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�õÀÖõ
¥� ýÂµõøÃþ� ×þ M ¥� σ ÝÆ�ê¤�õ�ÿÔþ¢ �¤�Ê�þ� ¤¢ ,Àª�� ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê

Âð� ¢�ªüõ ùÀ�õ�÷ (M, F )

F (σ(p), (dσ)pX) = F (p,X), ∀p ∈ M, X ∈ TpM

ÓþÂã� Â þ¥ �¤�Ê� ö� ñ�Ï �¤�Ê�þ� ¤¢ ,Àª�� ¤��Þû ý��ãÎì Ý¡ ×þ γ : [0, r] −→ M Âð�
¢�ªüõ

L(γ) =
∫ r

0
F (γ(t), γ̇(t))dt

ö�È÷ Γ(x0, x1) �� �¤ x1 ø x0 ß�� Û¬�ø γ : [0, r] −→ M ¤��Þû ý��ãÎì ý�úÞ¡ ô�Þ� �ä�Þ¹õ
¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� dF : M ×M −→ [0,∞) ´ª�Ú÷ �¤�Ê�þ� ¤¢ .Ý�û¢üõ

dF (x0, x1) = inf
γ∈Γ(x0,x1)

L(γ)

�� dF (x0, x1) �fõøÃó ü�ãþ ,´Æ�÷ ö¤�Öµõ üÜî ´ó�� ¤¢ �Ø�þ� Ã¹� ¢¤�¢ �¤ ×þÂµõ «��¡ ô�Þ� dF

.Àª��üÞ÷ Â��Â� dF (x1, x0)

.Ý�û¢ ���¤� ýÂµõøÃþ� ×þ ý�Â� Ã�÷ �¤ Âþ¥ ÓþÂã� Ý�÷���üõ ö��î�
3



4 �õÀÖõ

â��� �î ©¢�¡ ýøÂ� M ¥� ´ª�Ú÷ ×þ ¥� ´¨� �¤�±ä (M,F ) ¥� ýÂµõøÃþ� ×þ 1.0.0 ÓþÂã�
.À�î ÐÔ� �¤ dF �Ü¬�ê

ý�Â� ÓþÂã� ø¢ ßþ� �î ´¨� ùÀª ´��� Ã�÷ ýÂÜÆ��ê ý�û�Ìê ý�Â� ,ü÷�Þþ¤ ´ó�� À�÷�Þû
.]6[ À÷¥ ¤�Ýû �úþÂµõøÃþ�
�î ´¨� ùÀª ´��� ùø�ã�

ô�Þ� ùøÂð I(M, F ) �¤�Ê�þ� ¤¢ ,Àª�� ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê 2.0.0 ��Ìì
ü�øÂ�øÃþ� ùøÂðÂþ¥ ù�Ú÷� ,x ∈ M Âð� ø ´¨� M ýø¤ üó ��þÀ±� ùøÂð ×þ ,(M,F ) ý�úþÂµõøÃþ�

.¢�� Àû��¡ ù¢ÂÈê Ix(M, F )

,´¨� ùÀª ¥�è� üµÞÆì�¤�¡ ý�û�Ìê ýø¤ �þ�� ýÂÜÆ��ê ý�úØþÂµõ ü¨¤Â� ,�þ�Ìì ßþ� ��±�� ¥� Àã�
ü¡Â� öÀþ¢ ý�Â� .´¨� ùÀª ¢�¹þ� ßÚÞû ýÂÜÆ��ê ý�û�Ìê �¨À�û ü¨¤Â� ý�Â� ýÂ�Æõ ü�ãþ

.À��î �ã��Âõ ]23[ ø ]11[ �� ßÚÞû ýÂÜÆ��ê ý�û�Ìê «��¡
ý�û�Ìê ÓþÂã� .Àª��üõ ö¤�Öµõ ý�û�Ìê ,ßÚÞû ý�û�Ìê �� ×þ¢Ã÷ ¶��±õ ¥� üØþ

.´¨� ùÀª ���¤� Âþ¥ �¤�Ê� ]12[ ø ]23[ ¤¢ ü÷�Þþ¤ ´ó�� ���Èõ ,ö¤�Öµõ ýÂÜÆ��ê

×þ p ∈ M Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ ö¤�Öµõ (M,F ) À�±Þû ýÂÜÆ��ê ÀÜÔ��õ 3.0.0 ÓþÂã�
�Øþ¤�Î� Àª�� ¢���õ σp : M −→ M ýÂµõøÃþ�

.σ2p = Id ü�ãþ ,Àª�� üµÈðÂ� σp (i

´��� �ÎÖ÷ �ú�� p �î Àª�� ¢���õ p ¥� U üÚþ�ÆÞû ×þ ü�ãþ ,Àª�� σp ý�ú�� ´��� �ÎÖ÷ ×þ p (ii
.Àª�� U ¤¢ σp

ýÂÜÆ��ê ý�Ìê Âû ø ù¢�� øÂÈ�� Ûõ�î ,ö¤�Öµõ ýÂÜÆ��ê ý�Ìê Âû �î ,]23[ ´¨� ùÀª ´���



5 �õÀÖõ

á�÷ ¥� ö¤�Öµõ ýÂÜÆ��ê ý�û�Ìê �î ]12[ ´¨� ùÀª ´��� ¤�Î��Þû .Àª��üõ ßÚÞû À�±Þû ö¤�Öµõ
.¢�ª �ã��Âõ ]12[ �� ýÂÜÆ��ê ö¤�Öµõ ý�û�Ìê ÂµÈ�� �ãó�Îõ ø ü¨¤Â� ý�Â� .Àª��üõ ýÀó�øÂ�

ø üµÞÆì�¤�¡ ý�û�Ìê ýø¤ �þ�� ýÂÜÆ��ê ý�úØþÂµõ «��¡ ü¡Â� �ó�¨¤ ßþ� ôø¢ ÛÊê ¤¢
�þ�� ø¢ ýÂÜÆ��ê ý�úØþÂµõ �¨À�û ü¨¤Â� ß��»Þû ,Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ �¤ üó ý�úûøÂð
ý�û�Ìê ü¨¤Â� �� ô�¨ ÛÊê ¤¢ .Àª��üõ ÛÊê ßþ� ü¨¤Â� ¢¤�õ ��ä�®�õ ¥� üó ý�úûøÂð ýø¤

.Ýþ¥�¢Â�üõ ýÂÜÆ��ê ö¤�Öµõ
�µê�þÝ�Þã� ö¤�Öµõ ý�û�Ìê ,ü÷�Þþ¤ ø ß�ê� ö¤�Öµõ ý�û�Ìê ü¨¤Â� ¥� Àã� üµ�¨ à�½ó ��
Âþ¥ �¤�Ê� �¤ �µê�þÝ�Þã� ö¤�Öµõ ýÂÜÆ��ê ý�û�Ìê ô¤�ú� ÛÊê ¤¢ .À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ

.Ý��îüõ ÓþÂã�
ý�úþÂµõøÃþ� ô�Þ� ùøÂð ùÀ�ûÀ÷�È÷ I(M, F ) ø À�±Þû ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê
ù¢�¢ ö�È÷ sx �� ø ùÀ�õ�÷ x ¤¢ ö¤�Ö� ×þ x ý�ú�� ´��� �ÎÖ÷ �� (M, F ) ¥� ýÂµõøÃþ� ×þ .Àª�� ö�

.¢�ªüõ

¤�µ¡�¨ −s ×þ ,(M,F ) ýÂÜÆ��ê ÀÜÔ��õ ýø¤ �ú÷¤�Ö� ¥� {sx| x ∈ M} ù¢��÷�¡ 4.0.0 ÓþÂã�
.¢�ªüõ ùÀ�õ�÷ (M, F ) ýø¤

Âû ý�Â� (sx)k = id Âð� ,¢�ªüõ ùÀ�õ�÷ (k ≥ 2) k �±�Âõ ¥� {sx| x ∈ M} ¤�µ¡�¨ −s ×þ
.´�¬�¡ ßþ� �� k ¢Àä ßþÂµØ��î ý�Â� ø x ∈ M

�±�Âõ ¥� ¤�µ¡�¨ −s ×þ ö� ýø¤ Âð� �ú�� ø Âð� ,´¨� ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ �î Ý��îüõ ����
.Àª�� ¢���õ ø¢

x, y ∈ M �ÎÖ÷ ø¢ Âû ý�Â� Âð� ,¢�ªüõ ùÀ�õ�÷ ÝÑ�õ (M, F ) ýø¤ {sx} ¤�µ¡�¨ −s ×þ
Ý�ª�� �µª�¢

sx ◦ sy = sz ◦ sx , z = sx(y)
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À�±Þû ýÂÜÆ��ê ÀÜÔ��õ ×þ ¥� ´Æ�¤�±ä �µê�þÝ�Þã� ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ 5.0.0 ÓþÂã�
,Ý���ð (k ≥ 2) ö¤�Öµõ −k �¤ (M,F ) .Àª�� ¢���õ ÝÑ�õ ¤�µ¡�¨ −s ×þ ö� ýø¤ �î (M, F )

.Àª�� ¢���õ k �±�Âõ ¥� ÝÑ�õ ¤�µ¡�¨ −s ×þ ö� ýø¤ ù�ðÂû

�î Àª�� G ¥� ÝÆ�ê¤�õ��� ×þ σ ø G �µÆ� ùøÂð Âþ¥ ×þ H ,À�±Þû üó ùøÂð ×þ G À��î ­Âê

�Ôó�b õ ùÀ�ûÀ÷�È÷ G0
σ ø σ ´��� ¯�Ö÷ ô�Þ� Ûõ�ª G ùøÂðÂþ¥ Gσ ö� ¤¢ �î ,G0

σ ⊂ H ⊂ Gσ (i
.´¨� Gσ ü÷�Þû

(ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´�¬�¡ ßþ� �� ¢Àä ßþÂµØ��î �¤ k) σk = id (ii

.]20[ Ý���ð k �±�Âõ ¥� ÝÑ�õ ßÚÞû ÀÜÔ��õ −s ×þ �¤ (G,H, σ) ü����¨ �¤�Ê�þ� ¤¢

×þÂµõ ×þ F ø k �± �Âõ ¥� ÝÑ�õ ßÚÞû ÀÜÔ� �õ −s ×þ (G,H, σ) À��î ­Âê 6.0.0 ��Ìì
,π ◦ σ = s ◦ π �Î��¤ Í¨�� ùÀª ÓþÂã� ,G

H ýø¤ s ´ª�Ú÷ �Øþ¤�Î� Àª�� G
H ýø¤ �þ�� −G ýÂÜÆ��ê

Àû��¡ ö¤�Öµõ −k ýÂÜÆ��ê ý�Ìê ×þ G
H �¤�Ê�þ� ¤¢ ,Àª�� G

H ¥� eH �bÀ±õ ¤¢ F ×þÂµõ Ðê��
.¢��

¢Âî ö��� �¤ Âþ¥ ��Ìì ö���üõ �µê�þÝ�Þã� ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ ý�Â�

Ýþ¤�¢ �¤�Ê�þ� ¤¢ ,Àª�� �µê�þÝ�Þã� ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê 7.0.0 ��Ìì

.¢¤�À÷ �þ�� ¤�¢Â� Sx = (dsx)x ,x ∈ M Âû ý�Â� (Óó�

ÛÞä M ýø¤ ýÀãµõ ¤�Î� I(M,F ) ,(M, F ) ý�úþÂµõøÃþ� ùøÂð ü�ãþ ,´¨� ßÚÞû (M, F ) (�
.À�îüõ
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.´¨� øÂÈ�� Ûõ�î (M, F ) (�

ö� ýø¤ ù�Ú÷� ,Àª�� �µª�¢ ¢��ø ÝÑ�õ ¤�µ¡�¨ −s ×þ (M, F ) ýø¤ Âð� �î Ý�û¢üõ ö�È÷
.´¨� ¢���õ k �±�Âõ �� ÝÑ�õ ¤�µ¡�¨ −s ×þ

�¤�Ê�þ� ¤¢ ,Àª�� �µê� þÝ�Þã� ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê 8.0.0 ��Ìì
.¢�� Àû��¡ ö¤�Öµõ −k ýÂÜÆ��ê ý�Ìê ×þ (M, F )

×þÂµõ ×þ �¤�Ê�þ� ¤¢ ,Àª�� ö¤�Öµõ −k ýÂÜÆ��ê ý�Ìê ×þ (M,F ) À��î ­Âê 9.0.0 ��Ìì
.´¨� ü÷�Þþ¤ ö¤�Öµõ −k ý�Ìê ×þ (M, g) �Ø�ÞÆÖ� ¢¤�¢ ¢��ø g ü÷�Þþ¤

,´¨� �ø¥ k ö� ¤¢ �î Àª�� ö¤�Öµõ −k ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê 10.0.0 ��Ìì
×þÂµõ ×þ ý�µþ��ý�ó ë�Êµó� �� F ë�Êµó� ø Àª�� ÂþÁ³µÈðÂ� ýÀó�øÂ� ×þÂµõ Àþ�� F �¤�Ê�þ� ¤¢

.Àª��üõ ü÷�Þþ¤ ö¤�Öµõ ý�Ìê ×þ (M, g) �Øþ¤�Î� ,´¨� üØþ g ü÷�Þþ¤

Ó�ã® ö¤�Öµõ ý�Ìê ×þ .À÷��µê�þ �ã¨�� Ã�÷ ýÂÚþ¢ ý�û�±�� ¥� ü÷�Þþ¤ ö¤�Öµõ ý�û�Ìê
�¹��� ýÂµõøÃþ� ×þ Í¨�� ö� ¥� �ÎÖ÷ ø¢ Âû �Øþ¤�Î� ,À�±Þû ü÷�Þþ¤ ÀÜÔ��õ ×þ ¥� ´Æ�¤�±ä
ý�û�Ìê �¨À�û �ãó�Îõ .]29[ À÷�ùÀª üêÂãõ ïÂ±Ü¨ Í¨�� ßÚÞû ý�û�Ìê ¥� á�÷ ßþ� ,À÷�ª
�û�Ìê ßþ� ý�úØþ¥¢��¦ �î ùÀª ù¢�¢ ö�È÷ ]4[ ¤¢ .´¨� ùÀª ¥�è� ]3[ ø ]5[ ,]4[ ¥� Ó�ã® ö¤�Öµõ
ýÂÜÆ��ê ý�û�Ìê ß��� ¢��ø ù¤��¤¢ �Àµ�� .À�ª��üõ �úþÂµõøÃþ� ¥� ýÂµõ�¤�� −1 ý�úûøÂð ý�û¤�Àõ
�î Ý�û¢üõ ö�È÷ ø ù¢Âî ü¨¤Â� �¤ �û�Ìê ßþ� ü¨À�û «��¡ ü¡Â� Å³¨ ,¢Âî Ý�û��¡ ¶½� ö¤�Öµõ
¤¢ .¢Âî ö��� �þ�� ýÂÜÆ��ê ×þÂµõ ×þ �� üµÞÆì�¤�¡ ý�Ìê ×þ �¤�Ê� ö���üõ �¤ �û�Ìê ßþ�

.À÷�ýÀó�øÂ� á�÷ ¥� �û�Ìê ßþ� �î Ý�û¢üõ ö�È÷ ´þ�ú÷
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.Àª�� ö� ¥� ù¢ÂÈê ùøÂð Âþ¥ ×þ H ø üó ùøÂð ×þ G À��î ­Âê

Àª�� ¢���õ G ¥� θ ÝÆ�ê¤�õ��� ×þ ù�ðÂû ,Ý���ð Ó�ã® ö¤�Öµõ �ø¥ �¤ (G,H) 11.0.0 ÓþÂã�
�î

θ2 ∈ InnH(G) ø θ(H) ⊂ H (Óó�

g ∈ G Âû ý�Â� Hθ(g)H = Hg−1H (�

ýÂÜÆ��ê ×þÂµõ Âû �¤�Ê�þ� ¤¢ .Àª�� Ó�ã® ö¤�Öµõ �ø¥ (G,H) À��î ­Âê 12.0.0 ��Ìì
ÛþÀ±� Ó�ã® ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ �� �¤ (M,F ) ,M = G

H ýø¤ F ÂþÁ�´ÈðÂ� ý�þ�� −G

.À�îüõ

.Ý��îüõ ö��� �¤ Ó�ã® ö¤�Öµõ ý�û�Ìê ü¨À�û «��¡ ü¡Â� Âþ¥ ¤¢

�¤�Ê�þ� ¤¢ ,Àª�� Ó�ã® ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ (M,F ) À��î ­Âê 13.0.0 ��Ìì

.Àª��üõ øÂÆ� ø øÂÈ�� Ûõ�î (M, F ) ø ´¨� ßÚÞû (M, F ) (Óó�

ø s(x) = x �Øþ¤�Î� ´¨� ¢���õ s ∈ I(M,F ) ýÂµõøÃþ� ×þ ,ξ ∈ TxM ø x ∈ M Âû ý�Â� (�
.Àª�� üµÈðÂ� üµÆþ�� F �Ø�þ� ùÄþ�� ,dsx(ξ) = −ξ

×þ (M̃, π∗(F )) �¤�Ê�þ� ¤¢ .Àª�� Âþ�Ê� â��� π ø M âõ�� üÈª�� ý�Ìê M̃ À��î ­Âê (�
ö� ¤¢ �î ,´¨� Ó�ã® ö¤�Öµõ ýÂÜÆ��ê ý�Ìê

π∗(F )(y) = F ((dπ)x̃(y)) , y ∈ Tx̃M̃
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×þ �¤�Ê�þ� ¤¢ .Àª�� Ó�ã® ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ (M, F ) À��î ­Âê 14.0.0 ��Ìì
ü÷�Þþ¤ Ó�ã® ö¤�Öµõ ý�Ìê ×þ �� �¤ M �î ¢¤�¢ ¢��ø M ýø¤ �þ�� −I(M, F ) ,g ü÷�Þþ¤ ×þÂµõ

.À�îüõ ÛþÀ±�

�¤�Ê�þ� ¤¢ .Àª�� Ó�ã® ö¤�Öµõ ýÂÜÆ��ê ý�Ìê ×þ (M,F ) À��î ­Âê 15.0.0 ��Ìì

.´¨� ßÚÞû (M, F ) ý�úØþ¥¢��¦ (Óó�

.´¨� ýÀó�øÂ� ý�Ìê ×þ (M, F ) (�

:À÷�ùÀª ���¤� Âþ¥ ���Öõ ¤¢ �ó�¨¤ ßþ� ¤¢ ùÀõ� ´¨À� ¸þ�µ÷ ¥� üÈ¿�

1. P. Habibi, A. Razavi, On weakly symmetric Finsler spaces, J. Geom. Phys. 60

(2010), 570-573.

2. P. Habibi, A. Razavi, On Generalized Symmetric Berwald Spaces, Int. J. Contemp.

Math. Sciences, Vol. 5, no. 14 (2010), 667-673.

3. P. Habibi, A. Razavi, On Generalized Symmetric Finsler Spaces, Geom. Dedicata,

DOI 10.1007/s10711-010-9471-1.



1 ÛÊê

ýÂÜÆ��ê �¨À�û
ù¢Âî ö��� �¤ ßÚÞû â���� ù¤��¤¢ ÂÜþø� ��Ìì �Àµ�� .¢�ªüõ ö��� ýÂÜÆ��ê �¨À�û «��¡ ÛÊê ßþ� ¤¢
ÂÑ÷ ¤¢ �¤ 1ýÂþ�Ê� ü¨�Þõ é�î �õ�¢� ¤¢ .¢�ªüõ ÓþÂã� F ýÂÜÆ��ê â��� ö� ¥� ù¢�Ôµ¨� �� ø
üêÂãõ �¤ 3 ö��¤�î ¤�Æ÷�� ø 2 öÂ� ë�Êµó� Å³¨ .Ý��îüõ ü¨¤Â� �¤ ö� «��¡ ¥� üÌã� ø ÝþÂ�ðüõ
¤�ð¥�¨ ×þÂµõ �f±þÂÖ� ø ��� öøÀ� ,ýÂþ�Ê� ü¨�Þõ é�î ýø¤ ë�Êµó� ßþ� �î Ý�û¢üõ ö�È÷ ,ù¢Âî
ß��»Þû .¢�¢ Ý�û��¡ üã�±Ï ��Êµ¿õ ¤¢ �¤ R ø P ý�û��½÷� ,öÂ� ë�Êµó� ¥� ù¢�Ôµ¨� �� .´¨�

.À÷�ªüõ ÓþÂã� ü»þ¤ ø üÞ�Â� ý��½÷� ,�úØþ¥¢��¦
projectivised tangent bundle1

Chern2

Cartan tensor3

10
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ÂÜþø� ��Ìì ø ÂÜÆ��ê ¤�µ¡�¨ 1.1

ýø¤ üã®�õ ��Êµ¿õ ×þ ui, i = 1, . . . m ø ¤��Þû ýÀã� −m ÀÜÔ��õ ×þ M À��î ­Âê
ø ∂

∂ui üã�±Ï ý�û�þ�� �� ´÷�Ä÷�µî ø §�Þõ é�î °��Â� �� T ∗M ø TM .Àª�� U ⊂ M ¥�� �ä�Þ¹õ
.À�µÆû M ýø¤ dui

¥� ´±·õ ßÚÞû F .Àª�� üÖ�Ö� ¤�ÀÖõ �� â��� ×þ F : IRm −→ IR À��î ­Âê 1.1.1 ÓþÂã�
.F (λX) = λkF (X), λ > 0 Âð� ,¢�ªüõ ùÀ�õ�÷ k ��¤¢

¥� ´±·õ ßÚÞû F Âð� .Àª�� üÖ�Ö� ¤�ÀÖõ �� â��� ×þ F : IRm −→ IR À��î ­Âê 2.1.1 ��Ìì
ù�Ú÷� ,Àª�� ×þ ��¤¢

Xi ∂F (X)
∂Xi

= F (X), X = (X1, · · · , Xm)

2 .¢�ª �ã��Âõ ]2[ �� .��±��
.ÝþÂ�üõ ¤�Ø� ui ø Xi �� ´±Æ÷ F ÕµÈõ ö¢�¢ ö�È÷ ý�Â� Ã�÷ �¤ Fui ø FXi ý�û¢�Þ÷ Å� ßþ� ¥�

Ýþ¤�¢ ù�Ú÷� ,Àª�� X = (X1, · · · , Xm) ¥� 1 ��¤¢ ¥� ´±·õ ßÚÞû â��� ×þ F Âð� 3.1.1 �¹�µ÷

XiFXi = F (1

XjFXiXj = 0 (2

XkFXiXjXk = −FXiXj (3
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X lFXiXjXkXl = −2FXiXjXk (4

XiFXiui = Fui (5

«��¡ �� F : TM −→ [0,∞) ,TM ü¨�Þõ é�î ýø¤ â��� ×þ F À��î ­Âê 4.1.1 ÓþÂã�
:Àª�� Âþ¥

.´¨� C∞ ,TM − {0} ýø¤ F (1

ü�ãþ ,´¨� ´±·õ ßÚÞû F (2

F (u, λX) = λF (u,X), ∀λ > 0

m×m ÅþÂ��õ ü�ãþ ,´¨� ý�ì �À½� ´�¬�¡ ý�¤�¢ F (3

(gij) =

(
1
2

F2

)

XiXj

.´¨� ´±·õ ß�ãõ �ÎÖ÷ Âû ¤¢ TM − {0} ýø¤

.À�þ�ð M ýø¤ ýÂÜÆ��ê ¤�µ¡�¨ �þ ÂÜÆ��ê â��� �¤ F �¤�¬ ßþ� ¤¢

À�îüõ ��¹þ� ë�ê Íþ�Âª

X 6= 0 ý�Â� F (u,X) > 0 (4

F (u,X) + F (u, Y ) ≥ F (u,X + Y ) (5
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×þ �¤ (M, F ) �¤�Ê�þ� ¤¢ ,Àª�� ö� ýø¤ ýÂÜÆ��ê â��� ×þ F ø ¤��Þû ÀÜÔ��õ ×þ M Âð�
.À�þ�ð ýÂÜÆ��ê ÀÜÔ��õ

:¢�ªüõ �µ¡�¨ Âþ¥ ôø¢ ��¤¢ ôÂê Í¨�� ü÷�Þþ¤ �¨À�û

ds2 = F2 = gij(u)duiduj (1.1)

ö¢�� ôø¢ ��¤¢ ¯Âª ¤¢ �fõøÃó F ö� ¤¢ �î ,¢�ªüõ �µ¡�¨ ds = F (u, du) ýø¤ ýÂÜÆ��ê �¨À�û
.´¨� ýÂÜÆ��ê â��� ×þ F üóø À�îüÞ÷ ëÀ¬ (1.1)

� Ø þ¤� Î � ,À ª� � M ýø¤ Â þÁ �Û � Æ ÷�Â Ô þ¢ Ý ¡ × þ c À � � î ­Â ê 5.1.1 ÓþÂã�
¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� c Ý¡ ñ�Ï .c : t −→ ui = ui(t) = c(t) ∈ M, t ∈ [a, b] ⊂ IR

L(c) =
∫ b

a
F (u,

du

dt
)dt

.u = (u1, · · · , um), du
dt = (du1

dt , · · · , dum

dt ) ö� ¤¢ �î

ýÂÜÆ��ê ×þÂµõ ø ýÂþ�Ê� §�Þõ é�î 2.1

�ÂÌõ �î �¤ ýÂÔ¬�÷ ý�û¤�¢Â� �î Àþ�üõ ´¨À� ß��� ü¨�Þõ é�î ¥� ýÂþ�Ê� §�Þõ é�î
p : PTM −→ M À��î ­Âê .Ý�û¢üõ ö�È÷ PTM �� �¤ ö� ø ÝþÂ�ðüõ üØþ ,À÷ÂÚþÀØþ ¥� üÖ�Ö�

ü�ãþ ,Àª�� Âþ�Ê� â���

p(ui, Xi) = (ui)

T ∗uM ø TuM .p∗T ∗M ö�ðø¢ �� (üµÈðÂ�) ×�ñ�� ü¨�Þõ é�î ¥� ´Æ�¤�±ä p∗TM �¤�Ê�þ� ¤¢
.Àª��üõ ö� �þ�� ÀÜÔ��õ PTM ýÀã� −(2m− 1) ÀÜÔ��õ ø À�ª��üõ p∗T ∗M ø p∗TM ý�û¤��
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.¢�ªüõ ùÀ�õ�÷ �Â±Ü�û ôÂê ω = FXidui üõÂê −1 1.2.1 ÓþÂã�

ß�ãõ ø ö¤�Öµõ (0,2) ¤�Æ÷�� �¤�Ê�þ� ¤¢ ,Àª�� ýÂÜÆ��ê â��� ×þ F À��î ­Âê 2.2.1 ÓþÂã�
.¢�ªüõ ùÀ�õ�÷ F ×þÂµõ ü¨�¨� ¤�Æ÷�� g = gijdui ⊗ duj =

∂2(12F2)

∂Xi∂Xj dui ⊗ duj ÓþÂã� �� ,g ´±·õ

´¨� ö��� Û��ì Ã�÷ Âþ¥ �¤�Ê� gij ,��� �¤�±ä ¤¢

gij = FFXiXj + FXiFXj

Ýþ¤�¢ ÂÜþø� ��Ìì ¥� ù¢�Ôµ¨� ��

gijX
iXj = FFXiXjXiXj + XiFXiXjFXj = F2

.À÷ÂÔ¬ ��¤¢ ¥� ßÚÞû gij â����
×þ �¤�Ê�þ� ¤¢ ,Àª�� Âþ�Ê� é�î π∗TM ø ýÂþ�Ê� ´ª�Ú÷ π : TM −→ M À��î ­Âê

¥� ´Æ�¤�±ä é�î ßþ� ¥� üã�±Ï ©Â�

l = l(x,y) =
yi

F (y)
∂

∂xi
=

yi

F

∂

∂xi
= li

∂

∂xi

Àª��üõ π∗T ∗M ©Â� ×þ �î ω �Â±Ü�û ôÂê ¥� ´Æ�¤�±ä l ö�ðø¢

ω = ω(x,y) = Fyi(x, y)dxi = Fyidxi

¥� À��¤�±ä ö��¤�î ¤�Æ÷�� ø ü¨�¨� ¤�Æ÷��

gij =

(
1
2

F2

)

yiyj

= FFyiyj + FyiFyj
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Aijk =
F

2
∂gij

∂yk
=

F

4

(
F2

)
yiyjyk

ø

Cijk =
1
F

Aijk

�� .À÷ÂÔ¬ ��¤¢ ¥� ´±·õ ßÚÞû ø ù¢�� TM − {0} ýø¤ üã���� ,ü¨�¨� ¤�Æ÷�� ¥� gij ý�û�Ôó�b õ
¢Âî ÓþÂã� Âþ¥ �¤�Ê� �¤ Ûê�µÆþÂî ý�û¢�Þ÷ ö���üõ �ú÷� ¥� ù¢�Ôµ¨�

γi
jk = gis1

2

(
∂gsj

∂xk
− ∂gjk

∂xs
+

∂gks

∂xj

)

ý�úµ�Þî ß��»Þû ø

N i
j = γi

jky
k − Ci

jkγ
k
rsy

rys

¢�ªüõ ùÀþ¢ ü÷�¨� ��
N i

j

F
= γi

jkl
k −Ai

jkγ
k
rsl

rls

:Ý��îüõ üêÂãõ T ∗M ´÷�Ä÷�µî é�î ø ü¨�Þõ é�î ý�Â� �¤ Âþ¥ °¨��õ ý�û�þ��
δ

δxj
=

∂

∂xj
−N i

j

∂

∂yi

δyi

F
=
1
F

(
dyi + N i

jdxj
)

é�î ý�Â� �þ� � ×þ {dxi, δyi

F } ø TM − {0}§�Þõ é�î ý�Â� �þ� � ×þ { δ
δxi , F ∂

∂yi } ü�ãþ
.´¨� T ∗M − {0}´÷�Ä÷�µî
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öÂ� ë�Êµó� 3.1

üÎ¡ ë�Êµó� ×þ ý�¤�¢ π∗TM é�î �¤�Ê�þ� ¤¢ ,Àª�� ýÂÜÆ��ê ÀÜÔ��õ ×þ (M,F ) À��î ­Âê
:´¨� Âþ¥ «��¡ �� öÂ� ë�Êµó� ô�÷ �� �µØþ

ö¢�� ��� öøÀ� (1

d(dxi)− dxj ∧ ωi
j = −dxi ∧ ωi

j = 0

ö¢�� ¤�ð¥�¨ −g �f±þÂÖ� (2

dgij − gkjω
k
i − gikω

k
j = 2Aijs

δys

F

ü�ãþ ,À�ª�� �µª�À÷ dyk Ûõ�ª ý�û�ÜÞ� �û ωi
j �Ø�þ� �� ´¨� ¥¤�Ýû ö¢�� ��� öøÀ�

ωi
j = Γi

jkdxk

ø

Γi
jk = Γi

kj

Àû¢üõ �¹�µ÷ ö¢�� ¤�ð¥�¨ ×þÂµõ �f±þÂÖ�

Γl
jk = γl

jk − gli

(
Aijs

N s
k

F
−Ajks

N s
i

F
+ Akis

N s
j

F

)

¢�ªüõ ù¢�¢ Âþ¥ �¤�Ê� öÂ� ë�Êµó� Â�ù¢�¨ ¤�Î�

Γi
jk =

gis

2

(
δgsj

δxk
− δgjk

δxs
+

δgks

δxj

)
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ýÂÜÆ��ê ý�û�Ìê ý�û��½÷� 4.1

.Ý��îüõ ü¨¤Â� �¤ öÂ� ë�Êµó� Ω ý��½÷� ¤�Æ÷�� Ç¿� ßþ� ¤¢
�¤�¬ ßþ� ¤¢ ,À�ª�� ë�Êµó� üõÂê −1 ø �þ�� ý�ûüõÂê −1°��Â� �� θj

i ø θi À��î ­Âê

Ωi
j = dθi

j − θk
j ∧ θi

k

üõÂê −2×þ Ωi
j �Ø���¹÷� ¥� .¢�ªüõ �µÔð üã�±Ï ��Êµ¿õ ¤¢ öÂ� ë�Êµó� ý��½÷� üõÂê −2

´ª�÷ ö���üõ ,Àª��üõ TM − {0} ýø¤

Ωi
j =

1
2

Ri
jklduk ∧ dul + P i

jklduk ∧ δX l

F
+
1
2

Qi
jkl

δXk

F
∧ δX l

F

À��îüõ ëÀ¬ Âþ¥ Í��ø ¤ ¤¢ Q ø R .Ý���ð ��½÷� −vv ø −hv ,−hh °��Âµ� �¤ Q ø P ,R ý�ú�¤�±ä

Ri
jkl = −Ri

jlk , Qi
jkl = −Qi

jlk

Ýþ¤�¢ öÂ� ë�Êµó� ö¢�� ��� öøÀ� ´�¬�¡ ¥� ù¢�Ôµ¨� ��

duj ∧ θi
j = 0

Å�

duj ∧ θk
j ∧ θi

k = 0

¢�ªüõ �¹�µ÷ Í��ø ¤ ßþ� ¥� .duj ∧ dθi
j = 0 Ýþ¤�¢ ß��»Þû

duj ∧
(
dθi

j − θk
j ∧ θi

k

)
= 0

ñ¢�ãõ ¤�Î� �þ

duj ∧ Ωi
j = 0
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¢�ªüõ �¹�µ÷ Å�
1
2

Ri
jklduj ∧ duk ∧ dul + P i

jklduj ∧ duk ∧ δX l

F
+
1
2

Qi
jklduj ∧ δXk

F
∧ δX l

F
= 0

.¢�� À�û��¡ ÂÔ¬ Â��Â� Å� ,À�µÆû ü�ø�Ôµõ á�÷ ¥� ë�ê �¤�±ä �ÜÞ� �¨ Âû
,Qi

jkl = −Qi
jlk�Î��¤ �� ���� �� ,Àª�� ö¤�Öµõ Àþ�� Q �î ¢�ªüõ �¹�µ÷ ô�¨ �ÜÞ� ö¢�� ÂÔ¬ ¥�

.Qi
jkl = 0´ª�¢ Ý�û��¡

¢�� Àû��¡ Âþ¥ �¤�Ê� ��½÷� üõÂê −2Å�

Ωi
j =

1
2

Ri
jklduk ∧ dul + P i

jklduk ∧ δX l

F

´ª�¢ Ý�û��¡ ôø¢ �ÜÞ� öÀª ÂÔ¬ ¥�

P i
jkl = −P i

kjl

Àþ�üõ ´¨À� üØ÷��� ¢�½�� ,ñø� �ÜÞ� öÀª ÂÔ¬ ¥� ø

Ri
jklduj ∧ duk ∧ dul = 0

ñ¢�ãõ ¤�Î� �þ

Ri
jkl + Ri

klj + Ri
ljk = 0

.Ý�û¢üõ ���¤� üã�±Ï ��Êµ¿õ ¤¢ P ø R ý�Â� �¤ ñ�õÂê ñ��

dθi
j − θh

j ∧ θi
h = Ωi

j =
1
2

Ri
jklduk ∧ dul + P i

jklduk ∧ δX l

F

Ýþ¤�¢ θi
j = Γi

jldul �Î��¤ ¥� ù¢�Ôµ¨� ��

dθi
j = dΓi

jl ∧ dul


