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ùÀ�Ø�
Ç¿� Â¡� ¤¢ °ÜÎõ ßþ� �î Ý�µÆû �û´ê�±Þû üû��µõ Àã� -G ö¢Âî �À�� ý�Â� üÎþ�Âª ßµê�þ ñ�±÷¢ ��
ßþ� ¥� ù¢�Ôµ¨� �� ø ÓþÂã� �ûüµ¿þÂÞû ý�Â� �¤ Àã� -G ,Û±ì °ó�Îõ ¥� ù¢�Ôµ¨� �� .¢�ªüõ ´���
�¤ ÂþÁ�öø¤�ø ý�úóøÀõ Å³¨ Ý��îüõ ÓþÂã� �¤ ß�µÈ÷¤�ð -�±ª ø ß�µÈ÷¤�ð ý�ûüµ¿þÂÞû ,ÓþÂã�
ø ÂþÁ�öø¤�ø ý�úóøÀõ ß�� �Î��¤ ö¢Âî �À�� �� �õ�¢� ¤¢ ø Ý��îüõ ü¨¤Â� �¤ �ú÷� ý�ûüðÄþø ø ÓþÂã�
,ø¢ ��¤¢ ,ÀÜ���û ý¦�ó�Þû�î ÕþÂÏ ¥� .Ýþ¥�¢Â�üõ ß�µÈ÷¤�ð -�±ª ø ß�µÈ÷¤�ð ý�ûüµ¿þÂÞû
Ã�÷ �õ�¢� ¤¢ .Ý��îüõ ü¨¤Â� �¤ �ú÷� ß�� �Î��¤ ø ÓþÂã� �¤ üµ¿þÂÞû ×þ ü±Æ÷ ��¤¢ ø üó�ã� ��¤¢
ý�ûüµ¿þÂÞû .Ý��îüõ �À�� �¤ Àã� ø ÕÞä ,ø¢ ��¤¢ ß�� �Î��¤ ø ÓþÂã� �¤ �ÖÜ� ×þ Àã� -Ýû
-ßû�î ø ß�µÈ÷¤�ð ý�ûüµ¿þÂÞû ,ÂþÁ�öø¤�ø ý�úóøÀõ ß�� �Î��¤ ø ÓþÂã� �¤ üó�î�õ -ßû�î

.Ý��îüõ ü¨¤Â� �¤ ß�µÈ÷¤�ð ý�ûÂ±� ý�Â� "¤�µ¡�¨ ��Ìì' Â¡� ¤¢ ø Ý��îüõ ü¨¤Â� �¤ üó�î�õ

1



�õÀÖõ

ø ß�µÈ÷¤�ð ,Ûõ�î í�Âµª� ,ÝÑ�õ ýÂ��÷ üþ������ ý�û�ÖÜ� üÜ¬� ý�ûù¢��÷�¡ ¥� ×þ Âû
ü¨¤Â� �� ¥��÷ ñ�Þ�Æî�õ ñ�ùÀþ� Âû ¤¢ �î üã®�õ ý�ûüðÄþø ¥� üÌã� �Ü�¨ø �� -üó�î�õ -ßû�î
ý�ûÂ±� ø üû��µõ ý�úóøÀõ ý�ú�ðÄþø ßþ� ý�Â� ,´¨� ý¤øÂ® ø¤ ßþ� ¥� .À÷�ªüõ ÓþÂã� ,À÷¤�¢
�µ¨¢ ö� �ú�� �Øþ¤�Ï �� ,Ý��î ÓþÂã� íÂµÈõ ø üõ�Þä ý�ú�ðÄþø ýÂ¨ ×þ �ûö�À�õ ýø¤ üû��µõ
���¤� üõ�Þä ø üÜî ý�ú÷�õ¥� ¥� ýÂ¨ ×þ �î ´¨� ßþ� éÀû .¢�ª à�½ó ÂÑ÷ ¢¤�õ ý�ú�ðÄþø ¥�

.À�ª�� �Â�� Û��ì Ã�÷ Â�ü±Æ÷ ø Â�üÜî ý�úµ�ãì�õ ø �úµ�ã®ø ¤¢ �î Ý�û¢
:¢�� Àû��¡ Âþ¥ �¤�¬ �� ù¢�Ôµ¨� ¢¤�õ ý�û¢�Þ÷

,´¨�û�ÖÜ� ¥� ´¨ÀØþ üµ¿þÂÞû ×þ σ : K → S ø ´¨� üþ������ ýÂ��÷ �ÖÜ� ×þ K
.´¨� üû��µõ á�÷ ¥� ü¨�¨� ¤�Ï �� ü�ãþ

Àª�� �µª�¢ �¤ ÂÒ��µõ ý�ûüðÄþø �û�ÖÜ� Â±�ê ù�ðÂû ,Ý���ð ß�µÈ÷¤�ð �þ üó�î�õ -ßû�î σ ��
:�î ´ê�þ ´¨¢ Âþ¥ �¹�µ÷ �� ö���üõ 3.1.5 ��Ìì ¥� .(À��î ù�Ú÷ �¤ 2 Ç¿� ����Ã� ý�Â�)

. Extn
P (S, P ) 6= 0 �î ´¨� n üã�±Ï ¢Àä ßþÂµØ��î gardeP S

�î ý¤�Ï �� Àª�� σ ¥� �þÃ¹� ×þ K → P → S ø À�±Þû SpecS Ý��îüõ ­Âê 1.0.0 ��Ìì
.Àª�� üû��µõ ñøÀõ ,S ñøÀõ -P ø K[x1, ..., xd] üã®�õ ý��ÜÞ�À�� �ÖÜ� P ö� ¤¢
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�õÀÖõ

:Ý�ª�� �µª�¢ g = gradeP S ý�¥� �� ù�ðÂû ´¨� üó�î�õ -ßû�î σ ´ª�Ú÷

Extn
P (S, P ) = 0 , g < n ≤ g + d ý�¥� ��

σ üµ¿þÂÞû . Extn
P (S, P ) = 0 ,n ≥ g ý�¥� � � ù�Ú ÷� Àª� � üó�î� õ -ßû�î σ Âð� ,ÅØäÂ �

ÂþÁ�öø¤�ø Extg
P (S, P ) ñøÀõ -S ø üó�î�õ -ßû�î σ üµ¿þÂÞû Âð� �ú�� ø Âð� ´¨� ß�µÈ÷¤�ð

.Àª��

ßþ� �ú÷� ý�Ê¿Èõ ý�ú�ðÄþø ø ù¢�� ö�¨� üó�î�õ -ßû�î ý�úµª�Ú÷ É�¿È� ßþ�Â����
üðÄþø ßþ� .À÷�ªüõÉ¿Èõ ,À�îüõ Û�õ ÂÔ¬ �� �î ý¦�ó�Þû�î ùÀª ß��ã� ýÀ����¤¢ �� �î ´¨�
ý�ûüðÄþø ¢��ø ,üþ�¨��ª ßþ� ô¥� ¯Âª ,ÂÚþ¢ éÂÏ ¥� .¢�ªüõ �¹�µ÷ üû��µõ ¤�µ¡�¨ ÂÏ�¡ ��
üû��µõ ý�ûù¢�¢ ÕþÂÏ ¥� �î ,´¨� S ýø¤ ñøÀõ ×þ ö���ä �� Extg

P (S, P ) ¤�µ¡�¨ ¤¢ ß�µÈ÷¤�ð
�� Ýþ��µêÂð Ç�� ¤¢ �ó�bÆõ ßþ� Û� ý�Â� �î ý¢ÂØþø¤ (À���±� �¤ 10.1.5 ��Ìì) .¢�ªüÞ÷ ß�ãõ
°��Â� ßþÀ� .Àª��üõ ü÷��î ÝÑ�õ üØþ¦�ó�Þû ý�ûüðÄþø ¥� �ú÷� ý¤�¢¤�¡Â� ÂÏ�¡ �� ý¢øÀ�
�ãó�Îõ ¢¤�õ Se = S ⊗K S ýÂ±� Çª�� ýø¤ ñøÀõ �¤�¬ �� �¤ S üØþ¦�ó�Þû ý�ú�ðÄþø �î
dimS �f �Þãõ .À�îüõ Â�� µ = S ⊗K S → S ü�Â® üµ¿þÂÞû ÕþÂÏ ¥� S ýø¤ �î Ý�û¢üõ ¤�Âì
��¤¢ ÂÚ÷�þ�Þ÷ tr degk(S/q) Ý��îüõ ­Âê �õ S ¥� q ñø� ñ�ùÀþ� ý�Â� .´¨� S ñøÂî Àã� ÂÚ÷�þ�Þ÷

.´¨� K Âþ�Ê� ýø¤ S/q üµÞÆì �¤�¡ ö�À�õ üó�ã�
S ⊗k S ýø¤ Ext ý�úóøÀõ ý�ûüðÄþø °Æ�Â� �¤ ß�µÈ÷¤�ð ý�ûüµ¿þÂÞû ,ýÀã� ��Ìì

.Àª�� üó�î�õ -ßû�î σ �Ø�þ� öøÀ� üµ� À�îüõÉ¿Èõ
∞⊕

n=0

Extn
Se(S, Se) ñøÀõ -S Âð� �ú�� ø Âð� ´¨� ß�µÈ÷¤�ð σ : K → S üµ¿þÂÞû 2.0.0 ��Ìì

.Àª�� ÂþÁ�öø¤�ø

� ±ª ý�ûüµ¿ þÂÞû ý�ûüðÄ þø � � Ç�� ± �� � î ¢¤�¢ ¢��ø 27.1.3 � �Ìì ¤¢ �¹� µ ÷ ß þ�
¤¢ ü±Æî�ê ¤��ãõ �� ø ´¨� �µêÂð ¤�Âì �ãó�Îõ ¢¤�õ ø ùÀª ÓþÂã� ]8[ ¤¢ ø ¢¤�¢ üÚµÆ� ß�µÈ÷¤�ð
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�õÀÖõ

ý�ûüðÄþø ¥� üØþ .¢�ªüõ ´þ�Ö� ,Àþ�üõ ´¨¢ �� 17.1.2 ��Ìì ¥� �î üû��µõ Àã� -G ¢¤�õ
ßþ� �î À�ª�� ÂþÁ�öø¤�ø Àþ�� Extn

Se(S, Se) ý�úóøÀõ �Þû �î ´¨� ßþ� 2.0.0 ��Ìì ¤¢ ùÀª �ÂÎõ
.´¨� ù¢Âî ÛØÈõ �¤ ��Ìì ýÂ�ð¤�Ø� ,­Âê

,t = tr degk(Sq
/

qSq) ý�¥� �� ø S ¥� q ñ�Þ�Æî�õ ñ�ùÀþ� Âû ý�¥� �� 3.0.0 ��Ìì

Extt
Se(S, Se)q 6= 0

. Extn
Se(S, Se) = 0 ,n 6= t ý�¥� �� ù�Ú÷� ,Àª�� üó�î�õ -ßû�î σ ø À�±Þû SpecS Âð�

� � � ú ÷� �� ± �� � î À þ�üõ ´¨¢ � � 1.1.6 ø 9.1.5 ,8.1.4 ý�û� �Ìì ¥� ,3.0.0 � �Ìì
üØ�¨�î ö��ê ÛÞØõ ,ùÀª ���¤� ý�ûñ�õÂê .¢¤�¢ üÚµÆ� Extn

Se(S, Se) ý�ûñøÀõ ý�ûüðÄþø
¢¤�õ �f¢À¹õ Ã�÷ 3.4 Ç¿� ø ùÀª ´��� ]12[ ¤¢ °ÜÎõ ßþ� �î ´¨� ýÂÎì Çû�î �þ ý¥�¨ù¢�¨
ö���ä �� �¤ ý�ì öø¤�ø ×þ 3.0.0 ��Ìì °ÜÎõ ßþÂ¡� �î ¢ø¤üõ ¤�Ñµ÷� .¢Â�ðüõ ¤�Âì ù¢�Ôµ¨�

.¢�ª °��õ ,�¹�µ÷

ý�¥� �� ø Àª�� üó�î�õ -ßû�î σ üµ¿þÂÞû ø À�±Þû SpecS ù�ðÂû 4.0.0 �¹�µ÷
ù�Ú÷� . Extn

Se(S, Se) = 0 Ý�ª�� �µª�¢ tr degk(S
/

q) ≤ n ≤ tr degk(S
/

q) + max{dimS,1}

.´¨� ß�µÈ÷¤�ð σ üµ¿þÂÞû
:Ýþ¤�¢ ,Àª�� üû��µõ rankSK ø ö�À�õ ×þ k ù�ðÂû

dimS = tr degk(S
/

q) = 0.

¥�� ø üþ�¹��� �û�ÖÜ� �î üµó�� ¤¢ ø ]3[ Àª��üõ �±�ª�¨� ñ�Þµ�� Éµ¿õ üÜ±ì ù¤�Ãð ßþ�Â����
-¢�¡ S ù�Ú÷� ,ExtnSe(S, Se) = 0 ,n ≥ 1 ý�¥� �� Âð� .À�îüõ ´þ�Ö� �¤ �ø�Ø���� §À� ,À�ª��
,Ý�û¢ Û�ÜÖ� �¤ S ø Àª�� ö�À�õ ×þ k �î üµó�� ¤¢ (.À��î �ã��Âõ [115 P ,6] ��) .´¨� ��µîÄ÷�

.¢�ªüõ ´��� 5.1.6 ��Ìì ö���ä �� ýÀã� �¹�µ÷
4



�õÀÖõ

§À� ,Àª�� ß�µÈ÷¤�ð Sq �ÖÜ� q ∈ SpecS ý�¥� �� ø ß�µÈ÷¤�ð K �ÖÜ� ù�ðÂû 5.0.0 ��Ìì
.¢�ªüõ ¤�ÂìÂ� üÜ±ì
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1 ÛÊê

ü��õÀÖõ Ý�û�Ôõ
¢¤�õ ýÀã� ý�ûÛÊê ¤¢ �î �¤ ý¦�ó�Þû Â±� ø üþ�¹��� Â±� ¥� ü��õÀa Öõ ¶��±õ ÛÊê ßþ� ¤¢
.À÷�ª ö��� ÂÊµ¿õ °ó�Îõ �î Ý��îüõ üã¨ ö�Øõ� À� �� .Ý��îüõ ö��� �¤ ,À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨�

.Ýþ�ù¢�Þ÷ ý¤�¢¢�¡ �û��±�� ÂµÈ�� ý���¤� ¥� ßþ�Â����

üþ�¹��� ø ý¦�ó�Þû Â±� ¥� ü��õÀa Öõ Óþ¤�ã� 1.1
,A �� �¤ �ûö� ñ�Þãõ ¤�Ï �� �î üþ�ûüb ª ¥� ÛØÈµõ ´¨� ý�ù¢��÷�¡ C 1ý�µ¨¤ 1.1.1ÓþÂã�

:À��îüõ ëÀ¬ Âþ¥ Íþ�Âª ¤¢ ø Ý�û¢üõ Çþ�Þ÷ · · · ,C ,B
ø Ý�û¢üõ ö�È÷ HomC(A,B) �� �î ¢�ªüõ ÂÒ��µõ ý��ä�Þ¹õ B ø A Û·õ üb ª ø¢ Âû ý�¥� �� (1
,B 6= D ø A 6= C ö� ¤¢ �î D ø C ,B ,A Û·õ üb ª ¤�ú� Âû ý�¥� �� �î ´¨� ´�¬�¡ ßþ� ý�¤�¢

:Ý�ª�� �µª�¢

HomC(A,B) ∩ HomC(C, D) = φ,

â��� C ø B ,A Û·õ üb ª �¨ Âû ý�¥� �� (2
. : HomC(B,C)× HomC(A,B) → HomC(A, C)

(g, f) 7→ gf

Category1
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üþ�¹��� ø ý¦�ó�Þû Â±� ¥� ü��õÀa Öõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê

:À�îüõ ëÀ¬ Âþ¥ ¯Âª �¨ ¤¢ �î ¢¤�¢ ¢��ø
ø g ∈ HomC(B, C) ,f ∈ HomC(A,B) Â ð� ,D ø C ,B ,A Û· õ üb ª ¤� ú� Â û ý�¥� � � (Ó ó�

;h(gf) = (hg)f ù�ðö� h ∈ HomC(C, D)

.Àª�� ¢���õ 1A ü÷�Þû ´¿þ¤ A Û·õ üb ª Âû ý�¥� �� (�
.1Af = f ø 1Bf = f Ýþ¤�¢ f ∈ HomC(A,B) Âû ø B ø A üb ª ø¢ Âû ý�Â� (�

ý�ó�±÷¢ .Àª�� �ÖÜ� ×þ R Ý��îüõ ­Âê 2.1.1ÓþÂã�

· · · // Xi+1

∂X
i+1 // Xi

∂X
i // Xi−1 // · · ·

∂X
i ø Àª�� ñøÀõ -R ×þ Xi ,i ∈ Z Âû ý�¥� �� ù�ðÂû Ý�õ� ÷üõ �ûñøÀõ -R ¥� 2´ê�±Þû ×þ �¤

.∂X
i ∂X

i+1 = 0 �î Àª�� Xi+1 �� Xi ¥� üÎ¡ -R ´ª�Ú÷
.Ý�õ�÷üõ ÕµÈõ ß�õ�e -l �¤ ∂X

l ø l ��¤¢ ñøÀõ �¤ Xl

:Ý�û¢üõ ¤�Âì l ∈ Z ø X ´ê�±Þû -R Âû ý�Â� .¢�¢¤�Âì
ZX

l = Ker∂X
l , BX

l = Im∂X
l+1, CX

l = Coker∂X
i+1.

¢�Þ÷ �� �¤ l ��¤¢ ¥� X 3ý¦�ó�Þû ñøÀõ .Àª�� ´ê�±Þû ×þ X Ý��îüõ ­Âê 3.1.1ÓþÂã�
:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø ù¢�¢ ö�È÷ Hl(X)

Hl(X) =
ZX

l

BX
l

.

Ý�õ�÷üõ X 4ý¦�ó�Þû ´ê�±Þû �¤ H(X) .Àª�� ´ê�±Þû ×þ X Ý��îüõ ­Âê 4.1.1ÓþÂã�
.∂H(X)

l = 0 ø H(X)l = Hl(X) �¤�¬ �� ö� l ��¤¢ ¥� ñøÀõ l ∈ Z Âû ý�¥� �� ù�ðÂû

Complex2

Homology Module3

Homology Complex4
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üþ�¹��� ø ý¦�ó�Þû Â±� ¥� ü��õÀa Öõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê

∑m X �¤�¬ ßþ� ¤¢ .Àª�� ¼�½¬ ¢Àä ×þ m ø ´ê�±Þû ×þ X Ý��îüõ­Âê 5.1.1ÓþÂã�
ø (

∑m X)l = Xl−m �¤�¬ �� ö� l ��¤¢ ¥� ñøÀõ ù�ðÂû Ý�õ�÷üõ m 5ýùÀª ÛÖµ�õ ´ê�±Þû �¤
.Àª�� ∂

∑m
X

l = (−1)m∂X
l−m �¤�¬ �� ö� ÕµÈõ ß�õ�-l

,Ý�õ�÷üõ 6´¿þ¤×þ �¤ α : X → Y .À�ª�� ´ê�±Þû ø¢ Y ø X Ý��îüõ ­Âê 6.1.1ÓþÂã�
ýø�Æ� i ∈ Z Âû ý�Â� �î ý¤�Ï �� Àª�� αi : Xi → Yi üÎ¡ -R ý�û´ª�Ú÷ ¥� ý��ó�±÷¢ α ù�ðÂû

:Àª�� ¤�ÂìÂ� Âþ¥

∂Y
i αi = αi−1∂X

i .

7üµ¿þÂØþ -�±ª �¤ α : X → Y ´¿þ¤ .Àª�� ´ê�±Þû ø¢ Y ø X Ý��îüõ ­Âê 7.1.1ÓþÂã�
¢�Þ÷ �� ø Àª�� üµ¿þÂØþ Hn(α) : Hn(X) → Hn(Y ) üþ�Öó� ´ª�Ú÷ ,n ∈ Z Âû ý�¥� �� ù�ðÂû Ý���ð

.Ý�û¢üõ Çþ�Þ÷ X ' // Y

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ X ´ê�±Þû 9ô�Þ�Ô�þ� ø 8ÝÞþÂ��¨ 8.1.1ÓþÂã�
supX = sup{l ∈ Z|Hl(X) 6= 0},

inf X = inf{l ∈ Z|Hl(X) 6= 0}.

.Àª�� ´ê�±Þû ×þ X Ý��îüõ ­Âê 9.1.1ÓþÂã�
.Àª�� üû��µõ supX ù�ðÂû ´¨� 10¤�¢ö�Âî ��� ¥� X ´ê�±Þû (1)
.Àª�� üû��µõ inf X ù�ðÂû ´¨� 11¤�¢ö�Âî ß�þ�� ¥� X ´ê�±Þû (2)

Shifted complexe5

Morphism6

Quasi-isomorphism7

Supremum8

Infimum9

Bounded above10

Bounded below11
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.À�ª�� üû��µõ inf X ø supX ù�ðÂû ´¨� 12¤�¢ö�Âî X ´ê�±Þû (3)
.Àª�� ¤�¢ö�Âî ´ê�±Þû H(X) ù�ðÂû ´¨� 13¤�¢ö�Âî ×þ¦�ó�Þû X ´ê�±Þû (4)

:ÝþÂ�üõ ¤�î �� C(R) ý�û�µ¨¤Âþ¥ ý�Â� �¤ Âþ¥ ý�û¢�Þ÷ .¢�¢ ¤�Âì
.��µîÄ÷� ý�ûñøÀõ ¥� üþ�û´ê�±Þû �µ¨¤Âþ¥ :CI(R) •

.´¨ÀØþ ý�ûñøÀõ ¥� üþ�û´ê�±Þû �µ¨¤Âþ¥ :CF (R) •

.��µî¦øÂ� ý�ûñøÀõ ¥� üþ�û´ê�±Þû �µ¨¤Âþ¥ :CP (R) •

.¤�À÷�Âî ß���� ¥� üþ�û´ê�±Þû Ûõ�ª �µ¨¤Âþ¥ :CA(R) •

.¤�À÷�Âî ��� ¥� ×þ¦�ó�Þû üþ�û´ê�±Þû Ûõ�ª Â� �µ¨¤Âþ¥ :C(@)(R) •

.¤�À÷�Âî ß���� ¥� ×þ¦�ó�Þû üþ�û´ê�±Þû Ûõ�ª Â� �µ¨¤Âþ¥ :C(A)(R) •

ù¢�Ôµ¨� (A, (@), (A)) ß�þ�� ý�ûÅþÀ÷� ø (I, F, P ) ��� ý�ûÅþÀ÷� °�îÂ� ¥� ö���üõ .¢�¢ ¤�Âì
.C♣♠(R) = C♣(R) ∩ C♠(R) :Ýþ¤�¢ ♣ ∈ {I, F, P} ø ♠ ∈ {A, (@), (A)} ý�Â� ,ü�ãþ ;¢Âî

-R ùÀª ÕµÈõ �µ¨¤ D(R) ¥� ¤�Ñ�õ .Àª�� üþ�¹��� �ÖÜ� ×þ R Ý��îüõ ­Âê .ý¤�Áð¢�Þ÷
.´¨�úóøÀõ

:Ý�û¢üõ ¼�®�� �¤ D(R) ùÀª ÕµÈõ �µ¨¤ �Ü�Âõ ßþ� ¤¢ ñ��
ÀþÀ� ´¿þ¤ �î Ýþ¤�À÷ ý¥��÷ �õ .À�µÆû ´ê�±Þû -R �î ´¨� C(R) ���ª� À�÷�Þû ö� ���ª�

:Ý��î ñ�±ì �¤ Âþ¥ Àä��ì ´Æ�ê�î ,Ý��î ÓþÂã� C(R) ý�Â�
.À�÷�ÆØþ D(R) ø C(R) �µ¨¤ ¤¢ ���ª� ¥� ý�ù¢��÷�¡ .À�µÆû �úµê�±Þû -R �fÖ�ì¢ C(R) ¤¢ ���ª� (1

�ú�� ø Âð� ´¨� D(R) ¤¢ üµ¿þÂØþ ×þ α .´¨� D(R) ¤¢ ´¿þ¤ ×þ C(R) ¤¢ α ´¿þ¤ Âû (2
.Àª�� C(R) ¤¢ üµ¿þÂØþ �±ª ×þ α Âð�

.´¨� üµ¿þÂØþ �±ª ÂÚ÷�È÷ C(R) ¤¢ �î üó�� ¤¢ ´¨� üµ¿þÂØþ ÂÚ÷�È÷ D(R) ¤¢ ' ¢�Þ÷ (3
Bounded12

Homologically bounded13

9
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∂Y ø ∂X �î ý¤�Ï �� À�ª�� �ûñøÀõ -R ¥� üþ�û´ê�±Þû Y ø X Ý��îüõ ­Âê 10.1.1ÓþÂã�
üµê�±Þû W = HomR(X,Y ) �¤�¬ ßþ� ¤¢ .À�ª�� Y ø X ý�û´ê�±Þû ÕµÈõ ÂÚ÷�þ�Þ÷ °��Â� ��

�¤�¬ �� ö� l ��¤¢ ¥� W ñøÀõ �î ´¨�

Wl = HomR(X,Y )l =
∏

j−i=l

HomR(Xi, Yj),

:Àª��üõ Âþ¥ �¤�¬ �� ö� ÕµÈõ ß�õ� -l ø

∂W (β) = ∂Y o β − (−1)|β|β o ∂X .

�¤ α : X → I üµ¿þÂØþ �±ª ,I ´ê�±Þû ý�Â� .X ∈ C(@)(R) Ý��îüõ ­Âê 11.1.1ÓþÂã�
.I ∈ CI

@(R) ù�ðÂû Ý�õ�÷üõ X ¥� 14��µîÄ÷� Û�Ü½�

�¤ π : P → Y üµ¿þÂØþ �±ª ,P ´ê�±Þû ý�Â� .Y ∈ C(A)(R) Ý��îüõ ­Âê 12.1.1ÓþÂã�
.P ∈ CI

A(R) ù�ðÂû Ý�õ�÷üõ Y ¥� 15��µî¦øÂ� Û�Ü½�

�¤ φ : F → Y üµ¿þÂØþ �±ª ,F ´ê�±Þû ý�Â� .Y ∈ C(A)(R) Ý��îüõ ­Âê 13.1.1ÓþÂã�
.F ∈ CF

A (R) ù�ðÂû Ý�õ�÷üõ Y ¥� 16´¨ÀØþ Û�Ü½�

X ¥� '´½� ý¥¤�Ýû §�î .Àª�� X ∈ C(A)(R) ø Y ∈ C(R) Ý��îüõ ­Âê 14.1.1ÓþÂã�
:Ý��îüõ ÓþÂã� Âþ¥ �¤�Ê� ø Ý�û¢üõ Çþ�Þ÷ R HomR(X,Y ) ¢�Þ÷ �� �¤ Y ø

R HomR(X, Y ) = { HomR(P, Y )|P ' X}

.´¨� X ý�Â� ��µî¦øÂ� Û�Ü½� ×þ P ,ö� ¤¢ �î

Injective resolution14

Projective resolution15

Flat resolution16
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üþ�¹��� ø ý¦�ó�Þû Â±� ¥� ü��õÀa Öõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê

:�¤�¬ ßþ� ¤¢ .À�ª�� ñøÀõ -R ø¢ M ø K À��î ­Âê 15.1.1ÓþÂã�
Exti

R(K, M) = H−i(R HomR(K,M)),

H0(R HomR(K,M)) = Ext0R(K, M) = HomR(K, M).

:Ý��îüõ ÓþÂã� �¤�¬ ßþ� ¤¢ ,p ∈ SpecR À��î ­Âê 16.1.1ÓþÂã�

heightp = htp = sup{r ∈ N0|p0 ⊂ p1 ⊂ · · · ⊂ pr = p ,´¨� R ñø� ý�úó�ùÀþ� ¥� À�î� Â�¹÷¥ ×þ}.

¤¢ .Àª�� ¤�À÷�Âî ´¨�¤ ¥� �ú÷� ¥� üØþ ø ´ê�±Þû -R ø¢ Y ø X Ý��îüõ ­Âê 17.1.1ÓþÂã�
F �î Àª��üõ '´½� �úµê�±Þû -R ¥� ý¥¤�Ýû §�î X ⊗L

R Y = {F ⊗R Y |F ' X} :�¤�¬ ßþ�
.´¨� X ý�Â� ´¨ÀØþ Û�Ü½� ×þ

�¤ M .Àª� � ñøÀ õ -R ¤¢ � ó� ± ÷¢ ×þ ϕ ø ñøÀ õ -R ×þ M Ý � � îüõ ­Âê 18.1.1ÓþÂã�
.ÝþÂ�Ú� �¹�µ÷ �¤ ϕ⊗R M �ó�±÷¢ ö¢�� Õ�ì¢ ,ϕ �ó�±÷¢ ö¢�� Õ�ì¢ ¥� ù�ðÂû Ý���ð 17´¨ÀØþ

ϕ⊗R M ⇔ Àª�� Õ�ì¢ ϕ �b ó�±÷¢ ù�ðÂû Ý���ð 18�êø�� ´¨ÀØþ �¤ M ñøÀõ -R 19.1.1ÓþÂã�
À�÷�õ üû��¿ó¢ ñøÀõ -R ý�Â� ù�ðÂû Ý���ð �êø�� ´¨ÀØþ �¤ M ñøÀõ -R ÂÚþ¢ �¤�±ä �� .Àª�� Õ�ì¢

.M = 0 �î ÝþÂ�Ú� �¹�µ÷ ù�Ú÷� Àª�� M ⊗R B = 0 Âð� B

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ 19ö�ðø¢ ´ª�Ú÷ ,M ñøÀõ -R Âû ý�Â� 20.1.1ÓþÂã�
δM : M → HomR( HomR(M,R), R)

.¢�ªüõ ÓþÂã� δM (x)(ψ) = ψ(x) �Î��® �� �î x ∈ M ø ψ ∈ HomR(M, R) ý�¥� ��
Flat Module17

Faithfully Flat18

Biduality map19
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üþ�¹��� ø ý¦�ó�Þû Â±� ¥� ü��õÀa Öõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê

¤¢ Âð� �ú�� ø Âð� ´¨� G(R) ,ÂÚþ¢ �¤�±ä �� �þ G- class �� ÕÜãµõ M ñøÀõ -R 21.1.1ÓþÂã�
:À�î ëÀ¬ Âþ¥ ¯Âª �¨

; Extm
R (M,R) = 0 :Ý�ª�� �µª�¢ m > 0 ý�¥� �� (1

; Extm
R ( HomR(M, R), R) = 0 :Ý�ª�� �µª�¢ m > 0 ý�¥� �� (2

.Àª�� üµ¿þÂØþ δM : M → Hom( HomR(M,R), R) ö�ðø¢ ´ª�Ú÷ (3

¥� B ø A ý�û�ä�Þ¹õÂþ¥ Ý���ð .Àª�� ×þ¦�ó���� ý�Ìê ×þ X Ý��îüõ ­Âê 22.1.1ÓþÂã�
:À��î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ ù�ðÂû ,À�û¢üõ X ý�Â� ý¥�¨�À� Û�ØÈ� X

;B 6= φ ,A 6= φ (1
;À�ª�� ¥�� X ¤¢ ø¢ Âû B ø A (2

;A ∩B = φ (3
.A ∪B = X (4

ù�ðÂû Ý���ð 20À�±Þû �¤ X .Àª�� ×þ¦�ó���� ý�Ìê ×þ X Ý��îüõ ­Âê 23.1.1ÓþÂã�
�� �¤ ö� ö��µ÷ ù�ðÂû ´¨� À�±Þû X ,ÂÚþ¢ �¤�±ä �� .Àª�� �µª�À÷ ¢��ø ý�ý¥�¨�À� º�û ö� ý�Â�

.´ª�÷ Ýû ¥� �À� üú��÷ ¥�� �ä�Þ¹õ ø¢ á�Þµ�� �¤�¬

X ¥� 21À�±Þû �Ôó�õ×þ A Ý���ð .Àª�� ×þ¦�ó���� ý�Ìê X Ý��îüõ ­Âê 24.1.1ÓþÂã�
.Àª�� A Ûõ�ª �î Àª�±÷ ¢���õ X ¥� ýÀ�±Þû �ä�Þ¹õÂþ¥ º�û ø Àª�� À�±Þû A ⊆ X ù�ðÂû ´¨�

ÓþÂã� f(x ⊗ y) = xy �Î��® �� �¤ f : P ⊗K P → K Â±� -K üµ¿þÂÞû 25.1.1ÓþÂã�
.ΩP |K = I

I2
ø I = Kerf Ý�û¢üõ ¤�Âì ö� ¤¢ �î Ý��îüõ

k → A → B ø ü µ Þ Æ ì �¤� ¡ ö�À � õ k ,� Ö Ü � ø¢ B ø A Ý � � îü õ ­Â ê 26.1.1ÓþÂã�
�î Ý�û¢üõ Çþ�Þ÷ ΓB|A|k �� �¤ ΩA|k ⊗B → ΩB|k üµ¿þÂÞû �b µÆû .À�ª�� �û�ÖÜ� ý�ûüµ¿þÂÞû

.Ý�õ�÷üõ k ýø¤ B Â±� -A 22Éì�÷ ñøÀõ �¤ ö�
Connected20

Connected component21

Imperfection module22
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.Àª�� �µª�¢ ñ�Þ�Æî�õ ñ�ùÀþ� ×þ �ú�� �î ´¨� ý��ÖÜ� ,23üã®�õ �ÖÜ� 27.1.1ÓþÂã�

¤�Êµ¡� �� �þ 24ÝÑ�õ �µª¤ -M ×þ M ñøÀõ -R ý�Â� �¤ x1, · · · , xn ∈ R �b µª¤ 28.1.1ÓþÂã�
:Àª�� Âþ¥ ¯Âª ø¢ ý�¤�¢ ù�ðÂû Ý�þ�ð �µª¤ -M

M
(x1,···xn)M 6= 0 (1

.xi 6∈ Z( M
(x1,···,xi−1)M ) :Ý�ª�� �µª�¢ ,i ∈ Z Âû ý�¥� �� (2

.Z(M) = {x ∈ R|∃0 6= m ∈ M : xm = 0} .�µØ÷
�µª¤ M ×þ �¤ x1, · · · , xn ∈ I .Àª�� R �ÖÜ� ¥� ñ�ùÀþ� ×þ I Ý��î ­Âê 29.1.1ÓþÂã�
x1, · · ·xn, y �µª¤ y ∈ I Âû ý�Â� ø Àª�� �µª¤ -M ×þ x1, · · · , xn ù�ðÂû Ý���ð I ¤¢ 25ñ�Þ�Æî�õ

.À�Ø÷ �À�� ©ÂµÆð n ¥� ÂµÈ�� ñ�Ï �� �µª¤ -M ×þ �� x1, · · · , xn ü�ãþ ,Àª�±÷ �µª¤ -M ×þ

.À ª� � ñøÀ õ -R × þ M ø ü ã ®� õ � Ö Ü � × þ (R, m) Ý � � îü õ ­Â ê 30.1.1ÓþÂã�
.l( M

(x1,···,xt)M
) < ∞ ù�ðÂû Ý���ð M ý�Â� 26ýÂµõ�¤�� ù�Úµ¨¢×þ �¤ (x1, · · · , xt) ⊂ M

ßþ� ¤¢ Àª�� ñøÀõ -R ×þ M ø �¤Àõ ý��ÖÜ� R = ⊕n≥0Rn Ý��îüõ ­Âê 31.1.1ÓþÂã�
¢��ø {Mn} À�÷�õ M ý�úûøÂðÂþ¥ ¥� ù¢��÷�¡ ×þ ù�ðÂû Ý�þ�ð 27�¤Àõ ñøÀõ -R ×þ �¤ M �¤�¬

:�Øþ¤�Ï �� Àª�� �µª�¢
M = ⊕n≥0Mn (1

.RmMn ⊆ Mn+m :Ý�ª�� �µª�¢ m,n ≥ 0 Âû ý�¥� �� (2

Localing23

Regular24

Maximal sequence25

System of parametric26

Graded module27
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pdR(M) ¢�Þ÷ �� �¤ M 28��µî¦øÂ� Àã� .Àª�� ñøÀõ -R ×þ M Ý��îüõ ­Âê 32.1.1ÓþÂã�
À�÷�õ n ñ�Î� ��µî¦øÂ� Û�Ü½� ×þ ù�ðÂû pdR(M) ≤ n Ý���ð ø Ý�û¢üõ Çþ�Þ÷

0→ Pn → Pn−1 → · · ·P0 → M → 0

ù� Ú ÷� À ª� ± ÷ n ¥� Â µ Þ î ñ� Î � � � µ î¦øÂ � Û � Ü ½ � º � û ý�¤�¢ M Â ð� ø À ª� � ¢� �� õ M ý�Â �
.pdR(M) = +∞ Ý���ð Àª�±÷ ¢���õ M ý�Â� üû��µõ ñ�Ï �� ��µî¦øÂ� Û�Ü½� Âð� ø pdR(M) = n

ýø�Æõ �þ ÂµÞî M 29´¨ÀØþ Àã� Ý���ð Àª�� ñøÀõ -R ×þ M Ý��îüõ ­Âê 33.1.1ÓþÂã�
À�÷�õ n ñ�Î� ´¨ÀØþ Û�Ü½� ×þ ù�ðÂû .Ý�û¢üõ Çþ�Þ÷ fdR(M) ≤ n �� �¤ ö� ø ´¨� n

0→ Fn → Fn−1 → · · · → F1 → F0 → A → 0

Ý���ð ù�Ú÷� Àª�±÷ ¢���õ n ¥� ÂµÞî ñ�Ï �� M ¥� ´¨ÀØþ Û�Ü½� º�û Âð� .Àª�� ¢���õ M ý�Â�
.fdR(M) = n

ýø�Æõ �þ ÂµÞî M 30��µîÄ÷� Àã� Ý���ð .Àª�� ñøÀõ -R ×þ M Ý��îüõ ­Âê 34.1.1ÓþÂã�
À�÷�õ n ñ�Î� ��µîÄ÷� Û�Ü½� ×þ ù�ðÂû ,Ý�û¢üõ Çþ�Þ÷ idR(M) ≤ n �� �¤ ö� ø ´¨� n

0→ En → En−1 → · · · → E1 → E0 → A → 0

.Àª�� ¢���õ M ý�Â�

� ä� Þ ¹ õ S = R − p �¤�¬ ß þ� ¤¢ .À ª� � p ∈ SpecR Ý � � îü õ ­Â ê 35.1.1ÓþÂã�
� î ´¨� ü ã®� õ ý�� Ö Ü � (Rp,p Rp) ø ´¨� � ûÂÆ î � Ö Ü � ×þ S−1R = Rp ø ü �Â® � µÆ �

.pRp =
{
r
/

s|r ∈ p, s 6∈ p
}

Projective dimension28

Flat dimension29

Injective dimension30
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�¤�¬ ßþ� ¤¢ Àª�� p ∈ SpecR Ý��îüõ ­Âê .�µØ÷
SpecRp = {qRp|q ∈ SpecR, q ⊆ p}.

ñ�Ï .Àª� � üµÞÆì �¤�¡ ö�À�õ ×þ k ø ñøÀõ -R ×þ M Ý� �îüõ ­Âê 36.1.1ÓþÂã�
Âþ¥ �¤�¬ �� ø Ý�û¢üõ Çþ�Þ÷ depthM �� ø Ý�õ�÷üõ M ñøÀõ -R 31ÕÞä �¤ �µª¤ -M ßþÂµð¤Ã�

:Ý��îüõ ÓþÂã�

depthM = inf{n ∈ Z| Extn
R(k, M) 6= 0}.

�� ø Ý�û¢üõ Çþ�Þ÷ dimR �� �¤ R �ÖÜ� Àã� .Àª�� �ÖÜ� ×þ R À��î ­Âê 37.1.1ÓþÂã�
:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬

dimR = sup
{
n ∈ N|p0 ⊂ p1 ⊂ · · · ⊂ pn Àª�� R ñø� ý�úó�ùÀþ� ¥� ùÂ�¹÷¥ ×þ} .

ù�ðÂû Ý���ð 32ÝÑ�õ �¤ R �ÖÜ� .Àª�� üã®�õ ý��ÖÜ� (R, m) Ý��îüõ ­Âê 38.1.1ÓþÂã�
.¢�ª À�ó�� ýÂµõ�¤�� ÝµÆ�¨ Í¨�� ö� ñ�Þ�Æî�õ ñ�ùÀþ�

-R .Àª�� Àó�õ üû��µõ M ø ýÂ��÷ üã®�õ �ÖÜ� ×þ (R, m) Ý��îüõ ­Âê 39.1.1ÓþÂã�
. depthM = dimM ù�ðÂû Ý�þ�ð 33üó�î�õ -ßû�î �¤ M ñøÀõ

-ßû�î ñøÀõ -R ×þ R ù�ðÂû Ý�þ�ð üó�î�õ -ßû�î �¤ (R, m) üã®�õ �ÖÜ� 40.1.1ÓþÂã�
Âû ý�¥� � � ù� ðÂû Ý � þ� ð ü ó� î� õ -ßû�î �¤ R ýÂ�� ÷ ù��¿ ó¢ �Ö Ü� ü�ã þ ß þ� ø Àª� � ü ó� î� õ

.Àª�� üó�î�õ -ßû�î üã®�õ �ÖÜ� ×þ Rm ,m ∈ maxR

Depth31

Regular ring32

Cohen-Macaullay33
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