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"OW=@ |DN} Qm} Hn(f) : Hn(X) �! Hn(X 0) 'n

s} Q=O n Qy |=R=x@ x=ou; "OvW=@ AwDwty f w g |Q}HvR CW=ov wO s}vm ZQi "QmPD 21�1�1
Hn(f) = Hn(g)
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"OwW xaH=Qt �18,Theorem.6.14� x@ "C=@F=

l} |Q}HvR |=yCW=ov w =yCi=@ty�R s=tD Tqm "OW=@ xkrL l} R s}vm ZQi "QmPD 22�1�1
"CU= xDUQ

=yCi=@ty R= j}kO |xr=@vOl} 0 �! X f�! Y g�! W �! 0 |xr=@vO s}} wo "h} QaD 23�1�1
"OW=@ j}kO |=xr=@vO 0 �! Xn

fn�! Yn
gn�! Wn �! 0 |xr=@vO n 2 Z Qy |=R=x@ x=oQy 'CU=

x=ou; 'OW=@ =yCi=@ty R= j}kO xr=@vO l} 0 �! X f�! Y g�!W �! 0 Qo = "x}[k 24�1�1
CQwYx@ =ypwOt R= j}kO xr=@vO l}

: : : �! Hn(X)
Hn(f)�! Hn(Y )

Hn(g)�! Hn(W ) �n�! Hn�1(X)
Hn�1(f)�! Hn�1(Y ) �! : : :

"CU= p=YD= |DN} Qty �n u; QO xm OQ=O OwHw
"OwW xaH=Qt �18,Theorem.6.3� x@ "C=@F=

"OW=@ =yCi=@ty R= j}kO xr=@vO l} 0 �! A0 �! A �! A00 �! 0 s}vm ZQi "QmPD 25�1�1
i 2 Z |=R=x@ |va} OvW=@ j}kO A00 w A0 Qo =

Hi(A00) = 0 = Hi(A0);

xm OwW|t xH}Dv jwi x}[k R= |DL=Qx@

Hi(A) = 0:

"O} Q}o@ Q_vQO =Q Q} R |}=Hx@=H s=Qo =}O "GvB sr 26�1�1
A1

f1���! A2
f2���! A3

f3���! A4
f4���! A5??yt1 ??yt2 ??yt3 ??yt4 ??yt5

B1 ���!
h1

B2 ���!
h2

B3 ���!
h3

B4 ���!
h4

B5
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"Ow@ Oy=wN =WwB R}v t3 x=ou; 'OW=@ l} x@ l} 't5 w OvW=@ =WwB t4 w t2 Qo = �1

"Ow@ Oy=wN l} x@ l} R}v t3 x=ou; 'OW=@ =WwB 't1 w OvW=@ l} x@ l} t4 w t2 Qo = �2
"Ow@ Oy=wN |DN} Qm} R}v t3 x=ou; 'OvW=@ |DN} Qm} t5 w t4 't2 't1 Qo = 'xS} wx@

"OwW xaH=Qt �18,lemma.3.32� x@ "C=@F=

uwoa@=D x=oQy s}} wo |Q} wYD =Q P pwOt "h} QaD 27�1�1
HomR(P;�) : C(R) �! Ab

"OW=@ j}kO
uwoa@=D x=oQy s}} wo w}DmSv= =Q E pwOt�R

HomR(�; E) : C(R) �! Ab

uwoa@=D x=oQy s}} wo CUOm} =Q F pwOt�R u}vJty "OW=@ j}kO
F 
R � : C(R) �! Ab

"OW=@ j}kO

'M |=Q@ |Q} wYD p}rLD l} "OW=@ R |xkrL |wQ QiY=v |rwOt M s}vm ZQi "h} QaD 28�1�1
CQwYx@ j}kO Ci=@ty

: : : �! P2 d2�! P1 d1�! P0 �!M �! 0

Ci=@ty "OvW=@|t |Q} wYD |}=ypwOt�R =yPi u; QO xm 'CU=

: : : �! P2 d1�! P1 d0�! P0 �! 0

w}DmSv= p}rLD l} ?}DQD u}ty x@ "s}yO|t V}=tv P�M O=tv =@ =Q u; w xO}t=v M hwPLt |Q} wYD p}rLD =Q
CQwYx@ j}kO |=xr=@vO =Q M |=Q@

0 �!M �! E0 �! E1 �! : : : �! Ei �! : : :
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Ci=@ty "OvW=@|t w}DmSv= |}=ypwOt�R =yEi u; QO xm s}vm|t h} QaD

0 �! E0 �! E1 �! : : : �! Ei �! : : :

"s}yO|t V}=tv E�M =@ w xO}t=v M hwPLt w}DmSv= p}rLD =Q

uwoa@=D n 2 Z Qy |=R=x@ "OW=@ OQwty |vwoa@=D T : C(R) �! Ab s}vm ZQi "h} QaD 29�1�1
"s}vm|t h} QaD Q} R CQwYx@ w s}t=v|t T AJ xOW jDWt uwoa@=D u}t=n =Q LnT : C(R) �! Ab

CQwYx@M |wQ LnT x=ou; "OW=@M R= |iwPLt |Q} wYD p}rLD P0M w pwOt�Rl}M O}vm ZQi

LnT (M) = Hn(TP0M)

~f : P�M �! P�M 0 CQwYx@ |Q}HvR CW=ov x=ou; 'OW=@ |DN} Qty�Rl} f : M �!M 0 Qo = "OwW|t
"OvW=@|tM 0 wM R= |iwPLt |Q} wYD |=yp}rLD ?}DQD x@ P�M 0 w P�M u; QO xm CW=O Oy=wN OwHw f |wQ

:s}vm|t h} QaD u}vJ =Q f |wQ LnT CQwY u}= QO

LnT (f) : LnT (M) �! LnT (M 0)

x+ ImT (dn+1) 7! fn(x) + ImT (d0n+1)

"CU= h} QaDVwN w OQwty '|atH uwoa@=D LnT xm OwW|t C@=F |Swrwty Q@H QO

s} Q=O 'M pwOt�R Qy |=R=x@ 'x=ou; T = �
R N s}vm ZQi "p=Ft 30�1�1
LnT (M) = Hn(P�M 
R N)

TorRn (M;N) =@LnT (M)l}Uqml} Swrwty Q@H QO "CU=M R=|iwPLt |Q} wYDp}rLD 'P�M xm|Qw] x@
"OwW|t xO=O V}=tv

uwoa@=D n 2 Z Qy |=R=x@ "OW=@ OQwty |vwoa@=D T : C(R) �! Ab s}vm ZQi "h} QaD 31�1�1
"s}vm|t h} QaD Q} R CQwYx@ w s}t=v|t T CU=Q xOW jDWt uwoa@=D u}t=n =Q RnT : C(R) �! Ab
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CQwYx@ N |wQ RnT x=ou; "OW=@ N R= |iwPLt w}DmSv= p}rLD E�N w pwOt�R l} N O}vm ZQi

RnT (N) = Hn(TE�N)

~f : E�N �! E�N 0 CQwYx@ |Q}HvR CW=ov 'OW=@ |DN} Qty�R l} f : N �! N 0 Qo = "OwW|t h} QaD
"OvW=@|t N 0 w N R= |iwPLt w}DmSv= |=yp}rLD ?}DQDx@ E�N 0 w E�N xm|Qw]x@ CW=O Oy=wN OwHw f |wQ

s}vm|t h} QaD u}vJ =Q f |wQ RnT CQwY u}= QO

RnT (f) : RnT (N) �! RnT (N 0);

x+ ImT (dn�1) 7! fn(x) + ImT (d0n�1):

"CU= h} QaDVwN w OQwty '|atH |vwoa@=D RnT xm OwW|t C@=F |Swrwty Q@H QO

s} Q=O x=ou; "OW=@ T = HomR(M;�) s}vm ZQi "p=Ft 32�1�1

RnT (N) = Hn(HomR(M;E�N))

=@ RnT (N) l}Uqm l} Swrwty Q@H QO "CU= N pwOt�R R= |iwPLt w}DmSv= p}rLD 'E�N xm|Qw] x@
"OwW|t xO=O V}=tv ExtnR(M;N)

n QFm =OL |Q} wYD Oa@ M pwOt s}} wo "OW=@ QiY=v pwOt�R l} M s}vm ZQi "h} QaD 33�1�1
CQwYx@ |Q} wYD p}rLD |=Q=O M x=oQy ' pdR(M) � n s}U} wv|t w OQ=O

0 �! Pn �! : : : �! P1 �! P0 �!M �! 0

u}vJty "CU= n ,=k}kO 'M pwOt |Q} wYD Oa@ s}} wo x=ou; 'OW=@ jwi C}Y=N =@ OOa u} QDmJwm n Qo = "OW=@
w CU= |y=vDt=v M pwOt |Q} wYD Oa@ s}} wo|t 'OW=@ xDW=Ov |y=vDt |Q} wYD p}rLD I}y 'M pwOt�R Qo =
"pdR(M) = �1 s}vm|t h} QaD CQwY u}= QO 'OW=@ QiY pwOt 'M Qo = "pdR(M) =1 s}U} wv|t
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OQ=O n QFm =OL w}DmSv= Oa@ N pwOt s}} wo "OW=@ QiY=v pwOt�Rl} N s}vm ZQi "h} QaD 34�1�1
OW=@ Q} R CQwYx@ w}DmSv= p}rLD |=Q=O N x=oQy 'idR(N) � n s}U} wv|t w

0 �! N �! E0 �! E1 �! : : : �! En �! 0

Qo = u}vJty "CU= n ,=k}kO 'N pwOt w}DmSv= Oa@ s}} wo x=ou; 'OW=@ jwi C}Y=N =@ OOa u} QDmJwm n Qo =
s}U} wv|t w CU= |y=vDt=v N pwOt w}DmSv= Oa@ s}} wo|t 'OW=@ xDW=Ov |y=vDt w}DmSv= p}rLD I}y 'N pwOt�R

"idR(N) = �1 s}vm|t h} QaD CQwY u}= QO 'OW=@ QiY pwOt 'N Qo = "idR(N) =1

:Ov=pO=at Q} R \}=QW "OW=@ n � 0 w AJ pwOt�Rl} M w xkrL l} R s}vm ZQi "QmPD 35�1�1
"CU= n QFm =OL R xkrL |wQ M pwOt |Q} wYD Oa@ �1

"Extn+k
R (M;N) = 0 'k � 1 Qy w N pwOt�R Qy |=Q@ �2

"Extn+1
R (M;N) = 0 'N pwOt�R Qy |=Q@ �3

:Ov=pO=at Q} R \}=QW n � 0 w pwOt�R l} N w xkrL l} R s}vm ZQi "QmPD 36�1�1
"CU= n QFm =OL R xkrL |wQ N pwOt w}DmSv= Oa@ �1

"Extn+k
R (M;N) = 0 'k � 1 Qy w M pwOt�R Qy |=Q@ �2

"Extn+1
R (M;N) = 0 'M pwOt�R Qy |=Q@ �3

|Q} wYD p}rLD |=Q=O M s}} wo "OW=@ |y=vDt O}rwD =@ pwOt�Rl} M s}vm ZQi "h} QaD 37�1�1
|y=vDt O}rwD =@ u; CqtH xty xm |=xvwo x@ OW=@ OwHwt M |=Q@ |Q} wYD p}rLD x=oQy CU= |y=vDt ẁv R=

"CU=

|y=vDt ẁv R= O=R; p}rLD M Qo = =yvD w Qo = OQ=O |y=vDt ẁv R= |Q} wYD p}rLD M "QmPD 38�1�1
"OW=@ xDW=O
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ẁv R= |Q} wYD p}rLD 'p}rLD u=ty xm CU= K[=w 'OW=@ xDW=O |y=vDt ẁv R= O=R; p}rLD M Qo = "C=@F=
|y=vDt ẁv R= |Q} wYD p}rLD M s}vm ZQi 'Tma Cr=L C=@F= |=Q@ "CU= |y=vDt

: : : �! P2 d2�! P1 d1�! P0 d0�!M �! 0

Q0 pwOt�R CQwYu}=QO "CU= F0 |y=vDt O}rwD =@ O=R; pwOt�R l} CN} Qty Q} wYD P0 xm s}v=O|t "OQ=O
"Q0 � P0 = F0 xm|Qw]x@ OQ=O OwHw

uOQm xi=[= =@ p=L
0 �! Q0 1�! Q0 �! 0

j}kO Ci=@ty x@
: : : �! P2 d2�! P1 d1�! P0 d0�!M �! 0

|Di=@ty
: : : �! P2

�d2�! P1 �Q0
�d1�! P0 �Q0

�d0�!M �! 0 (�)
"s}vm|t h} QaD Q} R CQwYx@ =Q �d0 w �d1 ' �d2 |=yCW=ov u; QO xm s} Q=O =Q

�d0 : P0 �Q0 �!M

(p0; q0) 7! d0(p0)

�d1 : P1 �Q0 �! P0 �Q0

(p1; q0) 7! (d1(p1); q0)

�d2 : P2 �! P1 �Q0

p2 7! (d2(p2); 0) :

"CU= j}kO (*) Ci=@ty s}yO u=Wv CU= |i=m
Qo}O hQ] R= ker �d1 = ker d1 = Im d2 xH}Dv QO w q0 = 0 u}=Q@=v@ "ker �d1 = (d1(p1); q0)

hQ] R= "ker �d0 = ker d0�Q0 = Im d1�Q0 "ker �d1 = Im �d2 s} Q=O CQwYu}=QO "Im �d2 = Im d2

"ker �d0 = Im �d1 s} Q=O CQwYu}=QO "Im �d1 = Im d1 �Q0 Qo}O



13 x}rw= s}y=it 1 pYi

uOQm xi=[= =@ Oa@ xrLQt QO "CU= O=R; Q0 � P0 pwOt�R w OW=@|t j}kO ��� xr=@vO TB

0 �! Q1 1�! Q1 �! 0

Ci=@ty x@
: : : d3�! P2

�d2�! P1 +Q0
�d1�! P0 �Q0

�d0�!M �! 0

|Di=@ty

�! P3
�d3�! P2 �Q1

��d2�! P1 �Q0 �Q1
��d1�! P0 �Q0

�d0�!M �! 0 (��)

"s}vm|t h} QaD Q} R CQwYx@ ��d1 w ��d2 w �d3 |=yCW=ov u; QO xm s} Q=O =Q

��d1 : P1 �Q0 �Q1 �! P0 �Q0

(p1; q0; q1) 7�! (d1(p1); q0)

��d2 : P2 �Q1 �! P1 �Q0 �Q1

(p2; q1) 7�! (d2(p2); 0; q1)

��d3 : P3 �! P2 �Q1

p3 7�! (d3(p3); 0) :

"CU= j}kO (**) Ci=@ty s}yO u=Wv CU= |i=m
"Im �d3 = ker ��d2 s} Q=O CQwYu}=QO "Im �d3 = Im d3 Qo}O hQ] R= "ker ��d2 = ker d2 = Im d3

s} Q=O CQwYu}=QO "Im ��d2 = Im d2�Q1 Qo}O hQ] R= "ker ��d1 = ker d1�Q0 = Im d2�Q1

"Im ��d2 = ker ��d1

CQwYu}=QO "Im ��d1 = Im d1 � Q0 Qo}O hQ] R= "ker �d0 = ker d0 � Q0 = Im d0 � Q0

"Im ��d1 = ker �d0

CUO@ M |=Q@ |y=vDt ẁv R= O=R; p}rLD l} OvwQ u}ty xt=O= =@ "OW=@|t j}kO (**) Ci=@ty TB
"s} Qw;|t


