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Abstract

~Application of Coupled Finite Boundary
Elements Method in Inverse Heat

Conduction and Solidification Problems

By

Mohammad Rahim Hematiyan

The solution to direct problems in engineering analysis has been studied by
numerous researchers in various fields. In this respect different methods
have been implemented. On the other hand, in comparison, the solution to
inverse problems has been investigated only by a limited number of
engineers or scientists.

In direct problems, geometrical domain, boundary conditions and domain
loading are prescribed; The problem is solved to find one or several
unknown variables within the domain or on the boundary. In inverse
problems a boundary conditioﬁ or ;a domain loading is unknown and by
using some additional information within the domain or on the boundary,
these unknowns are to be sought.

At first, it seems that by a rearrangement of unknowns and by a simple
modification in direct formulations one can solve any inverse problem. The

solutions obtained by such treatments are always severely oscillatory and
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most of the time unacceptable. Therefore, some regularization methods must
be employed to reduce the oscillations in the solution.

In this dissertation, various kinds of inverse problems in steady-state and
transient heat conduction and solidification analysis are defined and solved.
In the field of heat conduction, most of researchers have studied the inverse
problems to find unknowns only on the boundary. However, in this work,
new types of inverse problems which include the unknown intensity of the
domain loading are studied.

The boundary element method for its clear advantages in such problems is
used as the numerical method to formulate the problem. Coupled finite-
boundary elements method is also used in some cases. Special mathematical
treatments are implemented to evaluate the boundary integrals encountered
in such problems. Also domain integrals are exactly transformed to the
boundary to be evaluated with no need for domain discretization.

In the steady-state heat conduction, two categories of inverse problems have
been defined. In tl}e first category, the location and the orientation of heat
sources are brcscribed and intensity of sources are to be found by some
additional information within the dqmain or on the boundary. In this respect
a regularization algorithm based on the 1east squares method is used. In the
second category of steady-state inverse problems the intensities of sources
(point or line heat sources) are known and their locations and orientations
must be found in a way that some desired conditions be satisfied. To solve
this class of inverse problems a simple search method called “A Good

Neighbor” has been devised.




In the transient heat conduction, similar to some cases in the steady-state
heat conduction, inverse problems to find intensity of heat sources are
studied. When only a few number of heat sources exist, a whole-domain
regularization is employed and in cases where a large number of sources are
considered and/or material properties are temperature-dependent and/or heat
sources have movement, a sequential regularization is used. A secondary
regularization algorithm is also presented and employed for better
smoothing of solutions.

To solve inverse solidification problems a new method is presented in which
the latent heat effects are implemented by introducing a pseudo heat source
near the moving interface. In cases where material properties can be
assumed constant, a boundary element formulation without domain
discretization is used and in cases where material properties are
temperature-dependent a coupled finite-boundary element formulation is
employed. To reduce the oscillations in the solution of inverse solidification
problems, sequential and secondary regularization algorithms are also used.
In each case several examples are presented to asses the accuracy of
methods and algorithms. In respect. to steady-state heat conduction the
following inverse problems are presented:

- determination of heat intensity of three point sources

- determination of heat intensity of two line sources

- determination of location of one point heat source

- determination of location of two point heat sources

- determination of location and orientation of a line heat source
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In the case of transient heat conduction analysis several inverse examples

are also presented and solved which are entitled as:

- determination of time-dependent intensity of one heat source

- determination of intensity of heat sources in an electrical part

- determination of time-dependent intensities of three heat sources

- determination of time-dependent intensity of a moving heat source

Two other examples for inverse solidification analysis are also presented

which are:

- an inverse solidification problem in a corner region

- an inverse solidification problem with temperature-dependent thermal
conductivity

The obtained results show that the presented methods and algorithms are

relatively accurate, stable and efficient.

vil




Table of Contents

Content
Listof Tables.................... ... ... ... ... . .. ..
Listof Figures........................... .. ... ... ... ..

Abbreviations .. ... .o o

Chapter 2 Governing Equations of Heat Conduction and

Solidification Problems......... ... ... ... . . .

2-2 Initial and boundary conditions . ............ ... .. .. ..
2-3 Various kinds of heatb SOUTCES . . ...\
2-4 Kirchhoff transformation ... ............ ... .. .. ... ..
2-5 Solidification . . ........... ... ...

2-5.1 Governing differential equations of solidification . . . .

2-5.2 Dimensionless parameters . . .....................

viii




Chapter 3 An Improved Boundary Element Analysis of Steady-

State Heat Conduction Problems . . ............ .

3-1ntroduction . ............... ... ... ... ... ...

U’

3-4 Analytical evaluation of J}U P
n

3-5 Analytical evaluation of J'r U’ el |

on
3-6 Evaluation of distributed heat source integral by exact
transformation to the boundary ........... ... .. . . ..
3-7 Analytical implementation of point heat sources .. ... . ...
3-8 Analytical implementation of line heat sources ........ . .

3-9 Matrix formulations . .. .............. ... .. .. .. . . ..

Chapter 4 An Improved Boundary Element Analysis of Transient

Heat Conduction Problems .. ....... .. .. ... .. .. . . ..
4-1Introduction . ......... ... .. ... ..
4-2 Integral equation of transient heat conduction . . .........
4-3 Transformation of distributed heat source integral to the

boundary .......... ... .

ix

21

24
27

28

29

31

34
34




Chapter S A Review of Finite Element Formulation of Heat
Conduction Problems .............. ... .. .. . . 50
S-lIntroduction......................... ... ... 50

5-2 Finite element formulation of steady-state heat conduction

problems...... ... ... 50
5-3 Matrix formulation . . .......... .. .. . .. .. .. 54
5-3.1 Computation of matrices K and Ky oo 55
5-3.2 Computation of K¢, and F o e 56
5-3.3 Computationof F/ .............. ... ... ... 57
>-3.4 Computationof F, ......... ... .. ... . .. . . . 57
5-4 Resulted system of equations . . . .......... ... .. 58

5-5 Finite element formulation of transient heat conduction

problem............... e 59

5-6 Lumped versus consistent capacitance matrix . . . . ... . ... 60
5-7 Solutions methods of transient system of equations . ...... 63
5-7.1 Forward difference scheme . ......... ... .. .. 63
5-7.2 Backward difference schgme ..................... 65
5-7.3 Crank-Nicolson'scheme . . . ........... .. ... .. .. 66
5-7.4 Summary of difference schemes . .............. . 67

Chapter 6 Coupling of Finite Elements and Boundary Elements

Methods . ......... ... ... ... .. ... ... .. . . . 68
6-1Introduction........................ ... . 68
6-2 Direct coupling theory . ............. ... . ... 72




6-3 Symmetrizing the system of equations generated in BEM .. 75
6-4 An energy approach for symmetric boundary element
formulation.............. ... ... . ... . .. .. .. 76
6-5 Non-symmetric coupling of FEM and BEM in steady-state
heat conductionanalysis . .......... ... ... ... 80
6-6 Non-symmetric coupling of FEM and BEM in transient

heat conduction analysis............... ... .. 83

Chapter 7 Inverse Analysis of Steady-State Heat Conduction

Problems with Heat Sources .......... . .. ... . . . . 86
7-1lntroduction.................. ... ... .. ... . 86
7-2 Inverse determination of intensity of heat sources . . . ... .. 90
7-3 Singular value decomposition and pseudo-inversion . . . . . . 93

7-4 Inverse determination of location and orientation of point

and line heat sources: A Good Neighbor Method . . . . . . . . 95

Chapter 8 Inverse Analysis of Transient Heat Conduction

Problems with Heat Sources ................... ..., 99
8-1 Introduction......... e et ie e, 99
8-2 Rearrangement of equations . .............. ... ... . .. 102
8-3 Whole-domain regularization. .............. ... ... .. 103

8-4 Sequential regularization using future temperature

information . ............. .. 110
8-5 Selection of regularization parameters .. ........... . ... 112
8-6 Secondary regularization................ ... .. .. ... 114

X1




Chapter 9 Inverse Analysis of Solidification Problems Using

Pseudo Heat Source Method .. ... ... ... .. .. . . 116
9-1lntroduction................. ... ... ... ... . . . . 116
9-2 Inverse solidification problem . . .......... ... ... .. . 121

9-3 A finite-boundary element formulation of transient heat
conduction with temperature dependent material
PrOPerties . . ........oovuii i 126

9-4 Selection of the regularization parameters in inverse

analysis of solidification problems.................... 133

Chapter 10 Numerical Examples of Direct Analysis . ........... 135
10-1Introduction . . ........... ... ... ... .. ... ... ... 135

10-2 A comparison of analytical with numerical integration . .. 136

10-3 A point heat source in a two-dimensional steady-state
heat conduction problem .. ........... ... ... ... .. .. 138

10-4 A line heat source in a two-dimensional steady-state heat

10-6 Uniform heat source in a steady-state heat conduction
problem with multiply-connected domain ............. 146
10-7 A three-dimensional steady-state heat conduction problem

withalineheatsource................ .. ... ... . .. . 148

Xii




10-8 A three-dimensional steady-state heat conduction problem
with distributed heat source .. ....... ... ... . . 149
10-9 Transient analysis of a problem with non-uniform time-
independent heatsource ......... ... . .. .. 152

10-10 Transient analysis of a problem with non-uniform time-

dependent heatsource ............. .. . ... . . 154

Chapter 11 Numerical Examples of Inverse Analysis . ... ... . .. 156
H-lIntroduction . ................... .. .. .. 156

11-2 Determination of heat intensity of point sources . . . .. ... 157

11-3 Determination of heat intensity of line sources . . . .. .. .. 162

11-4 Determination of the location of a point heat source . . . . . 164

11-5 Determination of locations of two point heat sources . ... 167

11-6 Determination of location and orientation of a line heat

11-7 An inverse transient heat conduction problem with one
heat source and one sampling point............ . ... .. 171
11-8 An electrical part with heat sources ............ .. . 175

11-9 An inverse transient heat conduction problem with three

heat sources and five sampling points . . ... ..... . . 180
11-10 An inverse moving heat source problem.......... . .. 191
11-11 An inverse solidification problem in a corner region.... 201

11-12 An inverse solidification problem with temperature-

dependent thermal conductivity . . ...... .. ... ... 208

Xiii




Chapter 12 Conclusions and Recommendations . .. .. ........ ... 214

Appendix A Analytical Evaluation of Basic Integrals ........... 217
Appendix B Accurate Implementation of Heat Sources in 3D . . . . . 221
Appendix C Dual Reciprocity Method DRM) . ........... ... .. 224
Appendix D Multiple Reciprocity Method MRM).............. 227
References ............. ... ... .. ... .. .. . . . . .. ... . .. . .. 231

Xiv




. Table

10.1:
10.2:
10.3:
10.4:
11.1:

11.2;

11.3:

11.4:

11.5;

11.6:

List of Tables

Page
Results of analytical and boundary element solutions . . .. . .. .. 145
Temperature at lower edge of the rectangle y=0)............ 153
Temperature at middle level of the rectangle (y =0.5)......... 153
Temperature at upper edge of the rectangle (y=1)............ 153
Results of determination of point sources intensities when the
temperature of points Q; to Os with 2 per cent random error
are input to the problem; (boundary elements model).......... 158
Results of determination of point sources intensities when the
temperature of points 0 to Os with 2 per cent random error
are input to the problem; (finite-boundary elements model) . . . . . 160
Results of determination of point sources intensities when the
temperature df points Oy to Qs with 5 per cent random error
are input to the problem; (bouhdary elements model) .......... 161
Results of determination of point sources intensities when the
temperature of points O; to Os with 5 per cent random error
are input to the problem; (finite-boundary elements model) . . ... 161
Results of determination of line source intensities (the input date
Ar€ACCUTALe) .. ...t 163
Results of determination of line source intensities (the input data

have arandom errorof 1 percent)............. ... .. .. 163

XV




