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.üã®�õ ý¦�ó�Þû�î ,ýÂµõ�¤�� ù�Úµ¨¢ ,ùÀ�±Æ� ñø� ñ�ùÀþ� ,�µÆ��ø ñø� ñ�ùÀþ� ,Å�Ü��õ ö�ðø¢ ,ÝÑ�õ

ùÀ�Ø�
I Ý��î ­Âê ùø�ã� .Àª�� ÂÔ¬ Â�è ü÷�Þû ÂÊ�ä �� ýÂ��÷ ý��ÖÜ� R Ý��î ­Âê ,�ó�¨¤ ßþ� ¤¢
,2 ÛÊê ¤¢ .Àª�� üÔ�õ�÷ ¼�½¬ ¢Àä ×þ t ø üû��µõ À�ó�� �� ñøÀõ−R ×þ M ,R ¥� üó�ùÀþ�

ý�úóøÀõ−R Âð� �î ¢�¢ Ý�û��¡ ö�È÷
H0

I (M), H1
I (M), . . . , Ht−1

I (M) ,

ñøÀõ−R ,N Û·õ ,Ht
I(M) ¥� Åî�Þ� � �õ ñøÀõ Â þ¥ Âû ý�Â � ù�Ú ÷� ,À�ª� � Åî�Þ� � �õ üÚÞû

Âð� �î Ý�û¢üõ ö�È÷ ß��»Þû .´¨� üû��µõ À�ó�� �� HomR(R/I,Ht
I(M)/N)

s = inf{ fIRp
(Mp) | dim(R/p) ≥ 2 ø p ∈ SuppR(M/IM) },

ñøÀõ Âþ¥ Âû ý�Â� ù�Ú÷� ,s < ∞ Âð� ø ´¨� üû��µõÝû−I ,H i
I(M) ñøÀõ−R ,i < s Âû ý�Â� ù�Ú÷�

Ext1R(R/I, Hs
I (M)/N) ø HomR(R/I, Hs

I (M)/N) ý�úóøÀõ−R ,N Û·õ ,Hs
I (M) ¥� Åî�Þ���õ

Âû ý�Â� ù�Ú÷� ,dim(R/I) = 1 Âð� �î À�îüõ ��¹þ� �fÞ�ÖµÆõ ÝØ� ßþ� .À�ª��üõ üû��µõ À�ó�� ��
ø üã®�õ R Âð� ,Ý�û¢üõ ö�È÷ ,3 ÛÊê ¤¢ .´¨� üû��µõÝû−I ,H i

I(M) ñøÀõ−R ,i ≥ 0

s = inf{ grade(IRp,Mp) | dim(R/p) ≥ 3 ø p ∈ SuppR(M/IM) },



,s < ∞ ­Â ê � � ø Extj
R(R/I,H i

I(M)) ý� ú óøÀ õ−R ,j ≥ 0 Â û ø i < s Â û ý�Â � ù� Ú ÷�
¤¢ .À�µÆû Ó�ã® ßþÂØ¨� üÚÞû ,Ext1R(R/I, Hs

I (M)) ø HomR(R/I, Hs
I (M)) ý�ûøÀõ−R

,Àª�� (R, m) üã®�õ ý�ÖÜ� ý�Â� ýÂµõ�¤�� ù�Úµ¨¢ ×þ x1, . . . , xd Âð� �î Ý�û¢üõ ö�È÷ ,4 ÛÊê
DR(H i

(x1,...,xi)
(R)) ñøÀõ−R ý�µÆ��ø ñø� ý�úó�ùÀþ� ý�ä�Þ¹õ ,1 ≤ i ≤ d− 1 Âû ý�Â� ù�Ú÷�

.´¨� Å�Ü��õ ö�ðø¢ ¤�µØ÷�ê ÂÚ÷�È÷ DR(−) := HomR(−, ER(R/m)) ö� ¤¢ �î .´¨� üû��µõ�÷
,I � � ´±Æ÷ M ö¢� � üû� � µ õÝû−J ô�úÔõ ,R ý�ÖÜ� ¥� J ⊆ I ý�úó�ùÀ þ� ý�Â � ,5 ÛÊê ¤¢
üê�¬ ÕÞä ß�� ý��Î��¤ ,´¨� üã®�õ ý��ÖÜ� (R, m) �î üµó�� ¤¢ ø Ý��îüõ üêÂãõ �¤ ,CJ

I (M)

ù�Ú ÷� ,dim(M/IM) = 1 Âð� �î Ý�û¢üõ ö�È ÷ ´Ö�Ö� ¤¢ .Ý � � îüõ �À � � CI
m(M) ø I ¤¢ M

Ûõ�î ø üã®�õ ý��ÖÜ� (R, m) Âð� �î Ý�û¢üõ ö�È÷ ß��»Þû .CI
m(M) = f − depth(I, M) + 1

ù�Ú÷� ,dim(M/IM) 6= 0 ø Àª��
cI

m(M) = inf{depthRp
(Mp) + dim(R/p) | p ∈ SuppR(M/IM)\V (m)} .

R ý�Â� ÝÑ�õ ý�µª¤ üê�¬−I ×þ ù�Ú÷� ,ara(I) = t ≥ 2 Âð� �î Ý�û¢üõ ö�È÷ ,6 ÛÊê ¤¢
,1 ≤ i ≤ t − 1 Âû ý�Â� ø Rad(I) = Rad(y1, . . . , yt) �î üÞÆÖ� ´¨� ¢���õ y1, . . . , yt Û·õ

.cd((y1, . . . , yi), R) = i
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��õÀÖõ
.Àª�� ÂÔ¬ Â�è ü÷�Þû �Ìä �� ¤�ÀØþ ø ü��¹��� ý�ÖÜ� ×þ R Ý��îüõ ­Âê �ó�¨¤ ßþ� Â¨�Â¨ ¤¢

M üã®�õ ý¦�ó�Þû�î ñøÀõ ß�õ�-i .Àª�� R ñ�ùÀþ� ×þ I ø ñøÀõ-R ×þ M À��î ­Âê
:À��îüõ ÓþÂã� Âþ¥ �¤�Ê� ø À�û¢üõ ö�È÷ H i

I(M) ¢�Þ÷ �� �¤ I �� ´±Æ÷

H i
I(M) = lim−→

n∈N
Exti

R(R/In,M).

×þ Û� ¤�Ñ�õ �� 1960 ñ�¨ ¤¢ 1×þÀ��øÂð Í¨�� ¤�� ß�óø� üã®�õ ý¦�ó�Þû�î ý�úóøÀõ �þÂÑ÷
Àþ¢Âð ü��¹��� Â±� ø ýÂ±� �¨À�û ¤¢ Ýúõ ü��Ö�Ö½� ý�û���õ¥ ¥� üØþ ø Àª üêÂãõ 2Û��õ�¨ §À�

.(À���±� �¤ ]30[ ø ]29[ ,]28[ â��Âõ )
üû��µõ À�ó�� �� �fõ�Ãó� ,H i

I(M) üã®�õ ý¦�ó�Þû�î ñøÀõ �î ´¨� ßþ� ùÀª �µ¡��ª ¸þ�µ÷ ¥� üØþ
ñøÀõ−R �¤�Ê� þ� ¤¢ ,Àª� � ýÂ �� ÷ø üã®�õ ý�Ö Ü� ×þ (R, m) Â ð� ÂÚ þ¢ ý�¨ ¥� .´Æ� ÷
]30[ ¤¢ 3×þÀ��øÂð ´�ãì�ø ßþ� ßµêÂð ÂÑ÷ ¤¢ �� .´¨� üû��µõ À�ó�� �� ,HomR(R/m,H i

m(M))

Grothendieck1

Samuel2

Grothendieck3
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4 �õÀÖõ

:´¡�¨ �ÂÎõ �¤ Âþ¥ §À�

Âû ý�Â� ù�Ú÷� ,Àª�� M üû��µõ À�ó�� �� ñøÀõ−R ×þ Mø R ýÂ��÷ ý�ÖÜ�¥� üó�ùÀþ� I Âð�
.´¨� üû��µõ À�ó�� �� ,HomR(R/I,H i

I(M)) ñøÀõ−R ,i ≥ 0

.Àª ë�ê §À� ý�Â� Âþ¥ �¤�Ê� üÌÖ÷ ñ�·õ ý���¤� �� Õê�õ ,]32[ ¤¢ 4 ö¤�È�¤�û �fÀã� �õ�
,I = (x, y)R ­Âê �� �¤�Ê�þ� ¤¢ .R = k[x, y, z, u]/(xy − zu) ø Àª�� ö�À�õ ×þ k À��î ­Âê

.´Æ�÷ üû��µõ À�ó�� �� ,HomR(R/I, H2
I (R)) ñøÀõ−R

,SuppR(T ) ⊆ V (I) �Ø��¤�¬ ¤¢ ,À�õ�÷ üû��µõÝû−I �¤ T ñøÀõ−R ×þ ,�¹÷�Þû ¤¢ ö¤�È�¤�û �õ�
:´¡�¨ �ÂÎõ �¤ Âþ¥ ñ��¨ ø .Àª�� üû��µõ À�ó�� �� ,Extj

R(R/I, T ) ñøÀõ−R ,j ≥ 0 Âû ý�Â� ø

Â û ý�¥� � � ,H i
I(M) ñøÀõ−R ,R ¥� I ñ�ùÀ þ� ø R Û· õ ýÂ �� ÷ ý� û� Ö Ü� ô�À î ý�¥� � �

?´¨� üû��µõÝû−I ,i ≥ 0 Âû ø ,M üû��µõ À�ó�� �� ñøÀõ−R

¤¢ ,À÷¢�¢ ö�È÷ ,]14[ ¤¢ 5 �ØÆî�þÂ�� �fÀã� ø ,]32[ ¤¢ ýø ¢�¡ ë�ê ñ��¨ �� üþ�Ú¿¨�� ý�Â�
,Àª�� ,dim(R/p) = 1 ¯Âª �� R ¥� üóø� ñ�ùÀþ� p ø Ûõ�î ÝÑ�õ ø üã®�õ ý�ÖÜ� ×þ R �Ø��¤�¬
.´¨� üû��µõÝû−p ,i ≥ 0 Âû ø ,M üû��µõ À�ó�� �� ñøÀõ−R Âû ý�¥� �� ,H i

p(M) ñøÀõ−R ù�Ú÷�
ø Ûõ�î ßþ�µÈ÷¤�ð üã®�õ ¼�½¬ ýù¥�� ×þ R Âð� �î À÷¢�¢ ö�È÷ ,]38[ ¤¢ 6 ù�î ø �Ø�÷�û �fÀã�
Âû ý�¥� �� Extj

R(N,H i
I(M)) ñøÀõ−R �¤�Ê�þ� ¤¢ ,Àª�� ,dim(R/I) = 1ÏÂª �� R ¥� üó�ùÀþ� I

Âû ø SuppR(N) ⊆ V (I)ÏÂª �� ,N üû��µõ À�ó�� �� ñøÀõ−R Âû ø M üû��µõ À�ó�� �� ñøÀõ−R

Hartshorne4

Chiriacescu5

Huneke−Koh6
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,]38[ ¤¢ ùÀõ� ©ø¤ ¥� ù¢�Ôµ¨� �� ,]15[ ¤¢ 7 ���Ôó¢ ùø�ã� .´¨� üû��µõ À�ó�� �� ,j ≥ 0 Âû ø i ≥ 0

ÂÚþ¢ ü�Ã� Íþ�Âª ü¡Â� �� ù�ÂÞû Ûõ�î ýÂ��÷ø üã®�õ ¼�½¬ ýù¥�� ×þ R Âð� �î ¢�¢ ö�È÷
.´¨� ¤�ÂìÂ� üú��Èõ ¸þ�µ÷ ö��»Þû ,Àª��

ë�ê ��®øÂÔõ ¤¢ �¤ �ÖÜ� ö¢�� Ûõ�î ­Âê ,]74[ ¤¢ 9 �À�ª�þ ø ]16[ ¤¢ 8 üó¤�õ ø ���Ôó¢ ô�¹÷�Â¨
¤¢ ,Àª�� dim(R/I) = 1ÏÂª �� R üã®�õ ý�ÖÜ� ¥� üó�ùÀþ� I Âð� �î ,À÷¢�¢ ö�È÷ ø ù¢�Þ÷ éÁ�
üû��µõÝû−I ,H i

I(M) ñøÀõ−R ,i ≥ 0 Âû ø M üû��µõ À�ó�� �� ñøÀõ−R Âû ý�¥� �� �¤�Ê�þ�
,]49[ °ó�� ý�ó�Öõ ý�ãó�Îõ �� �¤ �ó�¨¤ ßþ� ýùÀ�÷��¡ ,ë�ê ��Ö�Ö½� üó�Þ�� ¤øÂõ ý�Â� .´¨�

.Ý��îüõ ��¬��
�ó�¨¤ ßþ� ôø¢ ÛÊê ¤¢ .´¨� ë�ê ��Ö�Ö½� ý�µ¨�¤ ¤¢ �ó�¨¤ ßþ� ôø¢ ÛÊê ¤¢ ùÀª ô�¹÷� ý�û¤�î
üã®�õ ý¦� ó�Þû�î ý�ú óøÀõ ö¢� � üû� � µ õÝû ¢¤�õ ¤¢ �¤ ü¹þ� µ ÷ ýÀþÀ� �f õ� î ý�úªø¤ � �
ý��Ìì ¤¢ R ý�ÖÜ� ö¢�� üã®�õ ­Âê éÁ� ÛÊê ßþ� ¢¤ø�µ¨¢ ßþÂµÞúõ .¢Âî Ý�û��¡ ��±��

.Àª��üõ ,]74[ ¤¢ �À�ª�þ ø ]16[ ¤¢ üó¤�õ-���Ôó¢
ý�úó�ùÀþ� ý�ä�Þ¹õ ö¢�� üû��µõ ý�ó�Æõ ü��¹���Â±� ¤¢ Ýúõ Û��Æõ ¥� üØþ ÂÚþ¢ ý�¨ ¥�
.(]4 �ó�Æõ ,37[ �� ¢�ª á��¤ ) ´¨� H i

I(M) üã®�õ ý¦�ó�Þû�î ñøÀõ ß�õ−i ý�µÆ��ø ñø�
ý�Â� °��Â� �� ]69[ ø ]42[ â��Âõ ¤¢ ËÖ÷ ý�úó�·õ ø ´Æ�÷ ´¨¤¢ üÜî ´ó�� ¤¢ �ó�Æõ ßþ�
Ã��� ø ´¨¤¢ ���� ¥� ý¤��Æ� ¤¢ �ÜÿÆõ ßþ� �õ� .´¨� ùÀª ù¢¤ø� üã®�õ Â�è ø üã®�õ ý�û�ÖÜ�
�� ��¹õ ¤¢ �ú÷� ¸þ�µ÷ �î ,À÷�ù¢Âî ¤�î �ó�Æõ ßþ� ýø¤ ö�÷�À�®�þ¤ ý¢�þ¥ ý�úó�¨ ø ´¨� ´�Þû�
,]11[ ,]10[ â��Âõ �� ö���üõ °ó�� °ó�Îõ öÀþ¢ ø ÂµÈ�� ��ä�Ï� °Æî ý�Â� .À÷�ùÀ�¨¤ ���

Delfino7

Delfino−Marley8

Y oshida9
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°ó�Îõ üÜî ¤�½õ �ó�Æõ ßþ� .¢�Þ÷ �ã��Âõ ]46[ ø]55[ ,]54[ ,]62[ ,]52[ ,]51[ ,]40[ ,]34[
ø ßõ¢�Â� .´¡�¢Â� Ý�û��¡ �ó�Æõ ßþ� �� Ã�÷ ôø¢ ÛÊê ¤¢ ü�Þ® ¤�Î� �õ� .¢�� Àû��¡ �¨ ÛÊê
¼�½¬ ¢Àä ×þ t ø üû��µõ À�ó�� � � ñøÀõ−R ×þ M Âð� �î À÷�ù¢�¢ ö�È÷ ]10[ ¤¢ 10ýÂÚÈó
üû�� µõ À� ó� � � � H0

I (M), ..., Ht−1
I (M) üã®�õ ý¦�ó�Þû�î ý�úóøÀõ �Øþ¤�Î� Àª� � üÔ�õ� ÷

ñøÀõ−R ý�µÆ��ø ñø� ý�úó�ùÀþ� ,Ht
I(M) ¥� N üû��µõ À�ó�� �� ñøÀõ Âþ¥ Âû ý�Â� ù�Ú÷� ,À�ª��

üÏ Ç�õ¤�þ�È¡ ø ö�þ¤��¨ ø üúÜó�À¨� �ú÷� �� ö�õÃÞû ùø�ã� .´¨� üû��µõ ý��ä�Þ¹õ Ht
I(M)/N

�î À÷�ù¢Âî ���¤� Âþ¥ �¤�¬ �� ×þÀ��øÂð §À� �� üµ±·õ ¾¨�� ]1[ ¤¢ Âµþ�ì °��Âõ �� ý��¹�µ÷
Àª�� üÔ�õ�÷ ¼�½¬ ¢Àä ×þ t ø R üã®�õ �ÖÜ� ýø¤ üû��µõ À�ó�� �� ñøÀõ−R ×þ M Âð�
HomR(R/I,Ht

I(M)) ñøÀõ−R ù�Ú÷� ,Àª�� üû��µõ À�ó�� �� ,i < t Âû ý�Â� ,H i
I(M) �Øþ¤�Î�

¤¢ üÞ¨�þ ø üþ�±þ¢ ÂÚþ¢ ý�¨ ¥� .´¨� üû��µõ AssRHt
I(M) �Ø÷� ùÄþ�� .´¨� üû��µõ À�ó�� ��

À�ó�� �� ñøÀõ−R ×þ M Âð� �î À÷�ù¢Âî ���¤� Âþ¥ �¤�¬ �� üÞØ� Âµþ�ì ý�¹�µ÷ ×þ ¤¢ ]17[
,i < t Âû ý�Â� ,H i

I(M) �Øþ¤�Î� Àª�� üÔ�õ�÷ ¼�½¬ ¢Àä ×þ t ø R üã®�õ �ÖÜ� ýø¤ üû��µõ
�Ø÷� ùÄ þ� � .´¨� üû� � µ õ À� ó� � � � HomR(R/I, Ht

I(M)) ñøÀõ−R ù�Ú ÷� Àª� � üû� � µ õÝû−I

À÷�ù¢�¢ ö�È÷ üÞ¨�þ ø üþ�±þ¢ ,��®øÂÔõ ö�Þû ´½� ]19[ ¤¢ üµ� ø .´¨� üû��µõ AssRHt
I(M)

Í¨�� �ú÷� ¥� Àã� ñ�ÆØþ �¹�µ÷ ß�Þû .´¨� üû��µõ À�ó�� �� Ã�÷ Ext1R(R/I, Ht
I(M)) ñøÀõ−R �î

ù¢Âî ´��� ]62[ ¤¢ 11ö�ú÷ ÂÚþ¢ ý�¨ ¥� .´¨� ùÀ�¨¤ ��±�� �� ýÂÚþ¢ ö�ûÂ� �� ]44[ ¤¢ Ç�õ¤�þ�È¡
üÔ�õ�÷ ¼�½¬ ¢Àä ×þ t ø R üã®�õ �ÖÜ� ýø¤ üû��µõ À�ó�� �� ñøÀõ−R ×þ M Âð� �î ´¨�
ß��»Þû .´¨� üû��µõ AssRHt

I(M) ù�Ú÷� Àª�� ü���¤� ,i < t Âû ý�Â� ,H i
I(M) �Øþ¤�Î� Àª��

ñøÀõ−R ×þ M Âð� �î À÷� ù¢Âî ´��� ýÂµþ�ì ý�¹�µ÷ üÏ ]8[ ¤¢ ü÷�µ¨Âó �÷Â� ø ýÀ�ú¨ ø üÞ¨�þ
Brodmann− Lashgari10

Nhan11
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Âû ý�Â� ,H i
I(M) �Øþ¤�Î� Àª�� üÔ�õ�÷ ¼�½¬ ¢Àä ×þ t ø R ýÂ��÷ �ÖÜ� ýø¤ üû��µõ À�ó�� ��

�î ´¨� Âî£ �� ô¥� .´¨� Åî�Þ���õ HomR(R/I, Ht
I(M)) ñøÀõ−R ù�Ú÷� ,Àª�� ü���¤� ,i < t

12 ù��¿ó¢ Â¨ ý�úþ¤�Ú��î ýø¤ �¤ �ó�Æõ ß�Þû ø �µª�Áð Â��Âê �¤ �� ]2[ ¤¢ ù¢�¥ÂÚÆä ø ü¨�Ï �fÂ�¡�
.Ý��î üõ ��¬�� °ó�� ý�ó�Öõ ßþ� öÀ÷��¡ �� �¤ À�Þì�ä ýùÀ�÷��¡ �î ,À÷�ù¢Âî �ãó�Îõ

§�î Ûõ�ª �î Åî�Þ���õ ý�úóøÀõ §�î ý�Â� �¤ ë�ê ¸þ�µ ÷ ´Æ¿÷ �ó�¨¤ ßþ� ôø¢ ÛÊê ¤¢
.Ý�û¢üõ Ý�Þã� Âþ¥ �¤�Ê� Àª��üõ ü���¤� ø ýÂ��÷ ý�úóøÀõ

üû��µõ À�ó�� �� ñøÀõ−R ×þ M ø ö� ñ�ùÀþ� ×þ I ,ýÂ��÷ �ÖÜ� ×þ R Ý��î ­Âê 1.0 ��Ìì
H i

I(M) üã®�õ ý¦�ó�Þû�î ý�úóøÀõ �Øþ¤�Î� Àª�� üÔ�õ�÷ ¼�½¬ ¢Àä ×þ t Ý��î ­Âê .Àª��
,Ht

I(M) ¥� N Åî�Þ���õ ñøÀõ Âþ¥ Âû ý�Â� �¤�Ê�þ� ¤¢ .À�ª�� Åî�Þ���õ ,i < t Âû ý�¥� ��
ñø� ý�úó�ùÀþ� ý�ä�Þ¹õ �¹�µ÷ ¤¢ ø ´¨� üû��µõ À�ó�� �� ,HomR(R/I,Ht

I(M)/N) ñøÀõ−R

.´¨� üû��µõ ,Ht
I(M)/N ñøÀõ−R �µÆ��ø

´��� �¤ Â þ¥ ý��Ìì ,üÞ¨�þ ø üþ�± þ¢ Í¨�� ùÀõ� ´¨À� ¸þ�µ ÷ ø ö� ¥� ù¢�Ôµ¨� � � Å³¨
:Ý��îüõ

ø Àª�� üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ø R ýÂ��÷ �ÖÜ� ¥�üó�ùÀþ� I Âð� 2.0 ��Ìì

t = inf{ fIRp
(Mp) | dim(R/p) ≥ 1 ø p ∈ SuppR(M/IM) },

:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷�
.´¨� üû��µõÝû−I ø Åî�Þ���õ ,H i

I(M) ñøÀõ−R ,0 ≤ i < t Âû ý�Â� (1)

Serre12
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ý�úóøÀõ−R ,Ht
I(M) ñøÀõ−R ¥� ,N ö�� Åî�Þ���õ ñøÀõÂþ¥ Âû ý�Â� ù�Ú÷� ,t < ∞ Âð� (2)

.À�µÆû üû��µõ À�ó�� �� ,Ext1R(R/I,Ht
I(M)/N) ø HomR(R/I, Ht

I(M)/N)

´��� ø ö��� Âþ¥ �¤�Ê� �¤ ôø¢ ÛÊê ü¨�¨� ý��Ìì ,ë�ê ý�¹�µ÷ ¥� ù¢�Ôµ¨� �� �õ�¢� ¤¢
�¤ üã®�õ ý¦�ó�Þû�î ý�úóøÀõ ö¢�� üû��µõÝû ý���õ¥ ¤¢ �µê�þ ô�¹÷� ��Ö�Ö½� üõ�Þ� �î ,Ý��îüõ

.Àû¢üõ Ý�Þã� ýÀþÀ� ö�ûÂ� ��

×þ t ø üû� � µ õ À � ó� � � � ñøÀõ−R ×þ M 6= 0 ø R ýÂ�� ÷ � Ö Ü� ¥�ü ó�ùÀ þ� I Âð� 3.0 ��Ìì
üðÄ þø � � ,p ∈ SuppR(M/IM) Â û ø 0 ≤ i ≤ t − 1 Â û ý�Â � � î üÞÆÖ � ,Àª� � üã � ± Ï ¢Àä

:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷� .´¨� üû��µõ À�ó�� �� ,(H i
I(M))p ñøÀõ−Rp ,dim(R/p) ≥ 2

.´¨� üû��µõÝû−I ,H i
I(M) ñøÀõ−R ,0 ≤ i ≤ t− 1 Âû ý�Â� (1)

.´¨� üû��µõ À�ó�� �� ,HomR(R/I, Ht
I(M)) ñøÀõ−R (2)

.´¨� Âþ¥ ¸þ�µ÷ �ú÷� ý�ÜÞ� ¥� �î ,À÷�ªüõ Û¬�� ë�ê ÝØ� ¥� ý¢Àãµõ ¸þ�µ÷

ø üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ,R ýÂ��÷ �ÖÜ� ¥�üó�ùÀþ� I Âð� 1 �¹�µ÷

s = inf{ grade(IRp,Mp) | dim(R/p) ≥ 2 ø p ∈ SuppR(M/IM) },

:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷�
.´¨� üû��µõÝû−I ,H i

I(M) ñøÀõ−R ,0 ≤ i < s Âû ý�Â� (1)
ý�úóøÀõ−R ,Hs

I (M) ñøÀõ−R ¥� ,N ö�� Åî�Þ���õ ñøÀõÂþ¥ Âû ý�Â� ù�Ú÷� ,s < ∞ Âð� (2)
.À�µÆû üû��µõ À�ó�� �� ,Ext1R(R/I, Hs

I (M)/N) ø HomR(R/I, Hs
I (M)/N)
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¢Àä ×þ n ø üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ,R ýÂ��÷ �ÖÜ� ¥�üó�ùÀþ� I Âð� 2 �¹�µ÷
:Ý�ª�� �µª�¢ ,0 ≤ i ≤ n− 1 Âû ý�Â� �î üÞÆÖ� Àª�� üã�±Ï

dimSuppR(H i
I(M)) ≤ 1,

:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷�
.´¨� üû��µõÝû−I ,H i

I(M) ñøÀõ−R ,0 ≤ i ≤ n− 1 Âû ý�Â� (1)
ý� ú óøÀ õ−R ,Hn

I (M) ñøÀ õ−R ¥� ,N ö� � Å î� Þ � � � õ ñøÀ õÂ þ¥ Â û ý�Â � (2)
.À�µÆû üû��µõ À�ó�� �� ,Ext1R(R/I,Hn

I (M)/N) ø HomR(R/I, Hn
I (M)/N)

¤¢ 14 �À�ª�þ ø ]16[ ¤¢ 13 üó¤�õ − ���Ôó¢ üÜ¬� ý�¹�µ÷ Ý�Þã� ë�ê ý��Ìì ÂÚþ¢ ý�¹�µ÷
.Àª�� üõ Âþ¥ �¤�Ê� ( üã®�õ �fõ�Ãó� �÷) ù��¿ó¢ ýÂ��÷ ý�ÖÜ� ×þ �� ]74[

üÞÆÖ� ,Àª�� üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ø R ýÂ��÷ �ÖÜ� ¥�üó�ùÀþ� I Âð� 3 �¹�µ÷
,H i

I(M) ñøÀõ−R ,i ≥ 0 Âû ý�Â� ù�Ú÷� ,(dim(R/I) ≤ 1 ñ�·õ ý�Â� ) ,dim(M/IM) ≤ 1 �î
.´¨� üû��µõÝû−I

ý�µÆ��ø ñø� ý�úó�ùÀþ� ý�ä�Þ¹õ ö¢�� üû��µõ ý�ó�Æõ �� ¯��Âõ ýÀã� °ó�� ý�¹�µ÷
.´¨� Âþ¥ �¤�Ê� ,üã®�õ ý¦�ó�Þû�î ý�úóøÀõ

�î üÞÆÖ� ,Àª�� üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ø R ýÂ��÷ �ÖÜ� ¥�üó�ùÀþ� I Âð� 4 �¹�µ÷
¥� Åî�Þ���õ ñøÀõÂþ¥ Âû ø i ≥ 0 Âû ý�Â� ù�Ú÷� ,(dim(R/I) ≤ 1 ñ�·õ ý�Â� ) ,dim(M/IM) ≤ 1

AssR(H i
I(M)/N) ùÄþ�� .´¨� üû��µõÝû−I ,H i

I(M)/N ñøÀõ−R ,N Û·õ ,H i
I(M) ñøÀõ−R

.´¨� üû��µõ ý��ä�Þ¹õ
Delfino−Marley13

Y oshida14
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. ´¨� ,]46[ ¤¢ ùÀõ� ,B ý��Ìì ¥� Ý�Þã� ×þ ÂÚþ¢ ý�¹�µ÷

¢Àä ×þ n ø üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ,R ýÂ��÷ �ÖÜ� ¥�üó�ùÀþ� I Âð� 5 �¹�µ÷
ù�Ú÷� ,Àª�� üû��µõ ý��ä�Þ¹õ ,SuppR(H i

I(M)) ,0 ≤ i ≤ n− 1 Âû ý�Â� �î üÞÆÖ� Àª�� üã�±Ï
:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð

.´¨� üû��µõÝû−I ,H i
I(M) ñøÀõ−R ,0 ≤ i ≤ n− 1 Âû ý�Â� (1)

ý� ú óøÀ õ−R ,Hn
I (M) ñøÀ õ−R ¥� ,N ö� � Å î� Þ � � � õ ñøÀ õÂ þ¥ Â û ý�Â � (2)
.À�µÆû üû��µõ À�ó�� �� ,Ext1R(R/I,Hn

I (M)/N) ø HomR(R/I, Hn
I (M)/N)

.Àû¢ üõ Ý�Þã� �¤ ]62[ ¥� 6.5 ý��Ìì ¤¢ ùÀõ� üÜ¬� ÝØ� ýÀã� ý�¹�µ÷ �Ø÷� ùÂ¡���

üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ø (R, m) ýÂ��÷ ø üã®�õ ý�ÖÜ� ¥�üó�ùÀþ� I Âð� 6 �¹�µ÷
:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ,gdepth(I,M) = t ­Âê �� ù�Ú÷� .dim(M/IM) ≥ 2 �î üÞÆÖ� ,Àª��

.´¨� üû��µõÝû−I ,H i
I(M) ñøÀõ−R ,0 ≤ i ≤ t− 1 Âû ý�Â� (1)

ý� ú óøÀ õ−R ,Ht
I(M) ñøÀ õ−R ¥� ,N ö� � Å î� Þ � � � õ ñøÀ õÂ þ¥ Â û ý�Â � (2)
.À�µÆû üû��µõ À�ó�� �� ,Ext1R(R/I,Ht

I(M)/N) ø HomR(R/I, Ht
I(M)/N)

.´¨� üû��µõ ý��ä�Þ¹õ ,AssR(H i
I(M)) ,0 ≤ i ≤ t Âû ý�Â� (3)

.t = min{i | dim SuppR(H i
I(M)) > 1} (4)

ý�¹�µ÷ �ÜÞ� ¥� ,Ý�û¢üõ ���¤� Åî�Þ���õÝû ý�úóøÀõ ýù¤��¤¢ ü¹þ�µ÷ ôø¢ ÛÊê ý�úµ÷� ¤¢
.Ý��îüõ ��±�� ø ö��� �¤ Âþ¥

ø dim(R/I) = 1 �Øþ¤�Î� À�ª�� R ýÂ��÷ �ÖÜ� ¥� ùÂ¨ ñ�ùÀþ� ø¢ I ⊆ J À��î ­Âê 7 �¹�µ÷
�¤�Ê�þ� ¤¢ . Àª�� üû��µõÝû−I ñøÀõ−R ×þ M 6= 0

ü�� �¤� ø üû�� µõÝû−J , Hj
J(H i

I(M)) ý¦�ó�Þû�î ý�úóøÀõ ù�Ú÷� , dim(R/J) = 0 Âð� (1)
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.À�µÆû
.À�µÆû Åî�Þ���õÝû−J , Hj

J(H i
I(M)) ý¦�ó�Þû�î ý�úóøÀõ ù�Ú÷� , dim(R/J) = 1 Âð� (2)

:´¡�¨ �ÂÎõ Âþ¥ �¤�Ê� ü¨À� ](iii)7.3 ùÂÊ±� ,51[ ¤¢ 15 ×�÷Ã���ó

ñøÀ õ ,i ≥ 0 Â û ý�Â � ù� Ú ÷� ,Àª� � ö� ¥� ü ó�ùÀ þ� I ø ÝÑ � õ ýÂ �� ÷ ý� Ö Ü� ×þ R Â ð�
.´¨� �µÆ��ø ñø� ñ�ùÀþ� üû��µõ ¢�Àã� ý�¤�¢ ÍÖê ,H i

I(R) üã®�õ ý¦�ó�Þû�î
ÝÑ�õ ý�û�ÖÜ� ý�Â� ø ]40[ ¤¢ 16�¤�ª ø �Ø�÷�û Í¨�� ñø� ¢Àä �Ê¿Èõ �� ÝÑ�õ ý�û�ÖÜ� ý�Â�
�ó�Æõ ßþ� �� ]52[ ¤¢ ,×�÷Ã���ó Í¨�� ,À�ª��üõ ÂÔ¬ �Ê¿Èõ �� ö�À�õ ×þ Ûõ�ª �î üã®�õ
ý�û�ÖÜ� üõ�Þ� ý�Â� �ó�Æõ ßþ� �î À�µÆû ÀÖµãõ ö�÷�¢ü®�þ¤ �µ±ó� .´¨� ùÀª ù¢�¢ ´±·õ ����
Í¨�� ö�À�õ ×þ Ûõ�ª üã®�õ ÝÑ�õ ý�û�ÖÜ� ý�Â� �ó�Æõ ßþ� âì�ø ¤¢ .´¨� ´¨¤¢ üã®�õ ÝÑ�õ
�� ´±·õ ���� ×þ ´Æ¿÷ �ó�¨¤ ßþ� ô�¨ ÛÊê ¤¢ .´¨� ùÀª ´��� ×�÷Ã���ó ø �¤�ª -�Ø�÷�û

.¢�¢ Ý�û��¡ ���¤� Âþ¥ �¤�Ê� ,×�÷Ã���ó §À�

R ¥� ñ�ùÀþ� ×þ I ø d Àã� ¥� ÝÑ�õ ýÂ��÷ ø üã®�õ ý�ÖÜ� ×þ (R, m) Ý���î ­Âê 4.0 ù¤�Ãð
.´¨� üû��µõ AssRH2

I (R) ý�ä�Þ¹õ �¤�Ê�þ� ¤¢ .Àª��

ý�ú óøÀ õ «��¡ � � �Î ��¤ ¤¢ �¤ Â þ¥ ý� �Ìì ôø¢ ÛÊê °ó�Î õ ¥� ù¢� Ô µ ¨� � � ß � �»Þû
ö¢�� üû��µõ �� ¯��Âõ «��¡ ö� â±� �� ø ,ö¢�� Ó�ã® ßþÂØ¨� ÂÑ÷ �ÎÖ÷ ¥� üã®�õ ý¦�ó�Þû�î

.¢Âî Ý�û��¡ ��±�� ø ö��� ô�¨ ÛÊê ý�õ�¢� ¤¢ ,�µÆ��ø ñø� ý�úó�ùÀþ�

Lyubeznik15

Huneke− Sharp16
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À� ó� � � � ñøÀõ−R ×þ M 6= 0 ,(R, m) ýÂ�� ÷ ø üã®�õ ý�Ö Ü� ¥�ü ó�ùÀ þ� I Â ð� 5.0 ��Ìì
:Ý�ª�� �µª�¢ ,0 ≤ i ≤ n− 1 Âû ý�Â� �î üÞÆÖ� Àª�� üã�±Ï ¢Àä ×þ n ø üû��µõ

dimSuppR(H i
I(M)) ≤ 2,

:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷�
ý� ûøÀ õ−R ø Extj

R(R/I, H i
I(M)) ñøÀ õ−R ,j ≥ 0 Â û ø ,0 ≤ i ≤ n − 1 Â û ý�Â � (1)

.À�µÆû Ó�ã® ßþÂØ¨� üÚÞû ,Ext1R(R/I, Hn
I (M)) ø HomR(R/I, Hn

I (M))

ý� ú óøÀ õ−R ,Hn
I (M) ñøÀ õ−R ¥� ,N ö� � Ó � ã ® ß þÂ Ø ¨� ñøÀ õÂ þ¥ Â û ý�Â � (2)

.À�µÆû Ó�ã® ßþÂØ¨� , Ext1R(R/I,Hn
I (M)/N) ø HomR(R/I, Hn

I (M)/N)

.´¨� üû��µõ AssRH i
I(M) ý�ä�Þ¹õ ,0 ≤ i ≤ n Âû ý�Â� (3)

¢¤�õ ¤¢ üÞúõ ý�¹�µ÷ �î ,´¨� Âþ¥ �¤�Ê� ý��¹�µ÷ ë�ê ý��Ìì ¥� ÂÚþ¢ ý�¹�µ÷ ×þ
.´¨� üã®�õ ý¦�ó�Þû�î ý�úóøÀõ ý�µÆ��ø ñø� ý�úó�ùÀþ� ý�ä�Þ¹õ ö¢�� üû��µõ

üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ø (R, m) ýÂ��÷ ø üã®�õ ý�ÖÜ� ¥�üó�ùÀþ� I Âð� 8 �¹�µ÷
Âû ø i ≥ 0 Âû ý�Â � ù�Ú ÷� ,(dim(R/I) ≤ 2 ñ�·õ ý�Â � ) dim(M/IM) ≤ 2 �î üÞÆÖ� ,Àª� �
, i ≥ 0 Âû ý�Â � �Ø ÷� ùÄ þ� � .´¨� Ó�ã® ßþÂØ¨� , Extj

R(R/I,H i
I(M)) ñøÀõ−R ,j ≥ 0

.´¨� üû��µõ AssRH i
I(M) ý�ä�Þ¹õ

.´¨� Âþ¥ �¤�Ê� ô�¨ ÛÊê ¤¢ ë�ê ý��Ìì ÂÚþ¢ °ó�� ý�¹�µ÷

üû��µõ À�ó�� �� ñøÀõ−R ×þ M 6= 0 ,(R, m) ýÂ��÷ ø üã®�õ ý�ÖÜ� ¥� üó�ùÀþ� I Âð� 9 �¹�µ÷
ø

s = inf{ grade(IRp,Mp) | dim(R/p) ≥ 3 ø p ∈ SuppR(M/IM) },
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:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷�
,s < ∞ ­Â ê � � ø Extj

R(R/I, H i
I(M)) ñøÀ õ−R ,j ≥ 0 Â û ø ,0 ≤ i < s Â û ý�Â � (1)

.À�µÆû Ó�ã® ßþÂØ¨� üÚÞû ,Ext1R(R/I, Hs
I (M)) ø HomR(R/I, Hs

I (M)) ý�úóøÀõ−R

,Hs
I (M) ñøÀ õ−R ¥� ,N ö� � Ó � ã ® ß þÂ Ø ¨� ñøÀ õÂ þ¥ Â û ý�Â � ù� Ú ÷� ,s < ∞ Â ð� (2)
.À�µÆû Ó�ã® ßþÂØ¨� ,Ext1R(R/I,Hs

I (M)/N) ø HomR(R/I,Hs
I (M)/N) ý�úóøÀõ−R

.´¨� üû��µõ AssRH i
I(M) ý�ä�Þ¹õ ,0 ≤ i ≤ s Âû ý�Â� ù�Ú÷� ,s < ∞ Âð� (3)

Âþ¥ �¤�Ê� ,Ûõ�î ýÂ��÷ ø üã®�õ ý�û�ÖÜ� ¢¤�õ ¤¢ ô�¨ ÛÊê ¤¢ ùÀõ� ÂÚþ¢ Ýúõ ý��Ìì
.´¨�

� � ñøÀõ−R ×þ M 6= 0 ø (R, m) Ûõ�î ø ýÂ��÷ ,üã®�õ ý�ÖÜ� ¥�üó�ùÀþ� I Âð� 6.0 ��Ìì
ø üû��µõ À�ó��

t = inf{ fIRp
(Mp) | dim(R/p) ≥ 3 ø p ∈ SuppR(M/IM) },

:À÷¤�ÂìÂ� Âþ¥ ý�û ù¤�Ãð ù�Ú÷�
,t < ∞ ­Â ê � � ø Extj

R(R/I,H i
I(M)) ñøÀ õ−R ,j ≥ 0 Â û ø 0 ≤ i < t Â û ý�Â � (1)

.À�µÆû Ó�ã® ßþÂØ¨� üÚÞû ,Ext1R(R/I,Ht
I(M)) ø HomR(R/I, Ht

I(M)) ý�úóøÀõ−R

,Ht
I(M) ñøÀ õ−R ¥� ,N ö� � Ó � ã ® ß þÂ Ø ¨� ñøÀ õÂ þ¥ Â û ý�Â � ù� Ú ÷� ,t < ∞ Â ð� (2)
.À�µÆû Ó�ã® ßþÂØ¨� ,Ext1R(R/I, Ht

I(M)/N) ø HomR(R/I,Ht
I(M)/N) ý�úóøÀõ−R

.´¨� üû��µõ AssRH i
I(M) ý�ä�Þ¹õ ,0 ≤ i ≤ t Âû ý�Â� ù�Ú÷� ,t < ∞ Âð� (3)

ñøÀõ−R ��µîÄ÷� Çª�� E := ER(R/m) ø ýÂ��÷ø üã®�õ ý�ÖÜ� ×þ (R, m) À��î ­Âê
¤�µØ÷�ê �� �î ,HomR(−, E) ¢¤ø¢�� ¤�µØ÷�ê ¥� Àª�� �¤�±ä DR(−) À��î ­Âê ùø�ã� .Àª�� R/m
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.´¨� ô�¨�õ 17Å�Ü��õ ö�ðø¢
ý�ÖÜ� ýø¤ �¤ DR(H i

(x1,...,xi)
(R)) ý�úóøÀõ ý�µÆ��ø ñø� ý�ú ó�ùÀ þ� ´Æ¿÷ ¤�ú� ÛÊê ¤¢

Àª�� R ý�Â� ýÂµõ�¤� � ù�Úµ¨¢ ×þ ¥� üÈ¿� x1, . . . , xi �î üµó�� ¤¢ ,(R, m) ýÂ��÷ø üã®�õ
:�î Ý�û¢üõ ö�È÷ ,ÂµÖ�ì¢ ö��� �� .Ý��îüõ ü¨¤Â�

ù�Úµ¨¢ ×þ x1, . . . , xd ø ,d Àã� ¥� ýÂ��÷ ø üã®�õ ý�ÖÜ� ×þ (R, m) Ý���î ­Âê 7.0 ��Ìì
ý�µÆ��ø ñø� ý�úó�ùÀþ� ý�ä�Þ¹õ ,1 ≤ i ≤ d− 1 Âû ý�Â� �¤�Ê�þ� ¤¢ .Àª�� R ý�Â� ýÂµõ�¤��

.´¨� üû��µõ�÷ DR(H i
(x1,...,xi)

(R)) ñøÀõ−R

:�î Ý��îüõ ´��� �¤ ´�ãì�ø ßþ� ´Æ¿÷ ë�ê ý��Ìì ��±�� ý�Â� âì�ø ¤¢

ù�Úµ¨¢ ×þ x1, . . . , xd ø ,d Àã� ¥� ýÂ��÷ ø üã®�õ ý�ÖÜ� ×þ (R, m) Ý���î ­Âê 8.0 ù¤�Ãð
Âð� ,1 ≤ i ≤ d− 1 Âû ý�Â� �¤�Ê�þ� ¤¢ .Àª�� R ý�Â� ýÂµõ�¤��

T = { p ∈ Spec(R) | ht(p) = d− i } ,

ý�ä�Þ¹õ ù�Ú÷�

S := { p ∈ T | .´¨� R/p ý�Â� ýÂµõ�¤�� ù�Úµ¨¢ ×þ x1 + p, . . . , xi + p },

.´¨� üû��µõ�÷

:Ý��îüõ ´��� �¤ Âþ¥ °ó�� Ýó ´Æ¿÷ ë�ê ýù¤�Ãð ��±�� ý�Â�

ù�Úµ¨¢ ×þ x1, . . . , xd ø ,d Àã� ¥� ýÂ�� ÷ ø üã®�õ ý�ÖÜ� ×þ (R, m) Ý�� �î ­Âê 9.0 Ýó
ýø¤ p ö�� ü ó� Þ � � � õ ñø� ñ�ùÀ þ� ,1 ≤ i ≤ d Â û ý�Â � �¤�Ê� þ� ¤¢ .Àª� � R ý�Â � ýÂ µ õ�¤� �

.dim(R/p) = d− i ø ht(p) = i �î üÞÆÖ� ,´¨� ¢���õ (x1, . . . , xi)

Matlis dual functor17


