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ø� ý�úµÞã÷ ö¢ÂÞª ö�Âð¤�Þª ø À�÷�Þ� ø� ö¢�µ¨ ¤¢ ö�¤��¿¨ �î �¤ üþ�À¡ §�³¨
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ü÷�õ¥ �� ø ,ü÷À�¹�ð� ÷ ´ìø ¤¢ ø ,ü÷Àõ�� ÷¤¢ Ó¬ø �� ø ´¨� ü÷Àª�÷ ÓþÂã� ø�
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.À�Èî ¤�úõ ¤¢ �¤ ß�õ¥ ùb¥Âó �úÚ�¨Â¡ø ¢�Öµä� ýø¤ ¥� ü�û��ð .´¨�µÞûü� ø ¢¤�À÷ ý¥�±÷� ,´¨�µØþ �À¡ �î Ýû¢üõ üû��ð
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.Àþ�õÂê ôÃÜõe Û�ó¢ ø ´¹a � �� ø ,Àþ�¢Ã� �úó¢ ¥� üó¢ø¢ ¢cÂðd �� .ö��ä
¤¢ ö� üð¤Ã� ,´¨� ¢Â¡e �� ø ;�� ´ÖÜ¡ ¥� Ý���üõ �»÷� ´¨� ï¤Ã� �� !�þ�À¡ í��
Â��Â� ´¨� Ã���÷ �� ø ,�� ��ØÜõ ¥� Ý���üõ �»÷� ´¨� ´ÞÑä �� �� ø ;�� �¤Àì ¤��î
�� ø ;ö�ú� ßþ� ¤¢ �� ´Þã÷ ´¨� Â�ð�Âê �� ø ,�� ´�ÎÜ¨ ¥� ´¨� ö�ú÷ �õ Â� �»÷�
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.�÷ �� ý�úµþ�Ôî ¥� ø ´Æ�÷ �µ¡��ª�÷
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ö¤�Öµõ ø ßÚÞû �fã®�õ ý�û ���Þ¡ ,ÂØó�ø Âµõ ,ö¤�Öµõ �±ª üþ��½÷� ÂÚÜÞä ,ü»þ¤ ÂÚÜÞä :�ûù¦�ø À�Üî
.IP ý�û ���Þ¡ ,Åµ÷¤�ó

ùÀ�Ø�
�¨À�û �� ö�Þþ¤ ý��½÷� ¤�Æ÷�� ýÂ±� «��¡ �b ã¨�� Û�Æ÷�ÂÔþ¢ �¨À�û ¤¢ ü¨�¨� Û��Æõ ¥� üØþ
´¿¨ üÜ�¡ ( ý¤�Æ÷�� ö�À�õ-(0,4) ö���ä �� ) ��½÷� ¤�Æ÷�� �� ö¢Âî ¤�î .´¨�û ���Þ¡
ü¨¤Â� �� üúµ�õ �f �Þãõ ��Ö�Ö½� ,��½÷� ¤�Æ÷�� �� ¤�î üðÀ�»�� �� ���� �� ,ßþ�Â���� .Àª��üõ
¥� ö¤�Öµõ �±ª üþ��½÷� ÂÚÜÞä ø ü��î�¦ ÂÚÜÞä ,¢�ª üõ üã�±Ï ý�û ÂÚÜÞä ü¡Â� ýÂ±� ¤�µ¡�¨
ý�Ìê ýø¤ �î À�ª��üõ üÖ�Ö� â���� Ý�û�Ôõ ßþ� üû�ð .À÷�ª üõ üÖÜ� �û ñ�·õ ßþ� �ÜÞ�
(Àª�� üõ ö�Þ¨�Âð ý�û�½Ô¬-2 ö� ��õ�¢ �î) üãÎÖõ ý��½÷� À�÷�õ ,À÷�ªüõ ÓþÂã� °¨��õ
ñ�Ï ¤¢ .(¢�ªüõ �ÂÎõ §ø�ð ý��½÷� Ý�Þã� ö���ä �� ���Þ¡ ýø¤ �î) Âó�Ø¨� ý��½÷� ø
��½÷� ¤�Æ÷�� �� �µÆ��ø ùÄþø ý�ûÂÚÜÞä ü¡Â� ¤�µê¤ ü¨¤Â� �� üúµ�õ ��Ö�Ö½� �µªÁð ý�úó�¨

.´¨� ùÀª
ÂÑ÷ �ÎÖ÷ ¥� ýÀã�-3 Åµ÷¤�ó ý�û���Þ¡ ýÀ���Ö±Ï �ó�¨¤ ßþ� ¤¢ �õ üþ�ú÷ éÀû

ö� ö¤�Öµõ �±ª ý��½÷� ÂÚÜÞä �î ýÀã�-3 Åµ÷¤�ó ý�û���Þ¡ .Àª��üõ �ú÷� üþ��½÷� «��¡
ö��� ýÂ±� üÜî ýÀ���Ö±Ï ×þ .À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ Àª��üõ ´��� ùÄþø ¤�ÀÖõ ý�¤�¢
ñ�� ß�ä ¤¢ �î ¢�ª üõ ýÀã� �¨ Åµ÷¤�ó ý�û���Þ¡ ¥� Ûõ�î ýÀ���Ö±Ï �� üúµ�õ �î ¢�ªüõ
üþ��½÷� ÂÚÜÞä �� ýÀã�-3 Åµ÷¤�ó ý�û ���Þ¡ ß��»Þû .À�ª��üõ Ã�÷ ö¤�Öµõ �þ ßÚÞû



´¨À� ¸þ�µ÷ .¢�ªüõ ö��� ýÂ±� Ûõ�î ýÀ���Ö±Ï ×þ .À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ üþ�¹���
ý�û���Þ¡ ¥� Ûõ�î ýÀ���Ö±Ï �� Â¹�õ ¥�� �î ÝþÂ�ðüõ ¤�Ø� �û ���Þ¡ �¨À�û ý�Â� �¤ ùÀõ�
ö¤�Öµõ �þ ßÚÞû ñ�� ß�ä ¤¢ �î ¢�ªüõ üþ�¹��� ü»þ¤ -��½÷� ÂÚÜÞä �� ýÀã�-3 Åµ÷¤�ó

.À�ª��üõ Ã�÷
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�õÀÖõ
�¨À�û �� ö�Þþ¤ ý��½÷� ¤�Æ÷�� ýÂ±� «��¡ �b ã¨�� Û�Æ÷�ÂÔþ¢ �¨À�û ¤¢ ü¨�¨� Û��Æõ ¥� üØþ
üÜ�¡ �f �Þãõ ( ý¤�Æ÷�� ö�À�õ- (0, 4) ö���ä �� ) ��½÷� ¤�Æ÷�� �� ö¢Âî ¤�î .´¨�û���Þ¡
�� üúµ�õ �f �Þãõ ��Ö�Ö½� ,��½÷� ¤�Æ÷�� �� ¤�î üðÀ�»�� �� ���� �� ,ßþ�Â���� .Àª��üõ ´¿¨
�±ª üþ��½÷� ÂÚÜÞä ø ü��î�¦ ÂÚÜÞä ,¢�ª üõ üã�±Ï ý�ûÂÚÜÞä ü¡Â� ýÂ±� ¤�µ¡�¨ ü¨¤Â�
ýø¤ �î À�ª��üõ üÖ�Ö� â���� Ý�û�Ôõ ßþ� üû�ð .À÷�ª üõ üÖÜ� �û ñ�·õ ßþ� �ÜÞ� ¥� ö¤�Öµõ
üõ ö�Þ¨�Âð ý�û�½Ô¬-2 ö� ��õ�¢ �î) üãÎÖõ ý��½÷� À�÷�õ ,À÷�ªüõ ÓþÂã� °¨��õ ý�Ìê

.(¢�ªüõ �ÂÎõ §ø�ð ý��½÷� Ý�Þã� ö���ä �� ���Þ¡ ýø¤ �î) Âó�Ø¨� ý��½÷� ø (Àª��
�� �µÆ��ø ùÄþø ý�ûÂÚÜÞä ü¡Â� ¤�µê¤ ü¨¤Â� �� üúµ�õ ��Ö�Ö½� �µªÁð ý�úó�¨ ñ�Ï ¤¢
ö� �Âþ¥ ,Àª��üõ ü½®�ø ü¨À�û ô�úÔõ ý�¤�¢ �î ) ü��î�¦ ÂÚÜÞä .´¨� ùÀª ��½÷� ¤�Æ÷��
×þ¢Ã÷ ô�úÔõ �ú�� �î ) ö¤�Öµõ�±ª ý��½÷� ÂÚÜÞä ø (À�îüõ ýÂ�ðù¥�À÷� �¤ ×þ¥¢��¦ é�Â½÷�
´½� �û� � �Þ¡ üõ� ÷� ó�û ß� �ã � ¤¢ ü¨�¨� ÂÊ�ä Ûõ�ª �õ� Àª� � üÞ÷ �ûùÂ þ�¢ �¨À�û � �
ý¢�þ¥ «��¡ ùÀ��î ÅØã�õ �î À÷¤�¢ ¢��ø ý¢�þ¥ ý�ûÂÚÜÞä ßþ� Ýè¤�ä .( Àª��üõ üÎþ�Âª

.ùÂ�è ø ÍÜµ¿õ ü��î�¦ ÂÚÜÞä ,��� �±�Âõ ¥� ü��î�¦ ÂÚÜÞä ,���Ã¨ ý�ûÂÚÜÞä :À�ª��üõ
ß��ã� ¤¢ üã¨ ø ��½÷� ý�ûÂÚÜÞä ýÂ±� «��¡ Â� �õ ��Ö�Ö½� ,üÜî �õ�÷Â� ×þ ö���ä ��
ü÷�Þþ¤�±ª ý�û���Þ¡ �� �¤ ¢�¡ ���� ´Æ¿÷ ßþ�Â���� .¢�ªüõ ýÂ±� ÓÜµ¿õ ���®Âê ¥� �¨À�û
é�Îãõ À�ª��üõ (ÂÑ÷ ¢¤�õ ��õ�¢ ¤¢ ) ´��� ùÄþø Âþ¢�Öõ ý�¤�¢ �ú÷� ü»þ¤ ý�ûÂÚÜÞä �î
.¢�ªüõ Í±�Âõ Ûþ�Æõ ø ßõ¤¥ø� ý�û���Þ¡ ¥� ÓÜµ¿õ á��÷� ü¨¤Â� �� Â¹�õ ¤�î ßþ� .Ý��îüõ
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4 �õÀÖõ

�¤ ß�aãõ üþ�¹��� «��¡ ­Âê �� ��½÷� ý�ûÂÚÜÞä ¥� ÓÜµ¿õ á��÷� ß�� ßØÞõ Í��ø ¤ �õ Å³¨
ý�û���Þ¡ ñ�·õ ö���ä �� .À÷��µêÂð ¤�Âì ü¨¤Â� ¢¤�õ ö��î�� Íþ�Âª ßþ� ¥� ü¡Â� .Ý��îüõ ü¨¤Â�
.À÷��µêÂð ¤�Âì ü¨¤Â� ¢¤�õ ´¿� ÅþÀÞû �fã®�õ ý�ûÂµõ ý�Â� Ûõ�î ¤�Ï �� ö¤�Öµõ �Þ�÷ ü»þ¤
�� � �õ� ÷Â � ßµêÂð ÂÑ÷ ¤¢ � � ýÀã�-3 Åµ÷¤� ó ý�ûÂµõ �ã ó�Îõ ¤�î ßþ� üÜ¬� éÀû
�Ø�þ� �� ���� �� ,À�ª��üõ üþ��·µ¨� üþ��½÷� ÂÑ÷ �ÎÖ÷ ¥� ýÀã�-3 Åµ÷¤�ó ý�û���Þ¡ .Àª��üõ
ý�Â� ��� Àã� Âû ¤¢ �î üµ�¬�¡ ) À�îüõ ß��ã� �¤ ��½÷� ¤�Æ÷�� Ûõ�î ¤�Ï �� ü»þ¤ ¤�Æ÷��
¤¢ ýÀã�-3 Åµ÷¤�ó ý�û���Þ¡ ùø�ã� .(Àª��üõ ´¨¤¢ Ã�÷ ´¿� ÅþÀÞû �fã®�õ ý�ûÂµõ
À÷¤�¢¤�¡Â� ùÄþø ´�Þû� ¥� 4 Àã� ¤¢ �û�÷�ð�Ìê ��Âð� .À÷¤�¢�¡Â� ü¬�¡ ´�Þû� ¥� Ã�÷ ×þÃ�ê
À�Ôõ ýÀã�-4 ´ó�� ¤¢ ¸þ�µ÷ °Æî ¤�Ñ�õ �� ýÀã�-3 Åµ÷¤�ó ý�ûÂµõ ü¨¤Â� �fû�ð �õ�
�õÀÖõ 1 ÛÊê .¢�ªüõ ýÀ�� âÞ� Âþ¥ �¤�¬ �� ¤�î ßþ� Õ�ì¢ ©ø¤ ×þ �� .¢�ªüõ âì�ø
ßþ� Â¨�Â¨ ¤¢ ýÂ�ð ¤�î �� ¤�Ñ�õ �� �¤ ü¨�¨� ý�û¢�Þ÷ ü¡Â� �õ .Àª��üõ á�®�õ Â� ýÂÊµ¿õ

.Ý��îüõ ý¤ø�¢�þ �õ�÷ ö�þ��
×þ ´Æ¿÷ .À÷�ªüõ ü¨¤Â� ýÀã�-3 ý�êøÂµ�-Ó÷��þ� Åµ÷¤�ó ý�û���Þ¡ 2 ÛÊê ¤¢

.Ý�û¢üõ �þ�¤� Âþ¥ �¤�¬ �� �¤ ýÂ±� Ûõ�î Ó�¬��
Åµ÷¤�ó ýÀã� -3 ý¤�¢Â� ý�Ìê ¤¢ ýÂ±� ý��½÷� ¤�Æ÷�� A À��î ­Âê .��Ìì

:Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª ¥� üØþ Âð� �ú�� ø Âð� ´¨� IP ¯Âª ý�¤�¢ A ù�Ú÷� .Àª�� (V, 〈 , 〉)

.Àª�� ´��� üãÎÖõ ý��½÷� ý�¤�¢ A (1)
.Àª�� {0, 0, κ} ùÄþø Âþ¢�Öõ �� ü÷Àª ýÂÎì RicA ü»þ¤ ÂÚÜÞä (2)

.Àª�� 2 �±�Âõ ¥� ö��� ��� RicA ü»þ¤ ÂÚÜÞä (3)

¥� Ûõ�î Ó�¬�� ×þ ø ,À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ ü¨À�û ´ÞÆì ¤¢ Û¬�� ¸þ�µ÷ Å³¨
À�ª��üõ ßÚÞû �þ ö¤�Öµõ �fã®�õ ñ�� ß�ä ¤¢ �î �¤ ýÀã�-3 ý�êøÂµ�-Ó÷��þ� Åµ÷¤�ó ý�ûÂµõ

.À÷�ªüõ ö��� Âþ¥ �¤�¬ �� ´¿� ÅþÀÞû �fã®�õ IP ý�ûÂµõ ùø�ã� .Ý�û¢üõ �þ�¤�
ý�¤�¢ Âð� �ú��ø Âð� ´¨� IP ´¿� ÅþÀÞû �fã®�õ ýÀã�-3 Åµ÷¤�ó ���Þ¡ .��Ìì
¢��ø (8.2) Í¨�� ùÀª ù¢�¢ Âµõ ¤�Æ÷�� ø ý¥��õ ö�Úú±� üÎ¡ ö�À�õ ×þ �þ Àª�� ´��� ý��½÷�

:Àª��üõÂþ¥ �¤�¬ �� f â��� ö� ¤¢ �î ý¤�Ï �� Àª�� �µª�¢
f(t, x, y) = tP (y) + x2Q(y) + xS(y) + ξ(y)
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.À�ª�� üõ y �� �µÆ��ø �ú�� �î ù��¿ó¢ â���� ξ ø S ,Q ,P ö� ¤¢ �î
üÜ±ì ý�û¤�î �� ���� �� .¢�ªüõ ��½÷� ÂÚÜÞä üþ�¹��� «��¡ ü¨¤Â� �� ¯��Âõ 3 ÛÊê
¯Âª ø¢ Âû .Ý��îüõ ���� üþ�¹��� ��½÷�-��½÷� ø üþ�¹��� ü»þ¤-��½÷� Íþ�Âª ýø¤ �õ
��� �þ ø 1 �±�¤ ¥� ü»þ¤ ý�ûÂÚÜÞä �� üúµ�õ �f¨�¨� ,À÷�ªüõ É¿Èõ ýÂ±� ´ó�� ¤¢ üµìø
ô�Þ� ¥� Ûõ�î Ó�¬�� ×þ Å³¨ .(4.1.3) ��Ìì ø (1.1.3) ��Ìì) À÷�ªüõ 2 �±�Âõ ¥� ö���
�¤�¬ �� À��îüõ ëÀ¬ Íþ�Âª ö� ¤¢ �î ö¤�Öµõ �fã®�õ ´ó�� ¤¢ ýÀã�-3 Åµ÷¤�ó ý�û���Þ¡

.¢�ªüõ �þ�¤� Âþ¥
´����÷ ý��½÷� ¥� ø ö¤�Öµõ �fã®�õ ýÀã�-3 Åµ÷¤�ó ���Þ¡ (M, g) À��î ­Âê .��Ìì

:À�ó¢�ãõ Âþ¥ Íþ�Âª ù�Ú÷� .Àª��
.´¨� üþ�¹��� ü»þ¤-��½÷� (M, g) (Óó�
.´¨� üþ�¹��� ��½÷�-��½÷� (M, g) (�

´��� §ø�ð ý��½÷� ¥� �þø ¤ ×þ ø ¥�� ù¥�� ×þ �ÂÌÜ¬�� �¤�¬ �� �fã®�õ (M, g) �þ (�
À�÷�õ ýÂµõ ø ý¥��õ ö�Úú±� üÎ¡ ö�À�õ �þ ,´¨�

g = dt⊗ dy + dy ⊗ dt + dx⊗ dx + f(t, x, y)dy ⊗ dy,

�¤�¬ �� f â��� ö� ¤¢ �î ,¢¤�¢ ¢��ø

f(t, x, y) = tP (y) + x2Q(y) + xS(y) + ξ(y)

Q′ + PQ = 0 �Î��¤ ¤¢ �î Q ø P ù��¿ó¢ ¤��Þû â���� ø ù��¿ó¢ ¤��Þû â���� S , ξ ö� ¤¢ �î
.À��î üõ ëÀ¬

ü»þ¤-��½÷� �Øþ¤�Î� ßÚÞû ýÀã�-3 Åµ÷¤�ó ý�û Âµõ ¥� Ûõ�î ýÀ�� �Ö±Ï ×þ
.¢�ªüõ �þ�¤� À�ª��üõ üþ�¹��� ��½÷�-��½÷� �þ üþ�¹���

Ûõ�î ø ù¢�¨ À�±Þû ßÚÞû Åµ÷¤�ó ö¤�Öµõ�÷ ���Þ¡ ×þ (M, g) À��î ­Âê .��Ìì
:À�ó¢�ãõ Âþ¥ Íþ�Âª ù�Ú÷� .Àª�� À�±Þû ýÀã�-3

.´¨� üþ�¹��� ü»þ¤-��½÷� (M, g) (1
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.´¨� üþ�¹��� ��½÷�-��½÷� (M, g) (2
.´¨� 2 �±�Âõ ¥� ö��� ��� ü»þ¤ ÂÚÜÞä ý�¤�¢ (M, g) (3

ö��� Âþ¥ üó ý�ûÂ±� ¥� üØþ Í¨�� �î Àª�� üõ G À�÷�õ ýÀã�-3 üó ùøÂð ×þ (M, g) (4
:¢�ª üõ

ý�Â� (+ +−) ´õ�ä ¥� {e1, e2, e3} �Øþ Àõ�ãµõ �þ�� ù�Ú÷� ,Àª�� üóøÀõ ×� g Âð� ( Óó�
:´¨� Âþ¥ ý�úµó�� ¥� üØþ �� ÂÒ��µõ ö� �»÷��� ¢¤�¢ ¢��ø g





[e1, e2] = 1
2
e2 − (β − 1

2
)e3, [e1, e3] = −(β + 1

2
)e2 − 1

2
e3,

[e2, e3] = 0, β 6= 0,

�þ

[e1, e2] = − 1√
2
e1, [e1, e3] = − 1√

2
e1, [e2, e3] =

1√
2
e2 − 1√

2
e3.

�Ôó�õ) ¢¤�¢ ¢��ø {e1, e2, e3} Àõ�ãµõ �±ª �þ�� ×þ ù�Ú÷� ,Àª�±÷ üóøÀõ ×� g Âð� ( �
:�»÷��� ( 〈e2, e3〉 = −1 ø 〈e1, e1〉 = 1 �� À÷Â��Â� Âµõ ÂÔ¬ Â�è ý�û





[e1, e2] = 0, [e1, e3] = αe1 + βe2, [e2, e3] = δe2,

α(α− δ)δ 6= 0, α + δ 6= 0.

:´¨� ùÀ�¨¤ ��� �� ø ùÀª ��ú� Âþ¥ ßþø��ä �� �ó�Öõ ø¢ �ó�¨¤ ßþ� ¥�

1. Lorentzian three-manifolds with special curvature operators, Classical and Quan-

tum Gravity (2008)

2. Lorentzian 3-manifolds with commuting curvature operators, International jour-

nal of geometric method in modern physics, V5. N4, (2008).



1 ÛÊê

ü��õÀÖõ Ý�û�Ôõ ø ÇûøÄ� ���È��

7



8 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�

ø �þ�� Ý�û�Ôõ ö��� ø â���õ ü¨¤Â� Ç¿� ¤¢ ùÀª Âî£ â���õ Â� ý¤øÂõ �õ�÷ ö�þ�� ´Æ¿÷ ÛÊê
É¿Èõ �¤ ¶½� ���¤�ú� �õ ´Æ¿÷ Ç¿� ¤¢ ßþ�Â���� .Àª�� üõ ü�� ý�úÜÊê ¤¢ ¥��÷ ¢¤�õ
öøÀ� ��óø� ý�þ�Ìì ø Ý�û�Ôõ .¢Âî Ý�û��¡ ÓþÂã� �¤ ¶½� �� Í±�Âõ Ý�û�Ôõ Å³¨ ø ¢Âî Ý�û��¡
Ý�û��¡ ¥��÷ �ú÷� �� �fÀã� �î ´¨� üÞ�û�Ôõ ý¤ø�¢�þ �õ éÀû �î �Â� Àª À�û��¡ ö��� ��±��

.´ª�¢
�±ª �¨À�û Â� ý��õÀÖõ Âû ßþ� ¢��ø �� .¢�¢ Ý�û��¡ á��¤� ]47[ �� �¤ °ó�Îõ ÂµÈ�� �õ
ý�ú��µî �f¬�Ê¿õ ,Ý��î üõ Âî£ �¤ ]42, 44, 55[ â���õ �õ ñ�·õ ý�Â� .¢�� Àû��¡ À�Ôõ ü÷�Þþ¤
�fÀã� À÷�ùÀÈ÷ ö��� �õÀÖõ Ç¿� ¤¢ �î ¥��÷ ¤¢�õ Ý�û�Ôõ .¢�� À�û��¡ À�Ôõ ¤��Æ� ]27, 28, 30[

.Àª À�û��¡ ö��� ¯��Âõ ý�úÜÊê ¤¢

ü÷�Þþ¤ �±ª ý�û ���Þ¡ 1.1
�î À÷¤�¢ ¢��ø À�Ôõ ý�û ¢�¢¤�Âì ü¡Â� .Ý��î üõ ¤øÂõ �¤ üÜî ø ¥��÷ ¢¤�õ Ý�û�Ôõ Ç¿� ßþ� ¤¢
.Àª��üõ ü÷�Þþ¤ �±ª ý�û ���Þ¡ ���� ¢¤�õ á�®�õ ß�óø� .¢�� À�û��¡ Â±µãõ �õ�÷ ö�þ�� Ûî ¤¢

M ýø¤ ö�Úú±��÷ ý¤�Æ÷�� ö�À�õ -(0, 2) ×þ M ¤��Þû ���Þ¡ ýø¤ g Âµõ ¤�Æ÷��
ßþ� ¤¢ ;´¨� ü÷�Þþ¤ M ���Þ¡ ν = 0 Âð� .Àª�� üõ 0 ≤ ν ≤ n = dimM ´��� ÅþÀ÷� ¥�
M ù�Ú÷� n ≥ 2 ø ν = 1 Âð� .Àª�� üõ Tp(M) ýø¤ ´±·õ ß�aãõ üÜ¡�¢ �Â® gp Âû �¤�¬
Åµ÷¤�ó ý�û ���Þ¡ ø §ø�ð ��Ìì Ý�ÖµÆõ Ý�Þã� ü÷�Þþ¤ ý�û ���Þ¡ .Àª�� üõÅµ÷¤�ó ���Þ¡
n ���Þ¡ ÂÚ÷���M = (M, g) ¢�Þ÷ ßþ�Â���� .À÷�ª üõ �ÂÎõ üõ�Þä ´�±Æ÷ �þÂÑ÷ �� ¯�±�¤� ¤¢
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.Àª�� üõ (p, q) ´õ�ä �� g Âµõ ¤�Æ÷�� �� Ãú¹õ M ýÀã�
:À�ó¢�ãõ Âþ¥ Íþ�Âª M ¤��Þû ���Þ¡ ý�Â� 1.1.1 ��Ìì

.¢¤�¢ ¢��ø M ýø¤ Åµ÷¤�ó Âµõ ×þ (1)
.¢¤�¢ ¢��ø M ýø¤ ÂÔ¬ Â�è üÎ¡ ö�À�õ ×þ (2)

.´Æ�÷ ù¢ÂÈê M �þ ø Àª�� üõ ÂÔ¬ Âóø� �Ê¿Èõ ý�¤�¢ ø ù¢ÂÈê M (3)
¥ .]47[ .í .¤ ��±�� ý�Â� .��±��

ùÂî ß��»Þû .À�ª�� üõ ßþ�î ýÂÎ� ø ùÂ±�� ,Åµ÷¤�ó ù¢ÂÈê ý�û �þø¤ �ú�� ñ�·õ ý�Â�
ø ü¨�Þõ é�î TM À��î ­Âê .Àª�� ¢Âê ø n ≥ 3 Âð� �ú�� ø Âð� ¢ÂþÁ� üõ Åµ÷¤�ó Âµõ ×þ Sn

ý¤�¢Â� ý�û ö�À�õ ô�Þ� ý�Ìê X(M) À��î ­Âê .Àª�� p ∈ M �ÎÖ÷ ¤¢ ü¨�Þõ ý�Ìê TpM

ï¤Ã� éøÂ� �� �¤ §�Þõ ý¤�¢Â� ý�û ö�À�õ üÜî ùÀä�ì ×þ ö���ä �� .Àª�� M ýø¤ §�Þõ
�¤ ���Þ¡ ¥� �ÎÖ÷ ×þ ¤¢ §�Þõ ý�û¤�¢Â� x, y, z, u, v, w ×��î éøÂ� �� ø X, Y, Z, U, V, W

.Ý�û¢ üõ ö�È÷
,g(x, x) < 0 Âð� ´¨� �÷�ð ö�õ¥ x .Àª�� TpM ¤¢ ÂÔ¬ Â�è ¤�¢Â� ×þ x À��î ­Âê
´ó�� ¤¢ ùÄþø �� ,g(x, x) = 0 Âð� ´¨� ��� � þ ö�Úú±� ø g(x, x) > 0 Âð� ´¨� �÷�ð�Ìê
üõ ­Âê ,�Øþ ý�û¤�¢Â� ý�Â� .À÷�ª üõ ùÀ�õ�÷ ö�ð¤�÷ ß��»Þû ��� ý�û¤�¢Â� ,Åµ÷¤�ó

À��î ­Âê .Àª�� εx = g(x, x) Ý��î
Sp(M) := {v ∈ Tp(M) : |g(v, v)| = 1}.

�þ �÷�ð ö�õ¥ ´ó�� ¤¢ üµìø .S(M) =
⋃

p∈M Sp(M) ¥� ´¨� �¤�±ä TM ¤¢ ÂÒ��µõ é�î ø
ý�Â� ø S±p (M) := {v ∈ Tp(M) : g(v, v) = ±1} ¢�Þ÷ ùÂî �±ª ý�Â� Ý��î üõ ¶½� �÷�ð�Ìê

.ÝþÂ� üõ ¤�Ø� �¤ S±(M) =
⋃

p∈M S±p (M) ÂÒ��µõ ý�û é�î Âþ¥
ñø¥�î ñ�õÂê Í¨�� ö� �Ê¿Èõ .¢�ª üõ ù¢�¢ Çþ�Þ÷ ∇ ��M ýø¤ �µþ�� ý�ó ¯�±�¤�

:¢�ª üõ ö��� Âþ¥ �¤�¬ ��
2g(∇XY, Z) = Xg(Y, Z) + Y g(X, Z)− Zg(X,Y ),

+ g(X, [Z, Y ]) + g(Y, [Z, X]) + g(Z, [X, Y ]),
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.X,Y, Z ∈ X(M) Âû ý�¥� ��
â��� ö�þ¢�Âð �î À��î ���� .Ý�û¢ üõ ö�È÷ �¤M ýø¤ ö�þ¢�Âð ÂÚÜÞä ∇ �� ß��»Þû
X ý¤�¢Â� ö�À�õ Å÷�¦¤�þ¢ .¢�ª üõ ß��ã� g(∇f, X) = X(f) �¤�¬ �� f : (M, g) → R

�¤�¬ �� üÖ�Ö� â�� � ×þ hf ö��Æû ¤�Æ÷� � .¢�ªüõ ÓþÂã � divX = tr∇X �¤�¬ ��
.¢�ªüõ ùÀ�õ�÷ f ö��Æû ôÂê Hf (X,Y ) = g(hf (X), Y ) ø ¢�ªüõ ÓþÂã� hf (X) = ∇X∇f

.Ý��îüõ ÓþÂã� 4f = tr hf = div∇f �¤�¬ �� ´õ�ä °þÂÖ� �� �¤ ß�¨���

´�Þû� �� ��½÷� ¥� üÔÜµ¿õ á��÷� .Àª��üõ ��½÷� ü÷�Þþ¤ �±ª �¨À�û ¤¢ ô�úÔõ ßþÂµÞúõ
°¨��õ ´õ�ä �� �î À÷��±¨�½õ Û��ì ö�Þþ¤ ý��½÷� ¤�Æ÷�� ¥� �ú÷� ô�Þ� .À÷¤�¢ ¢��ø ¢�þ¥ ¤��Æ�

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ ��
R(X,Y )Z = ∇[X,Y ]Z − [∇X ,∇Y ]Z,

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� (0,4) á�÷ ¥� ö�Þþ¤ ý��½÷� ¤�Æ÷�� Ã�÷ ø
R(X, Y, Z, V ) = g(R(X,Y )Z, V ).

:Àª��üõ Âþ¥ «��¡ ý�¤�¢ ö�Þþ¤ ý��½÷� ¤�Æ÷��
R(X, Y, Z, V ) = −R(Y, X, Z, V ) = R(Z, V,X, Y ),

R(X, Y, Z, V ) + R(Y, Z, X, V ) + R(Z, X, Y, V ) = 0.
(1.1)

¢�½�� ¤¢ ��½÷� ¤�Æ÷�� ß��»Þû .´¨� éøÂãõ üØ÷��� ñøa� ¢�½�� �� ��� ñ�õÂê ¤¢ Â¡� ´�¬�¡
:À�î üõ ëÀ¬ Âþ¥

(∇XR)(Y, Z, U, V ) + (∇Y R)(Z,X, U, V ) + (∇ZR)(X, Y, U, V ) = 0,

.´¨� éøÂãõ üØ÷��� ôøa¢ ¢�½�� �� �f �Þãõ �î
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ýÂ±� ��õÀÖõ 2.1
ü¨¤Â� ¢¤�õ �¤ ö� ýÂ±� ù�ðÀþ¢ ¥� Âð� ,Ý��îüõ �ãó�Îõ ü÷�Þþ¤ �±ª �¨À�û ¤¢ �¤ ý��ó�Æõ üµìø
×þ ¤¢ §�Þõ ý�Ìê ýø¤ �¤ Íþ�Âª ¤�Ñ�õ ßþ� ý�Â� .¢�ªüõ âì�ø À�Ôõ üÜ�¡ �fû�ð Ý�û¢ ¤�Âì
.¢Âî ¤�î ý¤�¢Â� ý�Ìê ýø¤ ö��µ� �»÷��� ,Ý�û¢ üõ ¤�Âì ü¨¤Â� ¢¤�õ ���Þ¡ ¥� ù��¿ó¢ �ÎÖ÷
×þ ¤¢ �¤ ����Î¬� �õ Ç¿� ßþ� ¤¢ .Àª� �üõ À�Ôõ ©ø¤ ×þ ©ø¤ ßþ� �î Àþ¢ Ý�û��¡

.Ý��îüõ ö��� ýÂ±� �f õ�î ���¤�ú�
�� 〈 · , · 〉 üÜ¡�¢ �Â® ×þ �� Ãú¹õ ýÀã� −n üÖ�Ö� ý¤�¢Â� ý�Ìê V À��î ­Âê
x, y, z, . . . ,À�ª�� Â±µãõ Û±ì Ç¿� ¤¢ ùÀª ù¢Â� ¤�Ø� ý�û¢�Þ÷ �Ø�þ� ý�Â� .Àª�� (p, q) ´õ�ä
ùÀª ù¢�¢ (V, 〈 · , · 〉) ý�Â� ,ßþ�Â �� � � .ÝþÂ �üõ ¤�Ø� (V, 〈 · , · 〉) ¤¢ �û¤�¢Â� ö¢�¢ ö�È÷ ý�Â� �¤

�þ S±(V, 〈 · , · 〉) = {x ∈ V : 〈 x, x 〉 = ±1} ùÂî �±ª ö���üõ

S(V, 〈 · , · 〉) = {x ∈ V : |〈x, x 〉| = 1},

.¢Âî ÓþÂã� �¤
ø ;Àª�� (p, q) ´õ�ä ¥� 〈 , 〉 Âµõ �� V üÖ�Ö� ý¤�¢Â� ý�Ìê (V, 〈 , 〉, A) À��î ­Âê ñ��

:À�îüõ ëÀ¬ Âþ¥ Í��ø ¤ ¤¢ ü�ãþ ,Àª�� V ýø¤ ýÂ±� ¤�Æ÷�� ×þ A ∈ ⊗4(V ∗) À��î ­Âê
A(X, Y, Z, V ) = −A(Y,X,Z, V ) = A(Z, V,X, Y ),

A(X, Y, Z, V ) + A(Y, Z, X, V ) + A(Z, X, Y, V ) = 0.

�¤�¬ � � π = 〈{X,Y }〉 ö�Úú ± �� ÷ �½Ô¬ üãÎÖõ ý� �½ ÷� � î Ý � � î üõ ý¤ø�¢� þ
�ú�� ø Âð� ´¨� κ ´��� KA üãÎÖõ ý��½÷� ùø�ã� .¢�ªüõ ÓþÂã� KA(π) = A(X,Y,Z,V )

〈X,X〉〈Y,Y 〉−〈X,Y 〉2

�Øþ¤�Î� ,A = κA0 Âð�
A0(X,Y, Z, V ) = 〈Y, Z〉〈X,V 〉 − 〈X,Z〉〈Y, V 〉.

,V ý¤�¢Â� ý�Ìê ×þ Ûõ�ª üþ�� �¨ V = (V, 〈 · , · 〉, A) ýÂ±� ñÀõ ×þ �¹�µ÷ ¤¢
ýø¢ Âû ý�Â� �¤ R ¢�Þ÷ �fû�ð �õ ßþ�Â���� .Àª��üõ A ýÂ±� ¤�Æ÷�� ×þ ø üÜ¡�¢ �Â® ×þ
ßµõ ¥� ö� ô�úÔõ �î ,ÝþÂ�üõ ¤�Ø� ýÂ±� ñÀõ ×þ ýÂ±� ¤�Æ÷�� ø ���Þ¡ ×þ ý��½÷� ¤�Æ÷��

.¢�� Àû��¡É¿Èõ
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��½÷� ¤�Æ÷�� ýÂ±� �þÃ¹� 1.2.1
Ý�û�Ôõ ßþ� ô�Þ� ö�� .Ý��îüõ üêÂãõ �¤ ��½÷� ¤�Æ÷�� �� �µÆ��ø ý�ûÂÚÜÞä ü¡Â� �õ �õ�¢� ¤¢
M ü÷�Þþ¤ �±ª ���Þ¡ ×þ ¥� p ù��¿ó¢ �ÎÖ÷ ×þ ¤¢ �õ ,À÷�ªüõ ÓþÂã� üã®�õ �¤�¬ ��
ñÀõ ¥� Ë½õ ýÂ±� ´ó�� �� ¤�î¢�¡ ¤�Ï �� �û ÓþÂã� ßþ� �¹�µ÷ ¤¢ .Ý��îüõ �ÂÎõ �¤ Ý�û�Ôõ

.À÷�ªüõ �Þ�Â� V = (V, 〈 · , ·〉, A)

ρA(x, y) = tr{z 7→ A(x, z)y}�¤�¬ �� °��Â� �� Âó�Ø¨� ý��½÷� ø ü»þ¤ ý��½÷� ¤�Æ÷��
¤�Âì ,ý¤�¢Â� ö�À�õ ×þ ¥� {e1, e2, . . . , en}É¿Èõ �þ�� ý�¥� �� .À÷�ªüõ ÓþÂã� τA = trρA ø
¤�Æ÷�� ù�Ú÷� .Àû¢ ö�È÷ �¤ ö� §�Øãõ ÅþÂ��õ (gij) Ý��î üõ ­Âê ø gij = g(ei, ej) Ý�û¢üõ

:À÷�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� τA Âó�Ø¨� ý��½÷� ¤�Æ÷�� ø ρA ü»þ¤
ρA(x, y) =

n∑

i,j=1

gijA(x, ei, y, ej), τA =
n∑

i,j=1

gijρA(ei, ej). (2.1)
�¤� ¬ � � � î À û¢ü õ ö� È ÷ �¤ A ¤� Æ ÷� � � � � µ Æ ��ø ü » þ¤ Â Ú Ü Þ ä RicA ß � � » Þ û

.¢�ªüõ ÓþÂã� 〈RicAX, X〉 = tr {Y 7→ A(X, Y )X}
�� x, y, z, v ∈ TpM Âû ý�¥� �� WA Ûþ�ø ¤�Æ÷�� ,��� ¤¢ �µê¤ ¤�Ø� ý�û¢�Þ÷ ö¢Â� ¤�Ø� ��

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬
WA(x, y, z, v) = A(x, y, z, v) + τA

(n−1)(n−2)
{g(x, z)g(y, v)− g(y, z)g(x, v)}

− 1
n−2

{ρA(x, z)g(y, v)− ρA(y, z)g(x, v)

+ ρA(y, v)g(x, z)− ρA(x, z)g(y, z)},
(3.1)

´¨� °¨� � õ ¤� � Æ � ý¢¤�� õ ¤¢ ùø� ã � .¢Â î Ý � û�� ¡ ý¤�¢¢� ¡ Å þÀ ÷� ß µ ª� ÷ ¥� �f � Þ ã õ
,ñ� · õ ö�� � ä � � ,Ý þÂ ± � ¤� î � � Â Ò� � µ õ � þ� � ¤¢ ¤� Æ ÷� � Â û ý�Â � �¤ ü Æ þÀ ÷� ¢� Þ ÷ � î

.. . . , ρij = ρ(ei, ej), Rijkl = R(ei, ej, ek, el)

.Ý��îüõ ö��� �¤ Âþ¥ À�Ôõ Ý�û�Ôõ ñ��
.À �ª� � M Â � (0,2) á� ÷ ¥� ö¤� Ö µ õ ý¤�Æ ÷� � ö�À � õ ø¢ D ø B À� � î ­Âê 1.2.1 ÓþÂã�

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� øÃ�õ�÷ -ü÷¤�Øó�î �ÂÌÜ¬��
(B •D)(X,Y, Z, V ) := D(X, Z)B(Y, V ) + D(Y, V )B(X,Z)

−D(X, V )B(Y, Z)−D(Y, Z)B(X, V ),

.X, Y, Z, V ∈ X(M) Âû ý�Â�
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�ÂÌ Ü¬� � ,(0, 2) á� ÷ ¥� D ø B ö¤� Ö µ õ ý¤� Æ ÷� � ö�À � õ ø¢ Â û ý�Â � 2.2.1 ùÂÊ±�
�î À��î ���� ùÄþø �� .Àû¢üõ �¹�µ÷ ýÂ±� ý��½÷� ¤�Æ÷�� ×þ ,B •D øÃ�õ�÷ -ü÷¤�Øó�î
B •B �¤�¬ �� üþ�û �Ôó�õ Í¨�� ýÂ±� ý��½÷� ý�û¤�Æ÷�� ô�Þ� ý�Ìê ùø�ã� .g • g = 2R0

.(]22, 24, 28[ �� À��î á��¤ ÓÜµ¿õ ý�û ��±�� ùÀû�Èõ ý�Â� ) À÷�ªüõ À�ó��
.À�îüõ ����� �¤ ��½÷� ¤�Æ÷�� ¥� ü�ãõ �� �þÃ¹� ×þ ýÀã� ��Ìì

:�Øþ¤�Ï �� ,¢�ªüõ �þÃ¹� A=U + Z + W �¤�¬ �� A ýÂ±� ý��½÷� ¤�Æ÷�� Âû 3.2.1 ��Ìì
U =

τ

n(n− 1)
g • g, Z =

1

n− 2
(ρ− τ

n
g) • g, W = R− U− Z = R− C • g,

.Àª��üõ ö���Ø¨� ¤�Æ÷�� C = 1
n−2

(ρ− τ
2(n−1)

g) ö� ¤¢ �î
¥ .]42[.í.¤ .��±��

ßþ� ´½� .¢Âî Â�±ã� Λ2(V ) ý�û ôÂê -2 ý�Ìê ¤¢ �¤ ��½÷� ¤�Æ÷�� ö���üõ 4.2.1 ùÂÊ±�
¤¢ B, D ý�ûÂÚÜÞä ý�Â � (3.2.1) � �Ìì ¤¢ ùÀª ù¢�¢ W ø U ,Z ý�û �Ô ó� õ ,����Î¬�

:À�ª��üõ Àõ�ãµõ Âþ¥ Âµõ �� ´±Æ÷ Λ2(V )

〈B,D〉 := tr(B ◦D),

:À�ª��üõ ü¨À�û Â���ã� ý�¤�¢ W ø U ,Z ý�û �Ôó�õ ¥� ô�Àî Âû ß��»Þû

.Àª��üõ ´��� üãÎÖõ ý��½÷� ¤�Æ÷�� �� ý�Ìê ýø¤ Àõ�ãµõ Âþ�Ê� U �Ôó�õ •
.Àª�� Âµõ ¥� Âó�Ø¨� �ÂÌÜ¬�� ö� ü»þ¤ ¤�Æ÷�� Âð� ´¨� ü�µÈ�þ�M ü÷�Þþ¤ �±ª ���Þ¡ •

.Z = 0 �� ´¨� Â��Â� ßµÈ�þ� ¯Âª ßþ�Â���� .ρ = τ
n
g Ýþ¤�¢ ´ó�� ßþ� ¤¢

�ÎÖ÷ Âû ý�Â� Âð� ¢�ªüõ ùÀ�õ�÷ ´¿� ÅþÀÞû �fã®�õM = (M, g) ü÷�Þþ¤ �±ª ���Þ¡ •
�µª�¢ ¢��ø eσ, σ : U → RÅþÀÞû ÛþÀ±� ×þ ø ,p ∈ U ø U ¥�� üÚþ�ÆÞû ×þ p ∈ M

ÅþÀÞû �fã®�õ ý�û���Þ¡ .Àª��üõ ü¨À�Üì� Âµõ g0 ö� ¤¢ �î g = eσg0 �»÷��� Àª��
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ß��ã� À�ª��üõ ���Þ¡ Àã� �� �µÆ��ø �î ��½÷� �� �µÆ��ø ý�û¤�Æ÷�� «��¡ Í¨�� ´¿�
´¿� ÅþÀÞû �f ã®�õ �þø¤ Âû �î ¢�¢ ö�È÷ ý¢��õ 1822 ñ�¨ ¤¢ §ø�ð .À÷�ªüõ
Âð� Àª��üõ ´¿� ÅþÀÞû �fã®�õ ýÀã�-3 ���Þ¡ ×þ �î Ý�÷�¢üõ ß��»Þû .Àª��üõ
ÂÔ¬ À½µõ W �¨ Àã� ¤¢ �î À��î ���� ) Àª�� ý¥�¢�î ö� ö���Ø¨� ¤�Æ÷�� Âð� �ú�� ø

:Ý�ª�� �µª�¢ ü�ãþ .(Àª��üõ

(∇XC)(Y, Z) = (∇Y C)(X,Z).

¤�Æ÷�� Âð� �ú�� ø Âð� Àª��üõ ´¿� ÅþÀÞû �fã®�õ ü÷�Þþ¤ �±ª ���Þ¡ , n > 4 Àã� ý�Â�
.Àª�� ÂÔ¬ W ü�ãþ ,ö� Ûþ�ø

��½÷� ý�û ÂÚÜÞä 3.1
�¨À�û ¤¢ ü¨�¨� �ó�Æõ ×þ �û���Þ¡ ���õ¥ ý�Ìê �� ö�Þþ¤ ý��½÷� ¤�Æ÷�� ýÂ±� «��¡ ñ�Öµ÷�
�� üúµ�õ �f �Þãõ ��Ö�Ö½� ,��½÷� ¤�Æ÷�� Ûî �� ¤�î ö¢�� ÛØÈõ �� ���� �� .Àª��üõ Û�Æ÷�ÂÔþ¢
ý��½÷� ¤�Æ÷�� ø ü��î�¦ ÂÚÜÞä ,¢�ªüõ ß�aãõ üã�±Ï ý�ûÂÚÜÞä ü¡Â� ýÂ±� ¥�µ¡�¨ ü¨¤Â�

.]28[ À�ª��üõ �ÜÞ� ö� ¥� üþ�û�÷�Þ÷ ö¤�Öµõ �±ª
ý¢ø�¢�þ �¤ À�ª��üõ ÓÜµ¿õ ý�ûÂÚÜÞä �� ¯�±�¤� ¤¢ �î �û ÓþÂã� ü¡Â� �õ Ç¿� ßþ� ¤¢
���õ¥ �� ¤�î¢�¡ ¤�Ï �� �ú÷� ,À÷�ªüõ ö��� ýÂ±� ���õ¥ ¤¢ Óþ¤�ã� ü¡Â� ��Âð� .Ý��îüõ

.À÷�ªüõ �Þ�Â� ü¨À�û
ü¨¤Â� �� ù�ðÀþ¢ ß�óø� .À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ ÓÜµ¿õ ù�ðÀþ¢ ø¢ ¥� ��½÷� ý�ûÂÚÜÞä
üõ �êøÂµ�-Ó÷��þ� ø ßõ¤¥ø� ý�û���Þ¡ �ãó�Îõ �� Â¹�õ �î) ��½÷� ý�ûÂÚÜÞä ¥� üþ�û Ó�Ï
���� �� ,��½÷� ÂÚÜÞä ùÄþø ý�û�Ìê ¤�µê¤ ýø¤ ÂÚþ¢ ù�ðÀþ¢ �î üó��¤¢ .¢�ªüõ ¯��Âõ (¢�ª

.(ùÂ�è ø ö¤�Öµõ Ý�÷ ü»þ¤ ,é�Ø�¨ �±ª ,é�Ø�¨) ¢¤�¢ À�î�� �ú÷� üþ�¹��� «��¡ �� ùÄþø


