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ùÀ�Ø�ù�Ú÷� Àª�� üû��µõ jG : Z(G)j Âð� ¤�ª ¤�úÈõ ��Ìì Õ±Ï Â� .Àª�� ù��¿ó¢ ùøÂð ×þ G Ý��î ÂêjG : Zi(G)j Âð� ,i üã�±Ï ¢Àä Âû ý�¥� �� .¢�¢ Ý�Þã� Âþ¥ �¤�¬ �� �¤ ��Ìì ßþ� Âÿ� .´¨� üû��µõ jG0j¢Âî ´��� ñ�û üóø .´Æ�÷ ¤�ÂìÂ� �fõ�Þä ��Ìì ßþ� ÅØä .´¨� üû��µõ i+1(G) ù�Ú÷� Àª�� üû��µõ�î Ý��îüõ ´��� �õ�÷ ö�þ� � ßþ� ¤¢ .´¨� üû��µõ jG : Z2i(G)j ù�Ú÷� Àª�� üû��µõ i+1(G) Âð� �îji+1(G) : i+1(G) \ Zi(G)j Âð� Ý��îüõ ´��� âì�ø ¤¢ .´¨� ¤�ÂìÂ� ��÷ ýÂ�Ó�ã® ¯Âª �� Â�¡� �¹�µ÷.´¨� üû��µõ jG : Z2i(G)j ù�Ú÷� Àª�� üû��µõ´¨¢�� jG0 : G0\Z(G)j ø jG0j°Æ� Â� jG : Z2(G)j ý�Â� �¤ üþ��� ö�Âî ,´¨� üû��µõ G �î üµó�� ¤¢ý�±�¤ ý�Â� �¤ üþ��� ö�Âî ´¨� üû��µõ ø ö��µ��� ùøÂð ×þ G �î üµó�� ¤¢ °��Â� ß�Þû �� .Ýþ¤ø�üõ,Àª�� üû��µõ G �î üµó�� ¤¢ ùÂ¡��� .Ýþ¤ø�üõ ´¨¢�� G0=(G0 \ Z(G)) ý�±�¤ °Æ� Â� G=Z(G)ý�±�¤ ù�Ú÷� Àª�� r Â��Â� i+1(G) ý�±�¤ ø Àª�� ö��µ��� üûøÂð G Âð� .Ý��îüõ ´��� �¤ Âþ¥ ¸þ�µ ÷Â��Â� G=Zi(G) ý�±�¤ ø üû��µõ G Âð� ß��»Þû .´¨� ¤�À÷�Âî ,r ø i °Æ� Â� üã��� �� ��� ¥� G=Z2i(G)ý�û��Ìì ��±ª ��Ìì ø¢ ßþ� .´¨� ¤�À÷�Âî r ø i °Æ�Â� üã��� �� ��� ¥� i+1(G) ý�±�¤ ù�Ú÷� Àª�� r.´¨� ùÀª �µêÂð ÂÑ÷ ¤¢ �±�¤ ÅþÀ÷� ý�� �� �î À÷� ñ�û ø Âÿ�
;ùøÂð�p ;ùøÂð ý�±�¤ ;ö��µ��� ¤¢ üû��µõ ùøÂð ;ü��þ�� ø üþ��� ý�îÂõ ý�ûýÂ¨ :ýÀ�Üî ý�ûùù��øÂÿ� ø ñ�û ý�û��Ìì ;��� ý�±�Âõ ÂÚÌþ�ã� ;ÀãµÆõ ùøÂð ;ö��µ��� ùøÂð.20D15, 20F14 :2000 ü®�þ¤ üä�®�õ ýÀ�� ù¢¤
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ii �õÀÖõ�õÀÖõ,Àª�� üû��µõ jG : Z(G)j Âð� �î À�î üõ ö��� ¤�ª ×�¨�î ý��Ìì .Àª�� ùøÂð ×þ G Ý��î Âêü��þ�� ý�îÂõ ýÂ¨ ý�ÜÞ� Âû ý�Â� Âÿ� Í¨�� �fÀã� ��Ìì ßþ� .´¨� üû��µõ ��÷ ö� ÕµÈõ ùøÂðÂþ¥ ù�Ú÷�.´¨� üû��µõ ��÷ i+1(G) ù�Ú÷� ,Àª�� üû��µõ jG : Zi(G)j Âð� �î �¤�¬ ßþÀ� .Àª ù¢�¢ Ý�Þã� G ùøÂðù�Ú÷� ,Àª�� üû��µõ i+1(G) Âð� �î ¢Âî ��±�� ñ�û �õ� ;´Æ�÷ ¤�ÂìÂ� Âÿ� ý��Ìì ÅØä üÜî ´ó�� ¤¢ö¢�� üû��µõ Â�Ó�ã® ¯Âª �� Ý�û¢üõ ö�È÷ �õ�÷ö�þ�� ßþ� �ø¢ ÛÊê ¤¢ .´¨� üû��µõ ��÷ jG : Z2i(G)j.´¨� ¤�ÂìÂ� ö��»Þû ñ�û ��Ìì �¹�µ÷ ,ji+1(G) : i+1(G) \ Z(G)j.´¨� ùÀª ù¢�Ôµ¨� Âþ¥ ý�ó�Öõ ¥� ��Ìì ßþ� ��±�� ý�Â�[1℄ M. Morigi, G. Fernandez, Generalizing a theorem of P. Hall on �nite-by-nilpotentgorups, Amerian Mathematial Soiety, Volume 137, September 15, 2008.r � � G ùøÂ ðÂ þ¥ Â û � î �¤ r üã � ± Ï ¢À ä ß þÂ µ Ø�� î .À ª� � ü û� � µ õ ùøÂ ð × þ G Ý � � î Â ê¢Â î ´ �� � ñ� û .Ý � û¢üõ Çþ� Þ ÷ rk(G) ¢� Þ ÷ � � �¤ ö� ø Ý � õ� ÷ G ùøÂ ð ý� ± �¤ ¢�ªüõ À � ó� � �ÌäÂð� �î Ý��îüõ ´��� �õ�÷ ö�þ� � ßþ� ��¨ ÛÊê ¤¢ .´¨� ¤�À÷�Âî jG0j °Æ�Â� ��� ¥� jG : Z2(G)j �î¢���õ G À� ÷� õ üûøÂð ù� ðÂû Ý � õ� ÷ Àã µÆõ �¤ H ùøÂ ð .jG : Z2(G)j � jG0j2r ù�Ú ÷� rk(G0) = rrk(G0=(G0 \ Z(G))) = r Âð� �î Ý� �îüõ ´�� � .Àª� � ´¿þÂØþ H � � G=Z(G) �î ý¤�Ï �� Àª� �ø À ª� � ü û� � µ õ À ã µ Æ õ ùøÂ ð Ù þ H Â ð� � ¹ � µ ÷ ¤¢ .jG : Z2(G)j � jG0 : G0 \ Z(G)j4r ù� Ú ÷�ø Àª�� ö��µ��� ø üû��µõ ùøÂð ×þ G �î Ý��îüõ Âê .jH : Z(H)j � jHj4r ù�Ú÷� rk(H 0) = r�î rk(G=Z2(G)) � 12(13r2 � r)'(n) �î Ý��îüõ ´��� �¤�ú� ÛÊê ¤¢ .rk(G0=(G0 \ Z(G)) = r.´¨� ÂÜþø� üê â��� '(n) ö� ¤¢.´¨� ùÀª ù¢�Ôµ¨� Âþ¥ ���Öõ ¥� �û��Ìì ßþ� ��±�� ý�Â�[2℄ K. Podoski, B. Szegedy, On �nite group whose derived subgroup has bounded rank,arXiv:0706.3246vl [math. GR℄ 22 Jun 2007.[3℄ K. Podoski, B. Szegedy, Bounds for the index of the entre in apable groups, AmerianMathematial Soiety, Volume 133, number 12, July 13, 2005.



iii �õÀÖõ[4℄ I. M. Isaas, Derived subgroups and entre of apable groups, Amerian MathematialSoiety, Volume 129, number 10, February 22, 2001.Âð� �î Ý��îüõ ��±�� .Àª�� üû��µõ ø ö��µ��� ùøÂð ×þ G �î Ý��îüõÂê �Àµ�� �¤�ú� ÛÊê ¤¢.´¨� ¤�À ÷�Âî ,r ø i °Æ� Â� üã�� � � � �� � ¥� G=Z2i(G) ý�±�¤ ù�Ú ÷� Àª� � r Â ��Â � i+1(G) ý�±�¤ù�Ú÷� Àª�� r Â��Â� G=Zi(G) ý�±�¤ ø Àª�� ù��¿ó¢ üû��µõ ùøÂð ×þ G Âð� �î Ý��îüõ ��±�� ß��»Þû.´¨� ¤�À÷�Âî r ø i °Æ�Â� üã��� �� ��� ¥� i+1(G) ý�±�¤��±�� ý�Â� .´¨� ùÀª �µêÂð ÂÑ÷ ¤¢ �±�¤ ÅþÀ÷� ý�� �� �î À÷� ñ�û ø Âÿ� ý�û��Ìì ��±ª ��Ìì ø¢ ßþ�.´¨� ùÀª ù¢�Ôµ¨� Âþ¥ ý�ó�Öõ ¥� �û��Ìì ßþ�[5℄ N. Yu. Makarenko, Rank analogs of Hall's and Baer's theorems, Siberian MathematialJournal, Vol. 41, No. 6, 2000.
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1 ÛÊê
��óø� ��õÀÖõ ø Ý�û�Ôõ

��óø� ��õÀÖõ ø Ý�û�Ôõ 1.1¥� ýÀã� ý�ûÛÊê ¤¢ �î ¥��÷ ¢¤�õ ü¨�¨� ý�û��Ìì ø �ûÓþÂã� ö��� ø �û¢�Þ÷ üêÂãõ �� ÛÊê ßþ� ¤¢.Ýþ�ù¢�¢ á��¤� �û��µî �� �¤ �ûö�ûÂ� ¢¤��õ ÂµÈ�� ¤¢ .Ýþ¥�¢Â�üõ Ý��îüõ ù¢�Ôµ¨� �ûö�ùøÂð ü÷�Þû �Ìä ,Cn �� �¤ n ý�±�Âõ ¥� ý¤ø¢ ùøÂð Àã� ý�ûÛÊêø ÛÊê ßþ� ¤¢ .ùÂÊ±� 1.1.1×þ ù¤��Þû p ß��»Þû .Ý�û¢üõ ö�È÷ g� �¤�¬ �� g �Ìä Â� �¤ � À�÷�õ G üµ¿þ¤¢�¡ Â�� ø ,1 �� �¤ G.´¨� ñø� ¢Àä.´¨� ü��õÀÖõ Âþ¥ Ýó ��±��ù�Ú÷� Àª�� üû��µõ G ¤¢ H ÅþÀ÷� ù�ðÂû �¤�¬ ßþ� ¤¢ .H � K � G Ý��î Âê .Ýó 2.1.1ø ´¨� üû��µõ G ¤¢ K ÅþÀ÷�jG : Hj = jG : KjjK : Hj:
G ¤¢ K ÅþÀ÷� �î ý¤�Ï �� ,À�ª�� G À�÷�õ üûøÂð ý�ûùøÂðÂþ¥ K ø H Ý��î Âê .Ýó 3.1.11



2 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê�¤�¬ ßþ� ¤¢ ,Àª�� üû��µõÂð� �ú��ø Âð� ´¨� ¤�ÂìÂ� ýø�Æ� ø jH : H \Kj � jG : Kj ø ,´¨� üû��µõ H ¤¢ H \K ÅþÀ÷� (i);G = HK´¨� ¤�ÂìÂ� ýø�Æ� ø ;jG : H \Kj � jG : HjjG : Kj ù�Ú÷� Àª�� üû��µõ ��÷ G ¤¢ H ÅþÀ÷� ù�ðÂû (ii).G = HK Âð� �ú��ø Âð�.´¨� Û±ì Ýó ¥� ý¤�ê �¹�µ÷ .ö�ûÂ�ùøÂðÂþ¥ .A;B � G ø ,Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 4.1.1h[a; b℄ja 2 A; b 2 Bi.À�û¢üõ ö�È÷ [A;B℄ ´õ�ä �� �¤ ö� .À�õ�÷üõ B ø A ÂÚÌþ�ã� ùøÂðÂþ¥ �¤ G ¥�ßþ� ¤¢ .´¨� ù��¿ ó¢ ùøÂ ð ×þ G ö� ¤¢ � î ,A;B � G Ý � � î Âê [1;1:1:10℄ .Ý ó 5.1.1�¤�¬.[A;B℄ = [B;A℄ (i).[A1; B1℄ � [A;B℄ ù�Ú÷� B1 � Bø A1 � A Âð� (ii).[A;B℄ � A ù�Ú÷� A< G Âð� (iii).[A;B℄< G ù�Ú÷� B < G ø A< G Âð� (iv).A � N(B) Âð��ú��øÂð� [A;B℄ � B (v).[G;B℄ � A �î ´¨� ö� B=A � Z(G=A) �î ö� ý�Â� üê�îø �¥� ¯Âª ù�Ú÷� A<G ø A � B Âð� (vi).[A�;B�℄ = [A;B℄� ù�Ú÷� Àª�� G ùøÂð üµ¿þÂÞû ×þ � Âð� (vii)ù�Ú÷� C � K ø ,Àª�� üû��¿ó¢ ùøÂð K Âð� (viii)[G�K;A �C℄ = [G;A℄� [K;C℄:�n �±�Âõ ÂÚÌþ�ã� .À�ª�� G ¥� üþ�Ìä� xn,� � �,x1 ø ,Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 6.1.1



3 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê:¢�ªüõ ÓþÂã� ß��� Ǒ�ÂÖµ¨� �� [x1; � � � ; xn℄[x1℄ = x1; [x1; � � � ; xn℄ = �[x1; � � � ; xn�1℄; xn� (n � 2):�¤�¬ ßþ� ¤¢ .x; y; z 2 G ø ,Àª�� ùøÂð ×þ G Ý��î Âê [1;1:4:10℄ .Ýó 7.1.1.[xy; z℄ = [x; z℄y[y; z℄ = [x; z℄[x; y; z℄[y; z℄ (i).[x; yz℄ = [x; z℄[y; z℄y = [x; z℄[x; y℄[x; y; z℄ (ii).[x�1; y℄ = �[x; y℄�1�x�1 = [x; y℄�1 h[x; y℄�1; x�1i (iii).[x; y�1℄ = �[x; y℄�1�y�1 = [x; y℄�1 h[x; y℄�1; y�1i (iv)ÓþÂã� Â þ¥ �¤�¬ �� G ¤¢ H ¥�¨ �îÂõ .H;K � G ø ùøÂð ×þ G Ý��î Âê .ÓþÂã� 8.1.1:¢�ªüõCK(H) = fk 2 Kjkh = hk 8h 2 Hg:Àª�� üû��µõ À�ó�� �� Hø üû��µõ [H;K℄ Âð� .H;K � G ø ùøÂð ×þ G Ý��î Âê .Ýó 9.1.1.´¨� üû��µõ jK : CK(H)j ù�Ú÷��î ¢�ªüõ ùÀþ¢ ü÷�¨� �� .H = hx1; � � � ; xni Ý��î Âê .ö�ûÂ�jK : CK(H)j = j f[x; k℄jk 2 K; x 2 Hg j:�¹�µ÷ ¤¢ .CK(H) = Tni=1CK(xi) Ýþ¤�¢ ß��»ÞûjK : CK(H)j � nYi=1 jK : CK(xi)j � nYi=1 j[H;K℄j:�ßþ� ¤¢ .H � Gø Àª�� Àó�õüû��µõ ùøÂð ×þ G Ý��î Âê [1;4:2:2℄ .( 1Âþ�Âª) ��Ìì 10.1.1.´¨� Àó�õüû��µõ H ù�Ú÷� Àª�� üû��µõ G ¤¢ H ÅþÀ÷� Âð� �¤�¬Otto Shreier1



4 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêÀó�õ üû��µõ üÜ�� ý�ûùøÂð ý�þ�¹� ø �ûùùøÂð�p 2.1ü�¤�¬ ¤¢ Ý�þ�ðüõ ( ü��õÀÖõ �fÂÊµ¿õ �þ) ü��õÀÖõ üÜ�� �¤ G üû��µõ üÜ�� ùøÂð�p .ÓþÂã� 1.2.1¤¢ �î ,G = ha1i � � � � � hani ù�Ú÷� ,jGj = pn Âð� .Àª�� p ñø� ¢Àä G üúþÀ�Â�è �Ìä Âû ý�±�Âõ �î�¹�µ÷ ¤¢ ø ;À÷�G üúþÀ� Â�è ý�Ìä� �ûai ö�G �= Cp � � � � � Cp| {z }n :�¤�¬ ßþ� ¤¢ .jGj = n ø Àª�� ü��õÀÖõ üÜ�� ùøÂð�p×þ G Ý��î Âê [1;3:2:5℄ .Ýó 2.2.1�î ´¨� Fp ö�À�õ ýø¤ n� n ý�ûÅþÂ��õ ��Þ� ý�ä�Þ¹õ GLn(Fp) ö� ¤¢ �î ,Aut(G) �= GLn(Fp).´¨� ÂÔ¬�÷ �ûö� ö���õÂ�¢G �¤�¬ ßþ� ¤¢ .Àª�� üúþÀ�Â�è üû��µõ ùøÂð�p×þ G Ý��î Âê [1;3:1:6℄ .��Ìì 3.2.1G ÂÚþ¢ �¤�±ä �� .¢�ªüõ �þ�¹� ©�üúþÀ�Â�è ý¤ø¢ ý�ûùøÂðÂþ¥ ¥� ý¢�Àã� Ý�ÖµÆõ �ÂÌÜ¬�� ��.G = ha1i � � � � � hani �î ý¤�Ï �� ¢¤�¢ an ,� � � ,a1 À�÷�õ üúþÀ� Â�è üþ�Ìä�.Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 4.2.1.Àª�� üû��µõ ö� �Ìä Âû ý�±�Âõ ù�ðÂû À�þ�ð ¤�À��� �¤ G ùøÂð (i).Àª�� üû��µõ�÷ ö� üúþÀ�Â�è �Ìä Âû ý�±�Âõ ù�ðÂû À�þ�ð ���ü� �¤ G ùøÂð (ii)ý�Þû ý�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .Àª� � üÜ �� ùøÂð ×þ G Ý� � î Âê [1;4:2:6℄ .Ý ó 5.2.1T �¤ ùøÂðÂþ¥ ßþ� Âð� .´¨� G ¤�À��� ùøÂðÂþ¥ ×þ ´¨� üû��µõ �ûö� ¥� ×þ Âû ý�±�Âõ �î G ¥� üþ�Ìä�.´¨� ���ü� ùøÂð ×þ G=T ù�Ú÷� Ý�õ����� �¤ ö� ø À�þ�ðüõ G ¤�À��� ùøÂðÂþ¥ ,Àª üêÂãõ 5.2.1 Ýó ¤¢ �î �¤ G ¥� T ùøÂðÂþ¥ .ÓþÂã� 6.2.1.´¨� üû��µõ ùøÂð ×þ ù¤��Þû T (G) .À�û¢üõ ö�È÷ T (G) ¢�Þ÷



5 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêG �¤�¬ ßþ� ¤¢ .Àª�� Àó�õüû��µõ üÜ�� ùøÂð ×þ G Ý��î Âê [1;5:2:6℄ .��Ìì 7.2.1.G = T (G)� S �î ý¤�Ï �� ¢¤�¢ S À�÷�õ ü���ü� ùøÂðÂþ¥ö��µ��� ý�ûùùøÂð 3.1ñ�õÂ÷ ýÂ¨ .Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 1.3.11 = G0 � G2 � � � � � Gr = G,1 � i � r �î i Âû ý�¥� �� �î ü�¤�¬ ¤¢ Ý�þ�ð G ý�îÂõ ýÂ¨ ×þ �¤GiGi�1 � Z  GGi�1! :ñ�Ï .Àª� � � µ ª�¢ ý�îÂ õ ýÂ¨ ×þ �î ü �¤�¬ ¤¢ À � õ� ÷ ö�� µ�� � �¤ G ùøÂ ð .Ó þÂ ã � 2.3.1.À�û¢üõ ö�È÷ (G) �� �¤ ö�ø À�þ�ð G ü÷��µ��� ù¢¤ �¤ G ý�îÂõ ýÂ¨ ßþÂµû���îùøÂð�p Âû ß��»Þû .Z(G) 6= 1 ù�Ú÷� Àª�� üúþÀ�Â�è ö��µ��� ùøÂð ×þ G Âð� .ÂîÁ� 3.3.1.´¨� ö��µ��� üû��µõÀ�÷�õ üó�õÂ÷ ýÂ¨ Âð��ú��øÂð� ´¨� ö��µ��� G ùøÂð [1;2:1:10℄ .Ýó 4.3.11 = G0 � G1 � � � � � Gr = G.[G;Gi℄ � Gi�1 ,1 � i � r �î i Âû ý�¥� �� �î ý¤�Ï �� Àª�� �µª�¢�¤�¬ ßþ� ¤¢ .Àª�� r ýù¢¤ ¥� ö��µ��� ùøÂð ×þ G Ý��î Âê [1;3:1:10℄ .��Ìì 5.3.1.´¨� r Â·î�À� ýù¢¤ ¥� ö��µ��� G ùøÂðÂþ¥ Âû (i).´¨� r Â·î�À� ýù¢¤ ¥� ö��µ��� G ´¿þÂÞû Âþ�Ê� Âû (ii).´¨� ö��µ��� G=N ù�Ú÷� N < Z(G) ø Àª�� ö��µ��� G Âð� .�¹�µ÷ 6.3.1



6 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê.Ýþ¤�¢ �¤ Âþ¥ Ýó «�¡ ´ó�� ¤¢ üóø .´Æ�÷ ¤�ÂìÂ� ë�ê �¹�µ÷ ÅØäÀª�� ö��µ��� G=N Âð� �¤�¬ ßþ� ¤¢ .N � G ø ùøÂð ×þ G Ý��î Âê [1;1:10℄ .Ýó 7.3.1.(G) = (G=N) + 1 �þ (G) = (G=N) ùø�ä �� ;´¨� ö��µ��� ��÷ G ù�Ú÷�ö��µ��� ,ö��µ��� ý�ûùøÂð ¥� üû��µõ ¢�Àã� Âû Ý�ÖµÆõ �ÂÌÜ¬�� [1;5:1:10℄ .��Ìì 8.3.1.´¨��¤�¬ ßþ� ¤¢ .Àª� � üû�� µõ üúþÀ�Â �è ùøÂð ×þ G Ý��î Âê [1;8:1:10℄ .� �Ìì 9.3.1;À÷�ñ¢�ãõ ø¢��ø¢ Âþ¥ ý�ûù¤��ð;´¨� ö��µ��� G (i);´¨� ñ�õÂ÷ G ñ�Þ�Æî�õ ùøÂðÂþ¥ Âû (ii);´¨� ñ�õÂ÷ G ý�Ü�¨ ùøÂðÂþ¥�p Âû (iii).´¨� ¢�¡ ý�Ü�¨ ý�ûùøÂðÂþ¥ Ý�ÖµÆõ �ÂÌÜ¬�� G (v)�� �¤ G ý�ûùøÂðÂ þ¥ ¥� fn(G)gn=1 ý�ó� ± ÷¢ .Àª� � ùøÂð ×þ G Ý��î Âê .ÓþÂã � 10.3.1:Ý��îüõ ÓþÂã� ß��� Ǒ�ÂÖµ¨�1(G) = G; n(G) = [G; n�1(G)℄ (n � 1):.n Ý�Æþ�÷üõ �fÂÊµ¿õ ,n(G) ý�� �� ,Àþ��÷ Ç�� (G ü�ãþ) ���õ¥ ùøÂð ¢¤�õ ¤¢ üõ�ú�� �î ü�¤�¬ ¤¢n Âû ý�¥� �� �¹�µ÷ ¤¢ .´¨� GÉ¿a Èõ ùøÂðÂþ¥ ×þ n Âû �î ¢�ªüõ ´��� Ǒ�ÂÖµ¨� �� ü÷�¨� ��.n = [G; n�1℄ � n�1 ,n > 1 �î üã�±Ï n Âû ý�¥� �� ,5.1.1 Ýó (iii) À�� Õ±Ï Â� . n< G ,üã�±ÏýÂ¨ .Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 11.3.1G = 1(G) � 2(G) � � � � � n(G) � � � �.À�õ�÷üõ G ü��þ�� ý�îÂõ ýÂ¨ �¤



7 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê�� �¤ G ý�ûùøÂðÂþ¥ ¥� fZn(G)gn=0 ý�ó�± ÷¢ .Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 12.3.1:Ý��îüõ ÓþÂã� ß��� Ǒ�ÂÖµ¨�Z0(G) = 1; Zn+1Zn(G) = Z � GZn(G)� (n � 0):.Zn Ý�Æþ�÷üõ �fÂÊµ¿õ ,Zn(G) ý�� �� ,Àþ��÷ Ç�� ���õ¥ ùøÂð ¢¤�õ ¤¢ üõ�ú�� �î ü�¤�¬ ¤¢É¿a Èõ ùøÂðÂþ¥ ×þ Zn Âû �î ¢�ªüõ ´��� Ǒ�ÂÖµ¨� �� ü÷�¨� �� .Z1(G) = Z(G) �î ´¨� ¼®�ø.Zn � Zn+1 �î ¢�ªüõ ��Üãõ ß��»Þû ;Zn < G ,üÔ�õ�÷ ¼�½¬ n Âû ý�¥� �� ,ßþ�Â���� .´¨� GýÂ¨ .Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 13.3.11 = Z0(G) � Z1(G) � � � � � Zn(G) � � � �.À�õ�÷üõ G üþ��� ý�îÂõ ýÂ¨ �¤Âð� �¤�¬ ßþ� ¤¢ .Àª�� ö��µ��� ùøÂð ×þ G Ý��î Âê [1;3;2;10℄ .Ýó 14.3.11 = G0 � G1 � � � � � Gr = Gù�Ú÷� Àª�� G ý�Â� ý�îÂõ ýÂ¨ ×þ.n � Gr�n+1 ,n � r + 1 �î üã�±Ï n Âû ý�¥� �� (i).Gn � Zn ,n � r �î üÔ�õ�÷ ¼�½¬ n Âû ý�¥� �� (ii)�¤�¬ ßþ� ¤¢ .Àª�� ùøÂð ×þ G Ý��î Âê [1;2:2:10℄ .��Ìì 15.3.1.r+1 = 1 �î ý¤�Ï �� Àª�� ¢���õ r À�÷�õ ü�Ô�õ�÷ ¼�½¬ ¢Àä Âð��ú��øÂð� ´¨� ö��µ��� G (i).Zs = 1 �î ý¤�Ï �� Àª�� ¢���õ s À�÷�õ ü�Ô�õ�÷ ¼�½¬ ¢Àä Âð��ú��øÂð� ´¨� ö��µ��� G (ii)¢Àä ßþÂµØ��î r Âð� �¤�¬ ßþ� ¤¢ .Àª�� ö��µ��� ùøÂð ×þ G Ý��î Âê .�¹�µ ÷ 16.3.1.(G) = r ù�Ú÷� Zr = G �þ r+1 = 1 �î Àª�� ü�Ô�õ�÷ ¼�½¬



8 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêÂð� �¤�¬ ßþ� ¤¢ .N < G ø Àª�� ö��µ��� ùøÂð ×þ G Ý��î Âê [1;5:2:10℄ .��Ìì 17.3.1.N \ Z(G) 6= 1 ù�Ú÷� N 6= 1ý�µê�þÝ�Þã� ÂÚÌþ�ã� ùøÂðÂþ¥ .A1; � � � ; An � G ø ,Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 18.3.1:¢�ªüõ ÓþÂã� ß��� Ǒ�ÂÖµ¨� �� [A1; � � � ; An℄[A1℄ = A1; [A1; � � � ; An℄ = �[A1; ; � � � ; An�1℄; An� (n � 1):.Ý�û¢üõ Çþ�Þ÷ [A;nB℄ ¢�Þ÷ �� �¤ [A;B; � � � ; B| {z }n ℄ ÂÚÌþ�ã��¤�¬ ßþ� ¤¢ .À�ª�� G ùøÂð ñ�õÂ÷ ý�ûùøÂðÂþ¥ L ø ,K ,H Ý��î Âê [1;6:2:10℄ .Ýó 19.3.1.[H;KL℄ = [H;K℄[H;L℄ ø [HK;L℄ = [H;L℄[K;L℄.N < G ø À�ª�� G ùøÂðÂþ¥ �¨ L ø ,K ,H À��î Âê [1;11:2:10℄ .(ùøÂðÂþ¥ �¨) Ýó 20.3.1ù�Ú÷� À�ª�� N ùøÂðÂþ¥ [L;H;K℄ ,[K;L;H℄ ,[H;K;L℄ ùøÂðÂþ¥ �¨ ¥� ùøÂðÂþ¥ ø¢ Âð� �¤�¬ ßþ� ¤¢.´¨� ß��� ��÷ üõ�¨,j ø i üã�±Ï ¢Àä ø¢ Âû ý�¥� �� [1;12:2:10℄ .��Ìì 21.3.1,[i; j ℄ � i+j (i),[Zi; j ℄ � Zi�j ,i � j Âð� (ii)¤¢ .Àª�� G Àóa�õ �ä�Þ¹õ×þ fa�j� 2 �g ø ,ùøÂð ×þ G À��î Âê [1;2;4;10℄ .Ýó 22.3.1ö� ¤¢ �î ¢�ªüõ À�ó�� i+1[b1; � � � ; bi℄ �¤�¬ �� üþ�Ìä� �� i=i+1 üã�±Ï i Âû ý�¥� �� �¤�¬ ßþ�.bj 2 fa�j� 2 �g ,1 � j � i �î üã�±Ï j Âû ý�¥� ��Àó�õüû��µõ i=i+1 üã�±Ï i Âû ý�¥� �� ù�Ú÷� Àª�� Àó�õüû��µõ ùøÂð ×þ G Âð� .�¹�µ÷ 23.3.1.´¨���÷ G ùøÂðÂþ¥ Âû ù�Ú÷� Àª�� Àó�õüû��µõ ö��µ��� ùøÂð ×þ G Âð� [1;4:4:10℄ .�¹�µ÷ 24.3.1



9 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê.´¨� Àó�õüû��µõ:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .Àª�� ùøÂð ×þ G Ý��î Âê .Ýó 25.3.1i � GZ(G)� = i(G)Z(G)Z(G) ; Zi � GZ(G)� = Zi+1(G)Z(G) (i � 1):�.´¨� i �� ´±Æ÷ Ǒ�ÂÖµ¨� �� ø ü��õÀÖõ ��±�� .ö�ûÂ��� ù�Ú÷� G = NH Âð� �¤�¬ ßþ� ¤¢ .H � G ø N < G ø ùøÂð ×þ G Ý��î Âê .Ýó 26.3.1Ýþ¤�¢ i � 1 üã�±Ï ¢Àä Âû ý�¥�i(G) = i(H)[N;i�1G℄ � i(H)N:�.´¨� i �� ´±Æ÷ Ǒ�ÂÖµ¨� �� ø ö�¨� ��±�� .ö�ûÂ�Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .À�ª�� üû��¿ó¢ ý�ûùøÂð Gn ,� � � ,G1 Ý��î Âê .Ýó 27.3.1i(G1 � � � � �Gn) = i(G1)� � � � � i(Gn):�.¢�ªüõ Û¬�� 5.1.1 Ýó (viii) ´ÞÆì ¥� �¹�µ÷ .ö�ûÂ��ûùøÂð ¢�¥� Çþ�Þ÷ 4.1¤¢ .Àª�� üã��� � : X �! F ø ,üú� Â�è ý��ä�Þ¹õ X ,ùøÂð ×þ F Ý��î Âê .ÓþÂã� 1.4.1×þ � : X �! G À�÷�õ â��� Âû ø G À�÷�õ ùøÂð Âû ý�¥� �� ù�ðÂû Ý�þ�ð ¢�¥� X Â� �¤ (F; �) �¤�¬ ßþ�¢�¥� X Â� �¤ F ùøÂð .� = �� �î ý¤�Ï �� Àª�� ¢���õ � : F �! G À�÷�õ ¢Âê��ÂÊ½�õ üµ¿þÂÞûF ùøÂð .Àª�� ¢�¥� X Â� (F; �) �î ý¤�Ï �� Àª�� ¢���õ � : X �! F À�÷�õ üã��� �î ü�¤�¬ ¤¢ Ý�þ�ð.Àª�� ¢�¥� ý��ä�Þ¹õ Â� ù�ðÂû Ý�õ�÷ ¢�¥� ùøÂð ×þ �¤



10 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêÂ� F ù�Ú÷� ,Àª�� ¢�¥� X Â� F Âð� .´¨� ×þ �� ×þ ,ùÀõ� ë�ê ÓþÂã� ¤¢ �î � â�� � ��®ø ��� ö�¤¢ �î ´¨� ¢�¥� Im� Â� (F; �) âì�ø ¤¢ .´¨� ¢�¥� ´¨� ¢ÀäÝû X �� �î ©¢�¡ ¥� ý��ä�Þ¹õÂþ¥¢Âê �� ÂÊ½�õ â�¨�� � �î ¢�ªüõ ��Üãõ ÓþÂã� ¥� � = � ø X � F Âê �� ßþ�Â���� .´¨��µ�� â���.´¨� üµ¿þ¤øÂ� ×þ � ù�Ú÷� ,G = h�Xi Âð� �î ¢�ªüõ ùÀþ¢ ü÷�¨� �� .´¨� � : X �! FÀ�÷�õ üûøÂð �¤�¬ ßþ� ¤¢ .Àª�� üó�¡ Â�è ý��ä�Þ¹õ X Ý��î Âê [1;1:1:7℄ .��Ìì 2.4.1.F = hIm�i ùø�ä �� ø ´¨� ¢�¥� X Â� (F; �) �î ý¤�Ï �� ¢¤�¢ ¢��ø � : X �! F À�÷�õ üã��� ø F.Ý�û¢üõ ö�È÷ F (X) ´õ�ä �� Àª �µ¡�¨ ë�ê ý��Ìì ¤¢ �î �¤ F ùøÂð .¢�¢¤�Âì 3.4.1.´¨� ¢�¥� ùøÂð ×þ ´¿þÂÞû Âþ�Ê� ùøÂð Âû [1;4:1:7℄ .��Ìì 4.4.1¥� N À�÷�õ üó�õÂ÷ ùøÂðÂþ¥ ù�Ú÷� ,Àª�� G ý�Â� ýÀó�õ �ä�Þ¹õ Xø ùøÂð ×þ G Âð� .�¹�µ÷ 5.4.1.G �= F (X)=N �î ´Æû F (X)üµÞÆì �¤�¡ ùøÂð �¤�¬ ßþ� ¤¢ .R � F (X) ø Àª�� ý��ä�Þ¹õ X Ý��î Âê .ÓþÂã� 6.4.1¤�µÆ� ü�ãþ �R) .Ý�þ�ðüõ F (X)= �R ùøÂð Çþ�Þ÷ ×þ �¤ ö�ø Ý�û¢üõ ö�È÷ hXjRi´õ�ä �� �¤ F (X)= �R.( F (X) ¤¢ R ñ�õÂ÷ý��Ìì �� ��� ù�Ú÷� Àª�� G ý�Â� ýÀó�õ �ä�Þ¹õ X Âð� .Àª�� ù��¿ó¢ ùøÂð ×þ G Ý��î Âê ×�þ�N ¥� R ý�ä�Þ¹õÂþ¥ Ý��î Âê .´¨� F (X) ¥� üó�õÂ÷ ùøÂðÂþ¥ N ö�¤¢ �î .G �= F (X)=N Û±ìG �= hXjRi �î ´¨� ¼®�ø �¤�¬ ßþ� ¤¢ . �R = N �î Àª�� ö����¤�¬ ßþ� ¤¢ .R � F (X) ö� ¤¢ �î G �= hXjRi ø Àª�� ùøÂð ×þ G Ý��î Âê .ÓþÂã� 7.4.1×þ �¤ R �Ìä Âû ø Àó�õ ×þ �¤ X �Ìä Âû .Ý�õ�÷üõ G (Çþ�Þ÷ �fÂÊµ¿õ �þ) ¢�¥� Çþ�Þ÷ ×þ �¤ hXjRi.Ý�õ�÷üõ �Î��¤Çþ�Þ÷ ý�¤�¢ F �¤�¬ ßþ� ¤¢ .Àª�� X ý�ä�Þ¹õ ýø¤ ¢�¥� ùøÂð F Ý��î Âê .ùÂÊ±� 8.4.1



11 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê.¢¤�À÷ üúþÀ��÷ ý�Î��¤ º�û �î ´¨� F = hXj iö� ¤¢ �î G=G0 �= hXjR [ Ci �¤�¬ ßþ� ¤¢ .G = hXjRi Ý��îÂê [1;4:2:7℄ .��Ìì 9.4.1.C = f[x; y℄jx; y 2 X;x 6= yg� � ,ë� ê ý��Ìì � � .X = fx1; � � � ; xng ö� ¤¢ �î G �= hXjRi Ý� � î Âê .ùÂÊ± � 10.4.1�î ¢�ªüõ ùÀþ¢ ü÷�¨�GG0 �= hXj R [ f[xi; xj ℄j1 � i � j � ngi¢�Þ÷ �� �¤ ö� �î 2n ý�±�Âõ ¥� üú�øø¢ ùøÂð ,n � 3 �î üã�±Ï n Âû ý�¥� �� .ÓþÂã� 11.4.1:¢�ªüõ À�ó�� Âþ¥ ´ÈÚþ�� ø¢ �� �î ´¨� Sn ¥� üûøÂðÂþ¥ ,À�û¢üõ ö�È÷ D2n� = (12 � � �n); � = �1 2 3 4 ��� n�2 n�1 n1 n n�1 n�2 ��� 4 3 2 � :.Z(D2n) = D�n2 E ù�Ú÷� ,2 j n Âð� Û±ì ÓþÂã� ��õ�ä �� .��Ìì 12.4.1:´¨� Âþ¥ Çþ�Þ÷ ý�¤�¢ 2n ý�±�Âõ ¥� üú�ø ø¢ ùøÂð [1;1:3:7℄ .��Ìì 13.4.1D2n �= Dx; yj x2n�1 = y2 = (xy)2 = 1Eñ�Öµ÷� üµ¿þÂÞû 5.1Ý�û¢üõ ¤�Â ì ùø�ä � � ,jG : Hj = n ø ´¨� G øÂÔõ ùøÂð ¥� üûøÂðÂ þ¥ H ¶½±õ ßþ� Â¨�Â¨ ¤¢.
 = f1;2; � � � ; ng,À�ª�� G ¤¢ H ´¨�¤ ¢ÂðÂ� ø¢ fy1; � � � ; yng ø fx1; � � � ; xng Ý��î Âê [1;1:1:12℄ .Ýó 1.5.1�� ¢¤�¢ ¢��ø H ¥� hi ×þ�ú��ø×þ ��÷ ø ,
 ¥� j ×þ�ú��ø×þ 
 ¥� i Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .a 2 G ø.´¨� 
 ´ÈÚþ�� ×þ � : 
 �! 
 â��� ùø�ä �� yia = hixj �î ý¤�Ï



12 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê:¢Âî ö��� Ýû Âþ¥ �¤�¬ �� ö���üõ �¤ ë�ê Ýó .ùÂÊ±� 2.5.1�¤�¬ ß þ� ¤¢ .a 2 G ø ,À � ª� � G ¤¢ H ´¨�¤ ¢Â ðÂ � ø¢ fy1; � � � ; yng ø fx1; � � � ; xng Ý � � î Â ê�î ´Æû hi À� ÷� õ H ¥� ý�Ìä ,
 ¥� i Âû ý�¥� � � �î ý¤�Ï � � ¢¤�¢ ¢��ø � À� ÷� õ 
 ¥� üµÈÚþ��.yia = hixi��� T : G �! H=H 0 â��� .Àª�� G ¤¢ H ´¨�¤ ¢ÂðÂ� ×þ fx1; � � � ; xng Ý��î Âê .ÓþÂã� 3.5.1�bÎ��®aT = nYi=1H 0hi.À�þ�ðüõ ñ�Öµ÷� ,( Û±ì Ýó Õ��Îõ) xia = hixj ö� ¤¢ �î �¤, ë�ê ÓþÂã� ��õ�äø ��®øÂÔõ �� [1;2:1:12℄ .��Ìì 4.5.1,´¨� G ¤¢ H ´¨�¤ ¢Âð�Â� ��¿µ÷� ¥� ÛÖµÆõ T (i).´¨� üµ¿þÂÞû ×þ T (ii)ßþ� ¤¢ .a 2 G ø Àª�� G ¤¢ H ´¨�¤ ¢ÂðÂ� ×þ fx1; � � � ; xng Ý��î Âê [1;3:1:12℄ .Ýó 5.5.1ý¤�Ï �� À÷¢���õ gm ,� � � ,g1 À�÷�õ fx1; � � � ; xng ¥� üþ�Ìä� ø rm ,� � � ,r1 À�÷�õ üã�±Ï ¢�Àä� �¤�¬�î,Pmt=1 rt = n (i),gtartg�1t 2 H ,1 � t � m �î t Âû ý�¥� �� (ii).aT = Qmt=1H 0 �gtartg�1t � (iii)Â ð� �¤�¬ ßþ� ¤¢ .H � Z(G) ø Àª� � ùøÂ ð ×þ G À � � î Âê [1;4:1:12℄ .� �Ì ì 6.5.1.aT = an,G ¥� a Âû ý�¥� �� ù�Ú÷� jG : Hj = nù�Ú÷� jG : Hj = n Âð� �¤�¬ ßþ� ¤¢ .H � Z(G) ø Àª�� ùøÂð ×þ G À��î Âê .�¹�µ÷ 7.5.1.´¨� üµ¿þÂÞû ×þ aT = an �bÎ��® �� T : G �! H â���



13 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê.G0 � KerT �¤�¬ ßþ� ¤¢ .Àª�� ñ�Öµ÷� üµ¿þÂÞû T : G �! H=H 0 Ý��î Âê .Ýó 8.5.1�.¢�ªüõ Û¬�� �¹�µ÷ üµ¿þÂØþ ñø� ��Ìì ¥� ´¨� üÜ�� H=H 0 �Ø�þ� �� ���� �� .ö�ûÂ�ßþ� ¤¢ .jG : Hj = n �î ý¤�Ï �� H � G ø Àª�� üû��µõ ùøÂð ×þ G Ý��î Âê .Ýó 9.5.1.aT = H 0an ù�Ú÷� a 2 Z(G) Âð� �¤�¬�.¢�ª üõ Û¬�� �¹�µ÷ ,5.5.1 Ýó (iii) À�� °��õ �� .ö�ûÂ�ø jG : Hj = n Ý��î Âê ùø�ä �� .H � G ø Àª�� ùøÂð ×þ G Ý��î Âê .��Ìì 10.5.1ù�Ú÷� À�ª�� ñø� Ýû �� ´±Æ÷ n ø m Âð� �¤�¬ ßþ� ¤¢.À÷�üã�±Ï ¢Àä ø¢ n ø m ö� ¤¢ �î ,jH=H 0j = m.H \G0 \ Z(G) � H 0.a 2 H \ G0 \ Z(G) ø Àª� � ñ� Ö µ ÷� ü µ¿ þÂ Þ û T : G �! H=H 0 Ý � � î Â ê .ö� ûÂ ��Á ó .n j jaH 0j �¹� µ ÷ ¤¢ .aT 2 KerT ,8.5.1 Ý ó Õ±Ï Â � üêÂÏ ¥� .aT = H 0an ,Û ± ì Ý ó Õ ±Ï Â ��.aH 0 = H 0 Å� ,(n;m) j jaH 0j�¤�¬ ßþ� ¤¢ .H � Z(G) ø Àª�� ùøÂð ×þ G Ý��î Âê [14;2:12℄ .( 2¤�ª ) Ýó 11.5.1.´¨� üû��µõ G0 ù�Ú÷� Àª�� üû��µõ jG : Hj Âð�ùøÂð Â� ùøÂð ÛÞä 6.1¤¢ À�îüõ ÛÞä K ùøÂð Â � H ùøÂð Ý� þ�ð .À�ª� � ùøÂð ø¢ K ø H Ý��î Âê .ÓþÂã � 1.6.1�µª�¢ ¢��ø Ý�û¢üõ ö�È÷ kh �� �¤ ö� �î K ¥� üþ�µØþ �Ìä ,k 2 K Âû ø h 2 H Âû ý�¥� �� �î ü�¤�¬:À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ý¤�Ï �� Àª��.k1 = k ,k 2 K Âû ý�Â� (i).k(h1h2) = (kh1)h2 ,k 2 K Âû ø h1; h2 2 H Âû ý�Â� (ii).(k1k2)h = kh1kh2 ,h 2 H Âû ø k1; k2 2 K Âû ý�Â� (iii)Shur2



14 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê�bÞû ßþ�Â���� .´¨� K ý�ä�Þ¹õ Â� H ùøÂð ÛÞä éÂãõ (ii) ø (i) á�®�õ Û¬� ø¢ .ùÂÊ±� 2.6.1.´¨� ¤�ÂìÂ� Ý�µª�¢ �ä�Þ¹õ ×þ Â� ùøÂð ÛÞä ¢¤�õ ¤¢ �î üõ�Ø��â �� � ,h 2 H Âû ý�¥� � � .À � î ÛÞä K ùøÂð Â � H ùøÂð Ý� � î Âê [21;9:3℄ .� �Ìì 3.6.1ø ´¨� K üµ¿þ¤¢�¡ ×þ �h �¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã� k�h = kh ý�Î��® �� �¤ �h : K �! K.´¨� üµ¿þÂÞû ×þ h! �h �bÎ��® �� � : H �! Aut(K) ´ª�Ú÷À�õ�÷üõ K Â� H ÛÞä �� ÂÒ��µõ ,H ý�üµ¿þ¤¢�¡ Çþ�Þ÷ �¤ � Û±ì ��Ìì ��õ�ä �� .ÓþÂã� 4.6.1.Ý�þ�ð ë¢�¬ �¤ ÛÞä ù�Ú÷� Àª�� ×þ��×þ � Âð� .À�îüõ ÛÞä � �� K Â� H Ý�þ�ð øüµ¿þÂÞû ×þ � : H �! Aut(K) ø À�ª�� ùøÂð ø¢ K ø H Ý��î Âê [21;9:4℄ .��Ìì 5.6.1:À�îüõ ÛÞä Âþ¥ �¤�¬ �� K Â� H �¤�¬ ßþ� ¤¢ .Àª��8h 2 H; 8k 2 K kh := k(h�):.´¨� � ö�Þû ÛÞä ßþ� �� ÂÒ��µõ H ý�üµ¿þ¤¢�¡ Çþ�Þ÷ ùø�ä ��øÛÞä H �K ü�¤�î¢ �ÂÌÜ¬�� ¤¢ .À�î ÛÞä K ùøÂð Â� H ùøÂð Ý��î Âê .��Ìì 6.6.1:Ý��îüõ ÓþÂã� �¤ Âþ¥ üþ��ø¢(h1; k1)(h2; k2) = (h1h2; kh21 k2):K ø H Ý�ÖµÆõÝ�÷ �ÂÌÜ¬�� �¤ ùøÂð ßþ� .Àû¢üõ ùøÂð ×þ Û�ØÈ� ë�ê ÛÞä �� H �K �b ä�Þ¹õ.À�û¢üõ ö�È÷ H nK ´õ�ä �� �¤ ö�ø À�õ�÷üõ�¤�¬ ßþ� ¤¢ .G = H nKø À�î ÛÞä K ùøÂð Â� H ùøÂð Ý��î Âê [21;9:5℄ .��Ìì 7.6.1G = MN �î ý¤�Ï �� N �= K ø M �= H �î ¢¤�¢ M À�÷�õ üûøÂðÂþ¥ø N À�÷�õ üó�õÂ÷ ùøÂðÂþ¥ G.M \N = 1ø


