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¤�µÔðÇ��

¤¢ �ó�bÆõ ßþ� .Àª��üõ ô�Üä ø ü¨À�úõ Ýúõ Û��Æõ ¥� üØþ ôø¢ ý�ûö��� ßþÂµÞî ý�ó�bÆõ
üÎ¡ ��¢�ãõ ù�Úµ¨¢ .¢¤�¢ ¢Â�¤�î : : :ø 1Âþø�Ê� ©¥�¢Â� ø �ûù¢�¢ ©¥�Â�

Ax = b; (1)

Â Ñ ÷ ¤¢ �¤ x 2 C
n ø b 2 C

m ùø� ã � ,rank(A) = k < n ø m � n � � A 2 C
m�n ö� ¤¢ � î

¤¢ .À�ª��üõ A ý�ûö�µ¨ an ,: : : ,a2 ,a1 ö� ¤¢ �î A = (a1; a2; : : : ; an) À��îÂê .ÀþÂ�Ú�
.Àª��üõ Û� Û��ì ý¢Àä ý�û©ø¤ �� Ax = b ù�Úµ¨¢ ,b 2 spanfa1; a2; : : : ; ang �î üµó��
y ñ�±÷¢ �� ´ó�� ßþ� ¤¢ .¢¤�À÷ ���� Ax = b ù�Úµ¨¢ ù�Ú÷� ,b 62 spanfa1; a2; : : : ; ang Âð� �õ�

À�î ëÀ¬ Âþ¥ ý�Î��¤ ¤¢ �î Ý�µÆû ý�

kb� Ayk
2
= min

x2Cn
kb� Axk

2
:

.´¨� éøÂãõ 2ôø¢ ý�ûö��� ßþÂµÞî ý�ó�bÆõ �� �ó�bÆõ ßþ�
, ~Az = ~b ù¢øÃê� ù�Úµ¨¢ Ax = b ù�Úµ¨¢ ¥� ,���� ßþ� ö¢¤ø� ´¨À� ý�Â� �õ�÷ ö�þ�� ßþ� ¤¢
�� .Ý��îüõ Û� �¤ ù�Úµ¨¢ ßþ� ø Ý�û¢üõ Û�ØÈ� �¤ ,´¨� ùÀõ� ô�¨ ÛÊê ¤¢ ö� ����Ã� �î
ø Ý�ÖµÆõ ý�û©ø¤ :À÷��µ¨¢ ø¢ Ax = b ù�Úµ¨¢ À�÷�Þû ù�Úµ¨¢ ßþ� Û� ý�û©ø¤ üÜî ¤�Ï

.ý¤�ÂØ� ý�û©ø¤
�� ü��Æ� ñ�Þä� üû��µõ ¢�Àã� ¥� Å� �ú÷� ¤¢ �î À�µÆû üþ�û©ø¤ :Ý�ÖµÆõ ý�û©ø¤ -Óó�
3§�ð üêÁ� ©ø¤ �� Ý�÷���üõ �û©ø¤ ßþ� ý�ÜÞ� ¥� .Ý�¨¤üõ (üãì�ø ����) ù�Úµ¨¢ ����

.]14[ Ý��î ù¤�ª� 4ö¢Â� - §�ð ©ø¤ ø
���� ý�Â � � � óø� §À� ×þ ¥� ù¢� Ô µ¨� � � ý¤�ÂØ � ý�û©ø¤ ¤¢ :ý¤�ÂØ � ý�û©ø¤ - �
ý� û©ø¤ .´¨� �Â Ú Þ û ù� Ú µ ¨¢ ��� � � � � î ¢� ªü õ À � ó� � � û¤�¢Â � ¥� ý�� ó� ± ÷¢ ,ù� Ú µ ¨¢

image processing1

least squares problems2

Gaussian elimination3

Gauss-Jordan elimination4



ý¤�Â Ø � ý� û©ø¤ ¥� .À � ª� �ü õ 6 � µ Æ þ� Â � è ø 5 � µ Æ þ� ý� û©ø¤ Û õ� ª ¢�¡ Ã � ÷ ý¤�Â Ø �
×þ ¤¢ .¢Âî ù¤�ª� ]12[10FOM ø ]13[9 GMRES ,]7[8CG ,]5[7 QMR�� ö���üõ �µÆþ� Â�è
¤¢ üÜî ¤�Ï �� .À�îüÞ÷ Â��ç� ø Àª��üõ ´��� ¤�ÂØ� ý�ûô�ð ý�Þû ¤¢ ¤�ÂØ� ÅþÂ��õ �µÆþ� ©ø¤

Ý�Æþ�÷üõ Âþ¥ �¤�¬ �� �¤ üÎ¡ ��¢�ãõ ù�Úµ¨¢ �µÆþ� ©ø¤ ×þ

x = Tx+ f;

�� Ý��îüõ Ýû�Âê �¤ üÎþ�Âª ñ�� .¢�ªüõ �µ¡�¨ x(k+1) = Tx(k) + f Û·õ ý��ó�±÷¢ Å³¨ ø
¢�ª �ÂÚÞû x = A�1b ü�ãþ ,ù�Úµ¨¢ ���� �� x(0) áøÂª �ÎÖ÷ Âû � � � ó� ± ÷¢ ßþ� �î ý¤�Ï
ÅþÂ��õ ×þ A �î üõ�Ú�û ,¢Âî ´��� ö���üõ üð¢�¨ �� .(Àª�� ¢ÂÔ�õ� ÷ A �î ü�¤�¬ ¤¢)
x(0) ý��óø� §À� Âû ý�¥� �� x(k+1) = Tx(k) + f �Ø�þ� ý�Â� üê�î ø ô¥� ¯Âª ,´¨� ¢ÂÔ�õ�÷
°þ�Â® ÅþÂ��õ �î üõ�Ú�û �õ� .]14, 12[ �(T ) < 1 �î ´¨� ßþ� Àª�� �ÂÚÞû üãì�ø ���� ��
�ó�±÷¢ �î ��ãõ ßþ� �� .Àû¢üõ üþ�ÂÚÞû�Þ�÷ �� �¤ ¢�¡ ý�� üþ�ÂÚÞû ¶½� ,´¨� ¢ÂÔ�õ A
.Àª Àû��¡ �ÂÚÞû ù�Úµ¨¢ ý�û���� ¥� üØþ �� x(0) áøÂª �ÎÖ÷ Âû ý�¥� �� x(k+1) = Tx(k)+ f

¢�È÷ �ÂÚÞû ,´¨� ¢ÂÔ�õ A °þ�Â® ÅþÂ��õ �î üõ�Ú�û �µÆþ� ý¤�ÂØ� ©ø¤ ×þ ´¨� ßØÞõ �õ�
�¤ ý¢¤��õ Àþ�� ,ý¤�ÂØ� ý�û©ø¤ ¥� ù¢�Ôµ¨� ý�Â� ßþ�Â���� .¢�ª �ÂÚÞû ���� �� ýÀ�î �� �þ ø
���ú� ý�ûÂµõ�¤�� ��¿µ÷� ¢¤��õ ßþ� ý�ÜÞ� ¥� �î ÝþÂ�Ú� ÂÑ÷ ¤¢ üþ�ÂÚÞû ´äÂ¨ ¢�±ú� ý�Â�

.´¨� �û©ø¤ ßþ� ý�Â�
¤¢ 12ßõ��÷ ø 11ÂÜ�õ (1) ù�Úµ¨¢ ý�Â� ôø¢ ý�ûö��� ßþÂµÞî ���� ö¢¤ø� ´¨À� ¤�Ñ�õ ��
üþ�ÂÚÞû�Þ�÷ ù¥�� ¢�¡ �ó�Öõ ¤¢ �ú÷� .À÷¢Âî ¢�ú�È�� �¤ 13 üî�Ü� -¤�ú� SOR©ø¤ �Àµ�� ]10[
.À÷¢¤ø� ´¨À� ,À�îüõ ÝÞ� ÷üõ �¤ üþ�ÂÚÞû Ûõ�ä �î �� �ú � Ó�Ô¿� Âµõ�¤� � ø SOR ©ø¤
©ø¤ �� �î ,ù¢øÃê� ù�Úµ¨¢ ÅþÂ ��õ ¥� Û¬�� ���� ÛþÀ± � ý�Â � ©ø¤ ×þ �ú ÷� ß��»Þû

stationary iterative methods5

nonstationary iterative methods6

quasi minimal residual7

conjugate gradient8

general minimal residual9

full ortogonalization method10

Miller11

Neumann12

4-block SOR13



]15[ ¤¢ 14ö� � � �fÀã � .À ÷¢Âî � ��¤� üÜ¬� ý�ó�b Æõ ���� � � �¤ À þ�üõ ´¨À� SOR ý¤�ÂØ �
ý�û���� ¤¢ ü�Ã� ù�±µª� ��Âð� ,¢�¢ ÍÆ� AOR ý¤�ÂØ� ©ø¤ �� �¤ ßõ��÷ ø ÂÜ�õ ý�û�¹�µ÷

.´¨� ùÀª ¢�ú�È�� ùÀª ¼�½Ê� �¹�µ÷ ×þ ]3[ ¤¢ �fÂ�¡� .´ª�¢ ¢��ø ø� üþ�ÂÚÞû�Þ�÷
ý�Â� ,(AOR) ùÀª ù¢�¢ ��µª Ó�Ô¿� ë�ê ý¤�ÂØ� ©ø¤ üþ�ÂÚÞû�Þ�÷ ,�õ�÷ ö�þ�� ßþ� ¤¢
�ãó�Îõ �¤ Éì�÷ ý�±�¤ �� Ax = b üÎ¡ ��¢�ãõ ù�Úµ¨¢ ý�Â� ôø¢ ý�ûö��� ßþÂµÞî ý�ó�bÆõ
ô¥� Íþ�Âª ø ¢�ªüõ ù¢�¢ Û�ØÈ� ~Az = ~b ü�ãþ ö� ¥� Û¬�� ù�Úµ¨¢ ø ù¢øÃê� ÅþÂ��õ .Ý��îüõ
ýø¤ ø ¢�ªüõ ö��� ñÀþ�¨ -§�ð ø JOR ,AOR ý¤�ÂØ� ý�û©ø¤ üþ�ÂÚÞû�Þ�÷ ý�Â� üê�î ø
´ê�Øª ý¢�Àã� �� ùÀª À�ó�� ñÀþ�¨ -§�ð ø JOR ,AOR ý¤�ÂØ� ý�û©ø¤ üþ�ÂÚÞû�Þ�÷
ø ���ú� ý�ûÂµõ�¤�� ø Àþ�üõ ´¨À� Ax = b ù�Úµ¨¢ ¥� �î ~A ù¢øÃê� °þ�Â® ÅþÂ��õ ¥� ,ÓÜµ¿õ
����Ã� �� �¤ ùÀª ö��� ]8[ ¤¢ 16Ù÷�¨ ø 15Ù÷��û Í¨�� �fÂ�¡� �î �ú÷� ý�µÆ��ø üþ�ÂÚÞû Ûõ�ä

.Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ ý¢Àä ý�ûñ�·õ ø ÂµÈ��
¤¢ .Ý��îüõ ý¤ø�¢�þ �¤ ¥��÷ ¢¤�õ ý�þ�Ìì ø Óþ¤�ã� ¥� ü¡Â� �õ�÷ ö�þ�� ßþ� ñø� ÛÊê ¤¢
�µ¡�¢Â� ùÀª ü���÷ø Â� ý�û©ø¤ üêÂãõ �� ,�µÆþ� ý¤�ÂØ� ý�û©ø¤ üêÂãõ ¥� Å� ôø¢ ÛÊê
ø JOR ,AOR ý¤�ÂØ� ý�û©ø¤ üþ�ÂÚÞû�Þ�÷ ý�Â� üê�î ø ô¥� Íþ�Âª ô�¨ ÛÊê ¤¢ .¢�ªüõ
ô¤�ú� ÛÊê ¤¢ ø ¢�ªüõ ö��� ,�ú÷� ý�µÆ��ø üþ�ÂÚÞû Ûõ�ä ø ���ú� ý�ûÂµõ�¤�� ,ñÀþ�¨ -§�ð

.Ýþ¥�¢Â�üõ ý¢Àä ¸þ�µ÷ ü¨¤Â� �� ýÂÑ÷ ¸þ�µ÷ À���� ø °ó�Îõ öÀª ßªø¤ ´ú�

Tian14

Huang15

Song16



1 ÛÊê

��óø� Ý�û�Ôõ ø ��õÀÖõ

�õÀÖõ 1.1

üÎ¡ ��¢�ãõ ù�Úµ¨¢

Ax = b; (1)

,Àª ù¤�ª� ¤�µÔð Ç�� ¤¢ �î ¤�Î÷�Þû .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ b 2 C
mø x 2 C

n ,A 2 C
m�n ö� ¤¢ �î

.Ý��îüõ ö��� �¤ À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ýÀã� ý�ûÛÊê ¤¢ �î üþ�þ�Ìì ø Ý�û�Ôõ ¥� üÌã�

Óþ¤�ã� 2.1

:�¤�¬ ßþ� ¤¢ A 2 C
n�n �î À��î Âê : 1.1 ÓþÂã�

Ý�ª� � � µª�¢ (i < j) i > j Âû ý�Â � ù�ðÂû ,À� þ�ð 1 ü·Ü·õ (ß� þ� �) �� � �¤ A ÅþÂ��õ �
(i � j) i � j Âû ý�Â� ù�ðÂû ,À�þ�ð 2 À�î� ü·Ü·õ (ß�þ��) ��� �¤ A ÅþÂ��õ ø aij = 0

. aij = 0 Ý�ª�� �µª�¢
upper(lower) triangular1

strictly upper(lower) triangular2
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11 Óþ¤�ã� ø �õÀÖõ :1 ÛÊê

�� ø aij = 0 Ý�ª� � �µª�¢ i 6= j Âû ý�Â� ù�ðÂû ,À� þ�ð 3 ýÂÎì �¤ A = (aij) ÅþÂ��õ �
¢�ªüõ ù¢�¢ Çþ�Þ÷ Âþ¥ �¤�¬

A = diag(a11; a22; : : : ; ann):

.À�þ�ðüõ 5 ÂØ÷øÂî ý�µó¢ �¤ Æij �î I = fÆijgi;j=1;:::;n ù�ðÂû ,À�þ�ð 4 ü÷�Þû �¤ I ÅþÂ��õ �

ý�ûö�µ¨ ¥� üµÈÚþ�� ö� ý�ûö�µ¨ ù�ðÂû ,À�þ�ð 6 ´ÈÚþ�� ÅþÂ��õ ×þ �¤ A ÅþÂ��õ �
.À�ª�� ü÷�Þû ÅþÂ��õ

�ø�Ô� ßþ� �� ,¢�ªüõ ÓþÂã� ýÂÎì ÅþÂ��õ ×þ ���Èõ �f õ�î 7 üî�Ü� ýÂÎì ÅþÂ��õ ×þ �
üî�Ü� ýÂÎì ÅþÂ��õ ×þ .À÷�ªüõ ßþÃÚþ�� üþ�ûÅþÂ��õ ,ö� ýÂÎì ý�û�þ�¤¢ ý�¹� �î

¢�ªüõ ù¢�¢ Çþ�Þ÷ Âþ¥ �¤�¬ ��

A = diag(A11; A22; : : : ; Ann);

.À�µÆû ÅþÂ��õ �û Aiiö� ¤¢ �î

.det(A) = 0 ù�ðÂû ,À�þ�ð 9 ¢ÂÔ�õ ø det(A) 6= 0 ù�ðÂû ,À�þ�ð 8 ¢ÂÔ�õ�÷ �¤ A ÅþÂ��õ �

ÅþÂ��õ ×þ ø ¢�ªüõ ù¢�¢ ö�È÷ AT �� Am�n = (aij) ÅþÂ��õ 10 ýù¢�ú÷�Â� : 2.1 ÓþÂã�
ÂÚþ¢ �¤�±ä �� .´¨� ùÀõ� ´¨À� A ý�ûö�µ¨ ø ÂÎ¨Ëþ�ã� ¥� �î ý¤�Ï �� ,´¨� n �m

ù�ðÂû ,À�þ�ð 11 ö¤�Öµõ �¤ AÅþÂ��õ .AT = (aji)

AT = A:

A ÅþÂ��õ 12 �ø¢Ãõ �¤�¬ ßþ� ¤¢ .aij 2 C �î Am�n = (aij) À��î Âê : 3.1 ÓþÂã�
A� �þ AH �� �¤ ö� �î A

T
= AT �� ´¨� Â��Â� A 13 �ø¢Ãõ ù¢�ú÷�Â� ø A = (ai;j) ¥� ´¨� �¤�±ä

diagonal3

identity4

Kronecker delta5

permutation6

block diagonal7

nonsingular8

singular9

transpose10

symmetric11

conjugate12

conjugate transpose13
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ù�ðÂû ,À�þ�ð 14üµ�õÂû �¤ A ÅþÂ��õ .À�û¢üõ ö�È÷

AH = A;

ù�ðÂû ,À�þ�ð 15 ¸î üµ�õÂû �¤ ö� ø

AH = �A:

ù�ðÂû ,À�þ�ð 16 (HPD) üµ�õÂû ´±·õ ß�ãõ �¤ An�n ÍÜµ¿õ ÅþÂ��õ : 4.1 ÓþÂã�
,(Àª�� üµ�õÂû A) AH = A (Óó�)

.xHAx > 0 Ý�ª�� �µª�¢ x 2 C
n ÂÔ¬ Â�è ¤�¢Â� Âû ý�¥� �� (�)

Âû ý�Â� ø Àª�� ¤�ÂìÂ� (Óó�) ù�ðÂû ,À�þ�ð 17 (SHPD) üµ�õÂû ´±·õ ß�ãõ �Þ�÷ �¤ A ÅþÂ��õ
.xHAx � 0 Ý�ª�� �µª�¢ x 2 C

n

ù�ðÂû ,À�þ�ð 18 (SPD) ö¤�Öµõ ´±·õ ß�ãõ �¤ An�n üÖ�Ö� ÅþÂ��õ
,(Àª�� ö¤�Öµõ A) AT = A (�)

.xTAx > 0 Ý�ª�� �µª�¢ x 2 R
n ÂÔ¬ Â�è ¤�¢Â� Âû ý�¥� �� (¢)

�µª�¢ x 2 R
n Âû ý�Â� ø Àª�� ¤�ÂìÂ� (�) ù�ðÂû ,À�þ�ð ö¤�Öµõ ´±·õ ß�ãõ �Þ�÷ �¤ A ÅþÂ��õ

.xTAx � 0 Ý�ª��

�� �î ´¨� ý�â��� V ÍÜµ¿õ �þ üÖ�Ö� ý¤�¢Â� ý�Ìê ýø¤ üÜ¡�¢ �Â® ×þ : 5.1 ÓþÂã�
ý¤�Ï �� Àû¢üõ ´±Æ÷ (x; y) ÍÜµ¿õ �þ üÖ�Ö� Âó�Ø¨� V ¤¢ y ø x ý�û¤�¢Â� ¥� °�Âõ �ø¥ Âû

À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î
.x = 0 Âð� �ú�� ø Âð� (x; x) = 0 ùø�ã� .(x; x) � 0 ø Àª�� üÖ�Ö� (x; x) (Óó�)

.(x; �y) = �(x; y) ,� Âó�Ø¨� Âû ý�Â� (�)
.(x; y + z) = (x; y) + (x; z) ,z 2 V Âû ý�Â� (�)

.(x; y) = (y; x) (¢)
Hermitian 14

skew Hermitian 15

Hermitian positive de�nition16

Hermitian positive semide�nite17

symmetric positive de�nite18
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×þ ,Àª�� ùÀª ÓþÂã� ö� ¤¢ üÜ¡�¢ �Â® ×þ �î ÍÜµ¿õ �þ üÖ�Ö� ý¤�¢Â� ý�Ìê Âû
.¢�ªüõ ùÀ�õ�÷ üÜ¡�¢ �ÂÌÜ¬�� ý�Ìê

¤�¢Â� ø¢ ý�Â� ¢¤�À÷�µ¨� üÜ¡�¢ �Â® : 6.1 ÓþÂã�

u = (u1; u2; : : : ; un)
T

; v = (v1; v2; : : : ; vn)
T

;

Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø ù¢�¢ Çþ�Þ÷ (u; v) �� �¤

(u; v) = uHv =
nX

i=1

uivi :

�� V ¥� k:k Û·õ ´¨� ý�â��� V ÍÜµ¿õ �þ üÖ�Ö� ý�Ìê ýø¤ ý¤�¢Â� ôÂ÷ ×þ : 7.1 ÓþÂã�
À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ý¤�Ï �� IR

;x = 0 Âð� �ú�� ø Âð� kxk = 0 ùø�ã� .kxk � 0 ,x 2 V Âû ý�¥� �� (Óó�)
;k�xk =j � j kxk ,x 2 V ø � 2 C Âû ý�¥� �� (�)

.(¶Ü·õ ýø�Æõ�÷ )kx + yk � kxk+ kyk ,x; y 2 V Âû ý�¥� �� (�)
×þ ,ý¤�¢Â� ý�Ìê ýø¤ 6.1 ¤¢ ùÀª ÓþÂã� ¢¤�À÷�µ¨� üÜ¡�¢ �Â® À�÷�õ ,üÜ¡�¢ �Â® Âû
ý�ûôÂ÷ .k:k = (: ; :)1=2 Ý�û¢ ¤�Âì (: ; :) üÜ¡�¢ �Â® ý�Â� ´¨� üê�î .À�îüõ À�ó�� ôÂ÷

19 ¤ÀÜû ôÂ÷ ¥� ü¬�¡ ý�û´ó�� ,üÎ¡Â±� ¤¢ ¢Â�¤�î Â� ø ñø�Àµõ ý¤�¢Â�

kxkp = (
nX

i=1

jxijp)
1

p ;

À÷�ªüõ À�ó�� Âþ¥ Ýúõ ý�ûôÂ÷ p =1 ø p = 2 ,p = 1 ý�û´ó�� ¤¢ .À�ª��üõ

kxk1 = jx1j+ jx2j+ : : :+ jxnj;

kxk2 = (jx1j2 + jx2j2 + : : :+ jxnj2)1=2;

kxk1 = max
i=1;2;:::;n

jxij:

ù� ðÂ û ,´¨� x21 ùÄ þø ¤�¢Â � � � Â Ò� � µ õ A ÅþÂ �� õ 20 ýùÄ þø ¤�À Ö õ ×þ � : 8.1 Ó þÂ ã �
.À�þ�ð A ýùÄþø �ø¥ ×þ �¤ (� , x) °�Âõ �ø¥ �¤�¬ ßþ� ¤¢ .x 6= 0 ø Ax = �x

Holder 19

eigenvalue20

eigenvector21
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ÅþÂ��õ 22 üÔ�Ï á�ãª ,�¤ ÕÜÎõ ¤Àì ¶�� ¥� A ÅþÂ��õ ýùÄþø ¤�ÀÖõ ßþÂµð¤Ã� : 9.1 ÓþÂã�
ÂÚþ¢ �¤�±ä �� ,À�û¢üõ ö�È÷ �(A)�� ø À�þ�ð A

�(A) = max
�2 �(A)

j�j ;

A ÅþÂ��õ 23 Ó�Ï ö� �� ø ,Àª��üõ A ÅþÂ��õ ùÄþø Âþ¢�Öõ ô�Þ� �ä�Þ¹õ �(A) ö� ¤¢ �î
.À�þ�ð

�î ý¤�Ï �� X = fv1; v2; : : : ; vkg ø ý¤�¢Â� ý�Ìê ×þ (V; F) À��î Âê : 10.1 ÓþÂã�
ø À�û¢üõ ö�È÷ span(X) �� �¤ X ýùÀ÷ÂµÆð ý�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .i = 1; : : : ; k ,vi 2 V

¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ ��

span(X) = spanfv1; v2; : : : ; vkg = fv : v = �1v1 + : : :+ �kvk ; �i 2 F; vi 2 Xg:

�¤ A 25 ��� ý�Ìê ø 24¢Â�e Ýúõ ý�Ìê Âþ¥ ø¢ A 2 C
m�n ÅþÂ��õ Âû ý�Â� : 11.1 ÓþÂã�

¢Âî ÓþÂã� Âþ¥ �¤�¬ �� °��Â� �� ö���üõ

R(A) = fy 2 C
m : y = Ax ,C n ¤¢ ý x ý�¥� �� g;

N(A) = fx 2 C
n : Ax = 0g:

.R(A) = spanfa1; a2; : : : ; ang ù�Ú÷� ,A = (a1; a2; : : : ; an) Âð� ��®ø ��

ÅþÂ��õ 26 ý�±�¤ �¤ AÅþÂ��õ üÎ¡ ÛÖµÆõ ý�ûö�µ¨ �þ �ûÂÎ¨ ¢�Àã� Â·î�À� : 12.1 ÓþÂã�
�î ¢Âî ´��� ö���üõ .À�û¢üõ ö�È÷ rank(A) �� ø À�þ�ð A

rank(A) = dim(R(A)):

.� 2 �(A) = f�1; �2; : : : ; �sg ø A 2 C
n�n�î À��î Âê : 13.1 ÓþÂã�

.p(�) = det(�I � A) :¥� ´¨� �¤�±ä A 27 �Ê¿Èõ ý��ÜÞ� À�� �
spectral radius22

spectrum23

range24

null space25

dimension26

characteristic polynomial27
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ý�� Ü Þ�À �� ¥� ý��È þ¤ ö�� � ä � � � ý�û¤�Â Ø � ¢�À ã � ,� ùÄ þø ¤�À Ö õ 28 ýÂ ±� ¤�Â Ø � �
ÂÚ þ¢ �¤� ± ä � � .¢�ªüõ ù¢�¢ ö�È ÷ alg multA(�) � � ø ´¨� A ÅþÂ �� õ ý�Ê¿Èõ

Âð� �ú�� ø Âð� alg multA(�) = ai

(x� �1)
a1(x� �2)

a2 � � � (x� �s)
as = 0:

.¢�ªüõ ùÀ�õ�÷ 29 ù¢�¨ ùÄþø ¤�ÀÖõ ×þ � ,alg multA(�) = 1 �î üõ�Ú�û �

ù¢�¢ ö�È÷ geo multA(�) �� ø ´¨� dimN(A� �I) �� Â��Â� ,� ýùÄþø ¤�ÀÖõ ü¨À�û ¤�ÂØ� �
ùÄþø ¤�ÀÖõ Â�Ñ÷ üÎ¡ ÛÖµÆõ ùÄþø ý�û¤�¢Â� ¢�Àã� � ü¨À�û ¤�ÂØ� ÂÚþ¢ �¤�±ä �� .¢�ªüõ

.Àª��üõ �

ùÀ�õ� ÷ 30 ù¢�¨ �Þ� ÷ ùÄ þø ¤�ÀÖõ ×þ � , alg multA(�) = geo multA(�) �î üõ�Ú�û �
.¢�ªüõ

�î ý¤�Ï �� ,´¨� k üÔ�õ�÷ ¼�½¬ ¢Àä ßþÂµØ��î ,A ÅþÂ��õ 31 ÅþÀ÷� : 14.1 ÓþÂã�
Àª�� ¤�ÂìÂ� Âþ¥ ý�û�¤�±ä ¥� üØþ Ûì�À�

(i) rank(Ak) = rank(Ak+1);

(ii) R(Ak) = R(Ak+1);

(iii) N(Ak) = N(Ak+1):

.¢�ªüõ ÓþÂã� ÂÔ¬ ÅþÀ÷� ,¢ÂÔ�õ�÷ ý�ûÅþÂ��õ ý�Â� ø
.¢�ªüõ ÓþÂã� A� �I ÅþÂ��õ ÅþÀ÷� ,A ¥� � 32 ýùÄþø ¤�ÀÖõ ÅþÀ÷� �

ø Àª�� ÂÔ¬ Â��Â� ø ¢���õ lim
k!1

Ak ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ 33 �ÂÚÞû A ÅþÂ��õ : 15.1 ÓþÂã�
.Àª�� ÂÔ¬ Â��Â� �fõøÃó �÷ ø ¢���õ lim

k!1
Ak ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ 34 �ÂÚÞû�Þ�÷

algebraic multiplicity28

simple eigenvalue29

semisimple eigenvalue30

index31

index of eigenvalue32

convergent matrix33

semiconvergent matrix34
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B = AHA ùÄþø Âþ¢�Öõ �1 � �2 � : : : � �n � 0 ø A 2 C
m�n �î À��î Âê : 16.1 ÓþÂã�

Ý�û¢üõ ¤�Âì .À�ª��
�i =

q
�i ; i = 1;2; : : : ; n:

.À�þ�ð A 35 ß�Ø� Âþ¢�Öõ �¤ �1 � �2 � : : : � �n � 0 Âþ¢�Öõ

A ¥� \´ê�Øª "×þ �¤ A =M �N �¤�¬ ßþ� ¤¢ .M;N 2 R
n�n À��îÂê : 17.1 ÓþÂã�
.Àª�� ¢ÂÔ�õ�÷ M ù�ðÂû ,À�þ�ð

,À�þ�ð ���Èµõ �¤ Bø A ý�ûÅþÂ��õ �¤�¬ ßþ� ¤¢ .A;B 2 C
n�n À��îÂê : 18.1 ÓþÂã�

�î ý¤�Ï �� Àª�� ¢���õ P ö�� ýÂþÁ� öø¤�ø ÅþÂ��õ ù�ðÂû

B = P�1AP:

ÓþÂã� Âþ¥ �¤�¬ �� ø ùÀª ù¢�¢ Çþ�Þ÷ cond(A)�� A ÅþÂ��õ ¯Âª ¢Àä : 19.1 ÓþÂã�
¢�ªüõ

cond(A) = kAkkA�1k:

ßþ� ´ó�� ©�¡ ý�ûù�Úµ¨¢ ý�Â� .cond(A) � 1 Ýþ¤�¢ A ÅþÂ��õ Âû ý�Â� �î Àþ¢ ö���üõ
.´¨� ´ó�� À� ù�Úµ¨¢ ,Àª�� ï¤Ã� ¢Àä ßþ� �îü�¤�¬ ¤¢ ø ×��î ¢Àä

�þ�Ìì 3.1

.À�µÆûË½õ üõ�û�õ ,¸î üµ�õÂû ý�ûÅþÂ��õ ùÄþø Âþ¢�Öõ :1.1 ��Ìì

Ýþ¤�¢ ¢¤�À÷�µ¨� üÜ¡�¢ �Â® ÓþÂã� �� ���� �� :��±��

(x;Ay) = xHAy = (AHx)Hy = (AHx; y):

üÜ¡�¢ �Â® ÓþÂã� �� ���� �� .Àª�� A ýùÄþø �ø¥ ×þ (� , x) À��î Âê

�(x; x) = (x; �x) = (x;Ax) = (AHx; x) = (�Ax; x) = (��x; x) = ���(x; x):
singular value35
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�¹�µ÷ ¤¢
� = ���;

2 .´¨� Ë½õ üõ�û�õ � Àû¢üõ ö�È÷ �Î��¤ ßþ� �î

À � � î Â ê ß � � » Þ û .B = AHA ø A 2 C
m�n � î À � � î Â ê :2.1� � Ì ì

�¤�¬ ßþ� ¤¢ ,À�ª�� A ß�Ø� Âþ¢�Öõ �1 � �2 � : : : � �n � 0

kAk
2
=
q
�(AHA) = �1:

2 .¢�ª á��¤ ]12[ �� :��±��

´±·õ ö� ùÄþø Âþ¢�Öõ ù�Ú÷� ,Àª�� üµ�õÂû ´±·õ ß�ãõ ÅþÂ��õ ×þ A �î À��î Âê :3.1��Ìì
ß��»Þû ,À�µÆû

det(A) > 0:

2 .¢�ª á��¤ ]14[ �� :��±��

ý�ûÅþÂ��õ Ó�Ï ßþ�Â���� .À÷¤�¢ ö�ÆØþ �Ê¿Èõ ý��ÜÞ� À�� ���Èµõ ý�ûÅþÂ��õ :4.1��Ìì
.À�µÆû ö�ÆØþ ���Èµõ

2 .¢�ª á��¤ ]9[ �� :��±��

�¤�¬ �� üã�Âõ ÅþÂ��õ ×þ S À��î Âê :5.1��Ìì

S =

0
@ A B

C D

1
A ;

ù�Ú÷� ,Àª�� ¢���õ A�1 Âð� .Àª��

det(S) = det(A) det(D � CA�1B);

ù�Ú÷� ,Àª�� ¢���õ D�1 Âð� ø

det(S) = det(D) det(A�BD�1C):
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�Ø�þ� �� ���� �� :��±��

S =

0
@ A B

C D

1
A =

0
@ I 0

CA�1 I

1
A
0
@ A B

0 D � CA�1B

1
A ;

2 .Àþ�üõ ´¨À� ���Èõ ¤�Ï �� Ã�÷ ÂÚþ¢ ¢¤�õ ��±�� .´¨� ¼®�ø �¹�µ÷

�s ,: : : ,�2 ,�1 Ãþ�Þµõ ùÄþø Âþ¢�Öõ �� A ÅþÂ��õ Âû ý�Â� :( 36 ö¢Â� ü÷�÷�î ÛØª ) 6.1��Ìì
�î ö��� ´¨� ¢���õ P ö�� ý¢ÂÔ�õ�÷ ÅþÂ��õ

P�1AP = J =

0
BBBBBB@

J(�1) 0 � � � 0

0 J(�2) � � � 0

... ... . . . ...
0 0 � � � J(�s)

1
CCCCCCA
;

ø

J(�j) =

0
BBBBBB@

J1(�j) 0 � � � 0

0 J2(�j) � � � 0

... ... . . . ...
0 0 � � � Jtj (�j)

1
CCCCCCA
; J�(�j) =

0
BBBBBBB@

�j 1

�j
. . .
. . . 1

�j

1
CCCCCCCA
;

.¢�ªüõ ùÀ�õ�÷ A ÅþÂ��õ ö¢Â� ÛØª J ÅþÂ��õ

2 .¢�ª á��¤ ]9[ �� :��±��

ö��µ� �î ý¤�Ï �� Àª�� üÔ�õ�÷ ¼�½¬ ¢Àä ßþÂµØ��î k ø A 2 C
n�n À��î Âê :7.1��Ìì

�¤�¬ �� �¤ Ak

Ak =
kY

i=1

Bi

kY
i=1

Gk+1�i;

ø Ûõ�î ü÷�µ¨ ý�±�¤ ý�¤�¢ Qk
i=1Bi ø Bk ,: : : ,B2 ,B1 ý�ûÅþÂ��õ ¥� ô�Àî Âû �î ´ª�÷

ø À�ª�� Ûõ�î ýÂÎ¨ ý�±�¤ ý�¤�¢ Qk
i=1Gk+1�i ø Gk ,: : : ,G2 ,G1 ý�ûÅþÂ��õ ¥� ô�Àî Âû

À÷�ª É¿Èõ Âþ¥ ý�û�Î��¤ �� Gi ø Bi ý�ûÅþÂ��õ ß��»Þû

A = B1G1;

ø

GiBi = Bi+1Gi+1 ; i = 1;2; : : : ; k � 1:
Jordan canonical form36



19 Óþ¤�ã� ø �õÀÖõ :1 ÛÊê

.À�ó¢�ãõ Âþ¥ Íþ�Âª ù�Ú÷�

;´¨� ¢ÂÔ�õ�÷ GkBk (Óó�)

.´¨� k ÅþÀ÷� ý�¤�¢ A (�)

2 .¢�ª á��¤ ]4[ �� :��±��

ø rank(B) = r �î ý¤�Ï �� B 2 C
m�n À��î Âê :8.1��Ìì

J =

0
@ 0m�m B

�BH 0n�n

1
A :

,�i = �i�i ö� Â Ô ¬ Â � è ùÄ þø Â þ¢� Ö õ ø ¸ î ü µ � õÂ û Å þÂ �� õ × þ J �¤� ¬ ß þ� ¤¢
.À�ª��üõ B ÂÔ¬ Â�è ß�Ø� Âþ¢�Öõ i = 1;2; : : : ; r ,�i ö� ¤¢ �î À�µÆû i = 1;2; : : : ; r

ùø�ã�
�(J) = kBk

2
:

ù�Ú÷� ,Àª�� J ùÄþø ¤�ÀÖõ � À��î Âê :��±��
0
@ 0 B

�BH 0

1
A
0
@ x1

x2

1
A = �

0
@ x1

x2

1
A :

�¹�µ÷ ¤¢8<
:

Bx2 = �x1;

�BHx1 = �x2:

Àþ¢ ö���üõ üð¢�¨ ��

�BHBx2 = ��BHx1 = �2x2;

ßþ�Â����
BHBx2 = ��2x2:

BHB ß�Ø � Â þ¢� Ö õ â �Â õ BHB ùÄ þø Â þ¢� Ö õ ü êÂÏ ¥� .´¨� BHB ùÄ þø ¤�À Ö õ ��2 ü�ã þ
,��2i = �2i ù�Ú÷� ,À�ª�� B ÂÔ¬ Â�è ß�Ø� Âþ¢�Öõ i = 1;2; : : : ; r ,�i Âð� ßþ�Â���� .À�ª��üõ

Ýþ¤�¢ ßþ�Â���� .i = 1;2; : : : ; r

�i = �i�i ; i = 1;2; : : : ; r:
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ß��»Þû
�(J) = max

1�i�r
j�ij = kBk

2
: 2

ôø¢ ý�ûö��� ßþÂµÞî ý�ó�bÆõ :9.1��Ìì

kb� Ayk
2
= min

x2Cn
kb� Axk

2
;

ù�Úµ¨¢ ý�û���� ý�Þû �ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ b 2 C
m ø x 2 C

n ,A 2 C
m�n ö� ¤¢ �î

�¤�¬ �� �¤ ���

S = fy 2 C
n : kb� Ayk

2
= min

x2Cn
kb� Axk

2
g;

Âð� �ú�� ø Âð� ´¨� ��� ù�Úµ¨¢ ý�Â� ,ôø¢ ý�ûö��� ßþÂµÞî ���� y ù�Ú÷� .ÀþÂ�Ú� ÂÑ÷ ¤¢

ÂÚþ¢ �¤�±ä �� .´¨� r = b� Ay Â��Â� ø ùÀ÷�õ ¤�¢Â� r ö� ¤¢ �î ,AHr = 0

y 2 S , AHr = 0:

Ýþ¤�¢ y 2 S Âû ý�Â� ù�Ú÷� .r̂ = b� Aŷ �î ,À�î ëÀ¬ AH r̂ = 0 ¤¢ ŷ À��î Âê :��±��

r = b� Ay = r̂ + A(ŷ � y) = r̂ + Ae;

ßþ�Â���� .e = ŷ � y ö� ¤¢ �î

rHr = (r̂ + Ae)H(r̂ + Ae) = r̂H r̂ + kAek2
2
;

�¹�µ÷ ¤¢
krk2

2
= kr̂k2

2
+ kAek2

2
� kr̂k2

2
+ kAk2

2
kek2

2

.ŷ 2 S �¹�µ÷ ¤¢ y = ŷ ü�ãþ ,Àª�� e = 0 �î ¢�ªüõ ÝÞ�÷üõ üµìø r ýùÀ÷�õ ¤�¢Â� ßþ�Â����
À�û¢ ¤�Âì .(ÓÜ¡ ö�ûÂ� ) AH r̂ = z 6= 0 ø ŷ 2 S À��î Âê ,��Ìì ÅØä ��±�� ý�Â�

ø r = r̂ � �Az ù�Ú÷� ,y = ŷ + �z

rHr = r̂H r̂ � 2�zHz + �2(Az)HAz;

�î ¢Âî ��¿µ÷� ×��î ý¤Àì �� ö���üõ �¤ � �Áó ,´¨� ù��¿ó¢ � ö��

rHr < r̂H r̂;


