Þû GÂð� (�

.j�j � k Ýþ¤�¢ � À�÷�õ G ùÄþø ¤�ÀÖõ Âû ý�Â� (�

Âð� ,ÂÚþ¢ �¤�±ä �� Ý�þ�ðüõ é�Âð Ó�Ï �¤ é�Âð ×þ ýùÄþø Âþ¢�Öõ ý�Þû ý�ä�Þ¹õ-8-1 ÓþÂã�

ö�È÷ spec(G) �� �î é�Âð ßþ� Ó�Ï ,Àª�� �¤ø�¹õ ÅþÂ��õ ý�Ê¿Èõ ý��ÜÞ�À�� ¥� �i ý�Èþ¤ ¤�ÂØ� mi

:À�µÆû Gé�Âð Ãþ�Þµõ ýùÄþø Âþ¢�Öõ �û �i ö� ¤¢ �î ´¨� Âþ¥ �¤�¬ �� Ý�û¢üõ

Spec(G) =

0
@ �1 �2 : : : �r

m1 m2 : : : mr

1
A :
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¢�Àã� ,¢�ªüõ ù¢�¢ ö�È÷ �(G) �� �î ,G é�Âð ü��� ,Àª�� §�¤ ,n �� üê�Âð ,G Âð�-9-1 ÓþÂã�

.Àª��üõ Çê�Âð Ó�Ï ¤¢ ÂÔ¬ ýùÄþø ¤�ÀÖõ ¤�ÂØ�

.�( �Kn) = n �� ´¨� Â��Â� ,§�¤ n �� üú� é�Âð ü��� ñ�·õ ö���ä ��

ø ùÀ�õ�÷ G é�Âð üÔ�Ï ¤ø�µÈð �¤ vi §�¤ �� vi §�¤ ¥� ,k ñ�Ï �� ý�û´Èð ¢�Àã�-10-1 ÓþÂã�

.Ý��îüõ ÓþÂã� Mk = �n
i=1�

k
i �¤�¬ ��

�î ý¤�Ï �� ´¨� G é�Âð ý�û ñ�þ ¥� ý��ä�Þ¹õ Âþ¥ ,G é�Âð ¥� M ý¥�¨¤�� -11-1 ÓþÂã�

Âû ý�Â� ù�ðÂû Ý�þ�ð ÝÞþÃî�õ G é�Âð ¤¢ �¤ M ý¥�¨¤�� .À�ª�� �µª�À÷ íÂµÈõ §�¤ M ¥� üó�þ ø¢ º�û

ý�û ñ�þ ¢�Àã� �� Â��Â� m �î Ý�û¢üõ ö�È÷ m �� �¤ G é�Âð ý¥�¨¤�� ¢Àä .jM 0j < jM j ,M 0 ý¥�¨¤��

G é�Âð ¤¢ M ý¥�¨¤�� .¢¤�¢ ô�� ý¥�¨¤�� ×þ G Ý�þ�ð m = n
2
ù�ðÂû .´¨� G ÝÞþÃî�õ ý¥�¨¤��

Í¨�� x §�¤ ß��»Þû .Àª�±÷ ýÂÚþ¢ ý¥�¨¤�� º�û Ë½õ �ä�Þ¹õÂþ¥M ù�ðÂû Ý�þ�ð ñ�Þ�Æî�õ �¤

º�û Í¨�� ù�ðÂû Ý�þ�ð �µÈè� Â�è �¤ x§�¤ .Àª��M ¥� üó�þ ý�úµ÷� x ù�ðÂû ¢�ªüõ �µÈè�M ý¥�¨¤��

�µÈè�M Í¨�� Gé�Âð §��¤ ô�Þ� �î ´¨� ý¥�¨¤�� ,ô�� ý¥�¨¤�� ×þ ´¨� üúþÀ� .¢�È÷ �µÈè� üó�þ

.Ý�þ�ðüõ ô�� �¤ M ý¥�¨¤�� ,À÷�ª �µÈè�M ý¥�¨¤�� Í¨�� Gé�Âð §��¤ ô�Þ� Âð� .À÷�ª

ßþ� �¤ø�¹õ ÅþÂ��õ ýùÄþø Âþ¢�Öõ �1; �2; :::; �nø §�¤ n � � é�Âð ×þ ,G Âð� -12-1 ÓþÂã�

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� é�Âð ý¦Â÷� ,ù�ðö� À�ª�� é�Âð

" = "(G) =
nX

i=1

j �i j :

.Àª �ÂÎõ 1970 ñ�¨ ¤¢ ßÞ��ð ö��þ� Í¨�� ¤�� ß�óø� ý�Â� ô�úÔõ ßþ�
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