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ÂØÈ� ø ü÷�¢¤Àì
��Þ� ¤¢ �î ø� .Ýþ�Þ÷üõ ��ùÀ�È¿� ø ö��Âúõ ¤��Æ� ¤�ð¢¤øÂ� ù�ð¤¢ ÝþÀÖ� �¤ ¢�¡ «�Ê¿õ Çþ�µ¨ ø §�³¨.Àû¢üõ ¤�Âì Ç÷�Âîü� ´Þ�¤ ø ÓÎó ¢¤�õ �¤ ¢�¡ Õþ��÷ ø ����÷ ùÀ�� ßþ� ,��Ñ½ó�ûö� ¢��ø ø ù¢�� ßõ ë�Èõ ø ö�±�µÈ� üÜ�Ê½� ¤�õ� ��Þ� ¤¢ �î Ý÷��Âúõ ¤¢�õ ø ¤À� «�Ê¿� ��ù¢��÷�¡ ¥�.�¤�¢ �¤ ö��µõ� ø ÂØÈ� ñ�Þî ,Àª��üõ ��ü÷�ðÀ÷¥ Ç¿�üõÂð� � ø À÷�ùÀª Û±Öµõ ßõ Ý�Üã � Âõ� ¤¢ �î ü��Þ�¥ ��Þ� ÂÏ�¡ �� üþ�¨¤ø ¢�ã¨ Âµî¢ ��þ�ä ý�Þ�û�¤ ¢�µ¨� ¥�ö�Èþ� ý�Â� ,ñ�ãµõ À÷ø�À¡ ¥� ø Ýþ�Þ÷üõ ÂØÈ� À÷�ù¢�ú÷ ´�aõ Â�Ö� ßþ� Â� ,ö�ªæþ¤¢ü� ý�û´±a½õ ø �ûüþ�Þ�û�¤.�¤�¢ ý¥�Âê�Â¨ ø ýÀ�Ü�Â¨ ýø¥¤��þ�� ��Üä ù�ÚÈ÷�¢ ¤¢ ¤��Â� üÞÜä Í�½õ ×þ ¢�¹þ� ÂÏ�¡ �� ü��±� ¤�ÆêøÂ� ö�Âþ� üÞÜä ¤�¿µê� ¥� ,ßÞ® ¤¢.�¤��Ú¨�³¨ ö�¹÷¥Âµî¢ ¥� ß��»Þû .�ÂØÈµõ ���µª�¢ �¤ �ú÷� ý¢Âð�ª ¤�¿µê� �î ü®�þ¤ Ç¿� À���¨� ùÄþ�� À���¨� ��Þ� ¥� ß��»Þû.Ý÷��Þõ �õ�÷ ö�þ�� ý¤ø�¢ ÂÏ�¡ �� ö��ÜÌÔ� À�ã¨ Âµî¢ ø üþ�¥ Â�õ ¥øÂú� Âµî¢ ,ýÂ�Ê÷ Ý·�õ�¤ ö�ÚÞû ´�Öê�õ ø �¤��Ú¨�³¨ ö�Èµ�aõü� ý�ûü��¡ ø ÓÎó �Þû ÂÏ�¡ �� ö�þ�¹È÷�¢ ø ö�µ¨ø¢ ��Þ� ¥� ö�þ�� ¤¢.�¤�µ¨��¡ ö��aõ À÷ø�À¡ ¥� üðÀ÷¥ Û��Âõ ��Þ� ¤¢

¤�ú�



ùÀ�Ø��� é¤�õ�ÿÞû �fã®�õ �î À�µÆû üþ�û�Ìê �ûÀÜÔ��¤ø� .Àª��üõ �ûÀÜÔ��¤ø� üêÂãõ �õ�÷ ö�þ�� ßþ� üÜ¬� éÀûßþ� ¤¢ .À�ª��üõ ü¨À�Üì� ý�Ìê ¥�� ý�û�ä�Þ¹õ ýø¤ üû��µõ ùøÂð ×þ ÛÞä ¥� üª�÷ ´ÞÆì �¤�¡ ý�Ìêý�Â� �¤ ü¨À�û Ý�û�Ôõ ßþ� Å³¨ ¢�ªüõ ö��� �ûÀÜÔ��¤ø� ýø¤ ü÷�Þþ¤ �¨À�û ¥� üÞ�û�Ôõ �Àµ�� ,�õ�÷ ö�þ���� Â¡� ¤¢ .��½÷� ý�û¤�Æ÷�� ø ë�Êµó� ý�û�Âê ,ü¨�¨� ý�û�Âê Û�±ì ¥� üÞ�û�Ôõ ,Ý�û¢üõ Ý�Þã� �ûÀÜÔ��¤ø�ý�Â� �¤ ���-§ø�ð ��Ìì ,ý¤�¢Â� ý�ûö�À�õ ý�Â� üÚ��Ø� ÅþÀ÷� ��úÔõ ø ü¨ø�ð ý��½÷� ñ�õÂê ¥� ù¢�Ôµ¨�.Ý��îüõ ´��� ¤�¢´ú� ø ù¢ÂÈê ,ü÷�Þþ¤ ý�ûÀÜÔ��¤ø�

¸��



´¨Âúê
¸�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ùÀ�Ø�ù¢ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �õÀÖõüÎ¡ ý�ûë�Êµó� 11 . . . . . . . . . . . . . . . . . . . . . . . . . . ¢¤�Þû ÕµÈõ ø üÎ¡ ë�Êµó� ��úÔõ 1.13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÛÔµÆþÂî ý�û¢�Þ÷ 2.15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ý¤�Æ÷�� é�î ýø¤ ë�Êµó� 3.18 . . . . . . . . . . . . . . . . . . . . . . . . ¢¤�Þû ö��Æû ø Ûî ¢¤�Þû ÕµÈõ 1.3.111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûÝ¡ ñ�Ï ¤¢ ¢¤�Þû ÕµÈõ 4.1ü÷�Þþ¤ Âµõ 214 . . . . . . . . . . . . . . . . . . . . . . . . . . . ü÷�Þþ¤ ÀÜÔ��õ ø ü÷�Þþ¤ Âµõ ��úÔõ 1.215 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ¤�¹�û ´¨�¤ ý�û��ì 2.2

Çª



18 . . . . . . . . . . . . . . . . . . ¤�Æ÷�� ×þ ¤¢ ÅþÀ÷� ö¢¤ø� ß�þ�� ø ö¢Â� ��� ×��Ø� 3.219 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �µþ��-ý�ó ë�Êµó� 1.3.2��½÷� 323 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��½÷� üµ¿þÂ÷ø ¤¢ 1.324 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��½÷� ¤�Æ÷�� 2.328 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��½÷� ¤�Æ÷�� ý�ûö¤�Ö� 3.330 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . üØ÷��� ¢�½�� 4.3�ûÀÜÔ��¤ø� 432 . . . . . . . . . . . . . . . . . . . . . . . . . . . üã®�õ ¥�¨ ´¡���Øþ ý�ûù�Úµ¨¢ 1.433 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �û ö��ÆîÄ÷� 2.438 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÀÜÔ��¤ø� ��úÔõ 3.439 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ¥ ¤� Ýû éÂãõ ý�ûù¢��÷�¡ 1.3.447 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûÀÜÔ��¤ø� ¥� üþ�ûñ�·õ 2.3.449 . . . . . . . . . . . . . . . . . . . . ý¥¤� Ýû ý�û�Î��¤ üêÂãõ ø ýÀÜÔ��¤ø� ´ª�Ú÷ 4.449 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ýÀÜÔ��¤ø� ´ª�Ú÷ 1.4.452 . . . . . . . . . . . . . . . . ýÀÜÔ��¤ø� ý�û´ª�Ú÷ ö��õ ý¥¤� Ýû ý�û�Î��¤ 2.4.4ýÀÜÔ��¤ø� é�î 5´Ôû



54 . . . . . . . . . . . . . . . . . . . ýÀÜÔ��¤ø� é�î ø éÂãõ ý�ûù¢��÷�¡ �ø¥ ��úÔõ 1.558 . . . . . . . . . . . . . . . . . . . . . . . . Ý�ÖµÆõ ¥¤� Ýû ý�ûù¢��÷�¡ �ø¥ 1.1.560 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �û ©Â� 2.1.561 . . . . . . . . . . . . . . . . . . . . . . . ýÀÜÔ��¤ø� ý�ûé�î ö��õ ´ª�Ú÷ 3.1.563 . . . . . . . . . . . . . . . . . . . . . . . . . . ýÀÜÔ��¤ø� é�î ¢��ø ��Ìì 4.1.5�ûÀÜÔ��¤ø� ýø¤ Û�Æ÷�ÂÔþ¢ ý�û�Âê 668 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . §�Þõ é�î 1.670 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ý¤�Æ÷�� é�î 2.674 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Û�Æ÷�ÂÔþ¢ ý�û�Âê 3.676 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ü�¤�¡ ÕµÈõ 4.677 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûÀÜÔ��¤ø� ýø¤ ñ�ÂÚµ÷� 5.6�ûÀÜÔ��¤ø� ýø¤ ü÷�Þþ¤ �¨À�û 780 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûÀÜÔ��¤ø� ýø¤ ü÷�Þþ¤ Âµõ 1.781 . . . . . . . . . . . . . . ü÷�Þþ¤ ý�ûÀÜÔ��¤ø� ýø¤ ë�Êµó� ý�û�Âê ø ü¨�¨� ý�û�Âê 2.786 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��½÷� ý�û�Âê 3.790 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . §ø�ð ý��½÷� 4.7�ûÀÜÔ��¤ø� ý�Â� ���-§ø�ð ��Ìì 8´Èû



93 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . P ′
0 ýø¤ üØÞî ý�úõÂê 1.895 . . . . . . . . . . . . . . . . . . . . . . . . . . . ý¤�¢Â� ö�À�õ ×þ üÚ��Ø� ÅþÀ÷� 2.897 . . . . . . . . . . . . . . . . . . . . . . . . ù¢ÂÈê ÀÜÔ��¤ø� ý�Â� ��� - §ø�ð ñ�õÂê 3.8100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â��Âõ102 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . üÆ�ÜÚ÷� �� ü¨¤�ê ý�õ�÷ù��ø105 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ü¨¤�ê �� üÆ�ÜÚ÷� �õ�÷ù��ø

�÷



�õÀÖõ�ú÷� .À÷¢Âî �ÂÎõ �ûÀÜÔ��¤ø� ýø¤ �¤ 5 ö�ÞÆþ¤ �þÂÑ÷ 4 ßµaþø ø 3�êø ,2 ýø¤�û ,1 ö�ÆØþ¢ ,1985 ñ�¨ ¤¢�� .[6] À�µêÂð ÂÑ÷ ¤¢ G üû��µõ ùøÂð ×þ ý�Â� X/G ýÂ¨��Â¨ ´ÞÆì �¤�¡ ý�Ìê �¤�¬ �� �¤ �ûÀÜÔ��¤ø��þÂÑ÷ ×þ ý¤ø� ´ÔÚª ¤�Ï �� ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ,Àª��üõ ¢ÂÔ�õ ý�Ìê ×þ ÀÜÔ��¤ø� �Ø�þ� ¢��øñ�� ßþ� �� .´¨� ù¢�� ö�ÞÆþ¤ �þÂÑ÷ ¥� üÞúõ Ç¿� ×þ ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ö�õ¥ ö� ¥� .´¨� ¤��ÞûÍÖê Â�¡� ñ�¨ �¨ ø ´Æ�� ¤¢ .À÷��µêÂÚ÷ ¤�Âì �ãó�Îõ ¢¤�õ ù¢ÂµÆð �¤�¬ �� ý��ó���� ø �¨À�û ¤¢ �ûÀÜÔ��¤ø�-ÂÜþø� ¢�Àä� ñ�·õ ý�Â� .´¨� ùÀª âì�ø ���� ¢¤�õ ���®�þ¤ ¤¢ ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ¥� üØ��î ´ÞÆì�ãó�Îõ ý�Â�) ´¨� ùÀª �ãó�Îõ ýÂ±� �¨À�û ¤¢ 7üî ×õ ÂÒ��� ø ý��ó���� ø �¨À�û ¤¢ ýÀÜÔ��¤ø� 6 ��û:´¨� Âþ¥ ù¤�Ú÷� ¥� 8éÂ���� ��±�� �µªÁð �µÆ�Â� ý�û¤�î ¥� üØþ .(À�þ�Þ÷ �ã��Âõ [8] ø [7] â�Âõ �� ÂµÈ��
SL(n,C) ¥� üû��µõ ùøÂðÂþ¥ ×þ G ö� ¤¢ �î X/G ýÂ¨��Â¨ ´ÞÆì �¤�¡ ý�Ìê×þ ýÀÜÔ��¤ø� ��û ¢�Àä�.Àª��üõ X/G Û�Ü½� ×þ ��û ¢�Àä� Â��Â� ,´¨�.´ê�þ ö���üõ ö�ø�Âê ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ¤¢ �ûù¤�Ú÷� ´¨¢ ßþ� ¥� �µ±ó�ö�÷�À�®�þ¤ ø ö�÷�ÀØþ��ê ö��õ ¯�±�¤� Óã® ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ü®�þ¤ �±�� À�î �ã¨�� Ûþ�¢ ¥� üØþ,À��îüõ ©�� ×þ��ê í¤¢ ý�Â� �fÀ� �î ü÷�÷�À�®�þ¤ ¢�Àã� Çþ��ê� Û�óÀ� Â�¡� ý�úó�¨ ¤¢ �µ±ó� .Àª��üõ,ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ üØþ��ê ý�ûùÀþ� Âµú� í¤¢ �� .´¨� öÀª Âµú� ñ�� ¤¢ ´äÂ¨ �� ´�ã®ø ßþ�À�÷�õ üþ�û¤�î ¥� �µ¨�¤ ßþ� ¤¢ .À��î ÓÈî �¤ ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ¸þ�µ÷ �Þû �� ¢�� À�û��¡ ¤¢�ì ö�÷�À�®�þ¤.¢Â� ��÷ ö���üõ [12] ø [11] ,[10] ,[9].´¨� ���� Û��ì ø °ó�� ¤��Æ� �þÂÑ÷ ßþ� ���®�þ¤ �î Àû¢üõ ö�È÷ ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ üó�Þ�� ü¨¤Â�
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ù¢Âî ¢�¹þ� �ûÀÜÔ��¤ø� �� ���®�þ¤ ÀþÀ� ý�û�¡�ª Çþ�Âð ý�Â� �¤ ýÂ�Ñ÷ü� ù��Ú÷� ,�þÂÑ÷ ßþ� ´Ö�Ö� ¤¢�µÆû .´¨� ¤�úÒ ñ�� ¤¢ �ûÀÜÔ��¤ø� ýø¤ ü÷�ÞÆþ¤ ü¨À�û ø ý��ó���� ×þ �î ¢¤�¢ ¢��ø ¢�Öµä� ßþ� .´¨�ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ý¤�ð¥�¨ ,Õ�ì¢�÷ �¤�±ä �� .´¨� 9¤�¢ º�� ý�ûá�Îì ��úÔõ ý��ó���� ø �¨À�û ßþ�¢��ø .Ý�õ�÷üõ ¤�¢ º�� ý�ûá�Îì �¤ �ú÷� �î Àª�� üÜõ��ä Ûõ�ª ü÷�ÞÆþ¤ �Â±Ü�û ý�Ìê �î ´¨� ö� ��ÜµÆõüÚµÆ±Þû â���� À�÷�õ ÂÚþ¢ ý�úµ�Þî �Þû °��Â� ßþ� �� .¢Âî Â�ÆÔ� �ûüÚ��Ø� Â�� ö���ä �� ö���üõ �¤ �ûá�Îì ßþ�.´¨� Éì�÷ �þÂÑ÷ ×þ �ûÀÜÔ��¤ø� üó�Þãõ ý��ó���� ßþ�Â���� .À÷�ª Â��bµõ �ûá�Îì ßþ� ¢��ø ¥� üä�÷ �� Àþ��ö�ÞÆþ¤ �þÂÑ÷ ùø�ã� .¢�ª �ê�®� �þÂÑ÷ ßþ� �� ¤�¢ º�� ý�ûá�Îì ��úÔõ �î ´¨� �¥� �þÂÑ÷ ßþ� Û�ÞØ� ý�Â���¤¢ ßþ� .[13] À�þ�ðüõ 10�µÆÆð Ç»�� ö� �� �î ´¨� ü��ãõ ü÷ø¤¢ ý¢�¥� ��¤¢ ×þ ý�¤�¢ ýÀÜÔ��¤ø�Ý�û�Ôõ ßþÂµÞúõ �ÜÞ� ¥� �û ßþ� .[14] Ý�û¢ Â��ç� �¤ ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ Ý�÷��µ� �� Àû¢üõ ù¥��� ý¢�¥�.À÷Â�ð ¤�Âì ü¨¤Â� ¢¤�õ ü®�þ¤ �±�� ¥� ´¨� �¥� �î À�ª��üõ ýÀÜÔ��¤ø� ö�ÞÆþ¤ �þÂÑ÷ ¤¢ �¤À�õ�ûÀÜÔ��õ ýø¤ ¢���õ ü÷�Þþ¤ �¨À�û Ýúõ Ý�û�Ôõ ø Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ ÀÜÔ��¤ø� ��úÔõ �õ�÷ ö�þ�� ßþ� ¤¢.Ý��îüõ ��±�� �ûÀÜÔ��¤ø� ý�Â� �¤ ���-§ø�ð ��Ìì ö�þ�� ¤¢ .Ý�û¢üõ Ý�Þã� �ûÀÜÔ��¤ø� ý�Â� �¤¥� ù¢�Ôµ¨� �� Å³¨ .Ýþ�ªüõ ��ª� ¢¤�Þû ÕµÈõ ø üÎ¡ ë�Êµó� ��úÔõ �� �Àµ�� ,�õ�÷ ö�þ�� ßþ� ñø� ÛÊê ¤¢ý¤�Æ÷�� ý�úê�î ýø¤ ö� ¥� Å� Ý��îüõ ö��� üã®�õ �¤�¬ �� �¤ üÎ¡ ý�ûë�Êµó� ,ÛÔµÆþÂî ý�û¢�Þ÷¤¢ .Ý��îüõ �ÂÎõ �¤ ¢¤�Þû ö��Æû ø Ûî ¢¤�Þû ÕµÈõ ��úÔõ ö� ×Þî �� ø Ý�þ�Þ÷üõ üêÂãõ �¤ ü¬�¡ ë�Êµó�
[4 ÛÊê ,3] â�Âõ ¥� ÛÊê ßþ� °ó�Îõ .Ý�û¢üõ ���¤� Ý¡ ö� ñ�Ï ¤¢ �¤ ý¢¤�Þû ÕµÈõ ,Ý¡ Âû ý�Â� ö�þ��.´¨�ö� ýø¤ �¤ üã®�õ ¤�¹�û ´¨�¤ ��ì ¢��ø �õ�¢� ¤¢ ø Ýþ�ªüõ ��ª� ü÷�Þþ¤ ÀÜÔ��õ ��úÔõ �� �Àµ�� ,�ø¢ ÛÊê ¤¢�� ÛÊê ßþ� ö�þ�� ¤¢ .¢�ªüõ ü¨¤Â� ü÷�Þþ¤ Âµõ ×þ ¢��ø ¤��Þû ÀÜÔ��õ Âû ýø¤ ö� ¥� Å� .Ý�û¢üõ ö�È÷ü÷�Þþ¤ ÀÜÔ��õ ýø¤ �¤ �µþ�� - ý�ó ë�Êµó� ,¤�Æ÷�� ×þ ¤¢ ÅþÀ÷� ö¢¤ø� ß�þ�� ø ö¢Â� ��� ×��Ø� ¥� ù¢�Ôµ¨�.´¨� [5 ø 3 ÛÊê ,3] â�Âõ ÛÊê ßþ� °ó�Îõ .Ý�þ�Þ÷üõ üêÂãõ.Ý��îüõ �ÂÎõ �¤ ¥��÷ ¢¤�õ ý�þ�Ìì ø Ý��îüõ ö��� �¤ ��½÷� ¤�Æ÷�� ø ��½÷� üµ¿þÂ÷ø ¤¢ ��úÔõ �Àµ�� ,��¨ ÛÊê ¤¢.Ýþ�ªüõ ��ª� üØ÷��� ¢�½�� �� ÛÊê ö�þ�� ¤¢ ø Ý��îüõ �ãó�Îõ �¤ ��½÷� ý�û¤�Æ÷�� ýø¤ ý�ûö¤�Ö� �õ�¢� ¤¢.´¨� [3] â�Âõ 7 ÛÊê ñø� Ç¿� 3 ¥� ÛÊê ßþ� °ó�Îõ
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Discrete Torsion 10ù¢¥�þ



¥�¨´¡���Øþ ù�Úµ¨¢ ý��þ�� ��úÔõ �Àµ�� ,¤�Ñ�õ ßþ� ý�Â� .Àª��üõ �ûÀÜÔ��¤ø� üêÂãõ ,�¤�ú� ÛÊê á�®�õ�Î��¤ ø Ýþ�ªüõ ��ª� éÂãõ ù¢��÷�¡ ø ÀÜÔ��¤ø� ,ö��ÆîÄ÷� À�÷�õ üÞ�û�Ôõ �� ö� ¥� Å� Ý��îüõ �ÂÎõ �¤ üã®�õ�¤ ýÀÜÔ��¤ø� ´ª�Ú÷ éÂãõ ý�ûù¢��÷�¡ ö��õ �õ�¢� ¤¢ .Ý��îüõ ¼þÂÈ� �¤ éÂãõ ý�ûù¢��÷�¡ ö��õ ý¥¤� Ýûâ�Âõ ¥� ÛÊê ßþ� °ó�Îõ .Ý��îüõ ÓþÂã� ýÀÜÔ��¤ø� ý�û´ª�Ú÷ ý�Â� ý¥¤�Ýû �Î��¤ ×þ ø Ý��îüõ ÓþÂã�.´¨� [1]�õ�¢� ¤¢ .Ý�û¢üõ ���¤� �¤ ýÀÜÔ��¤ø� é�î ��úÔõ ,éÂãõ ý�ûù¢��÷�¡ �ø¥ ÓþÂã� ¥� ù¢�Ôµ¨� �� Ý¹�� ÛÊê ¤¢ýø¤ ©Â� ��úÔõ Å³¨ .Ý��îüõ ö��� éÂãõ ý�ûù¢��÷�¡ �ø¥ Ý�ÖµÆõ ý¥¤� Ýû ¯Âª ù¤��¤¢ �¤ üÞúõ ��Ììé�î ,ý�ùÄþø ý�ûÀÜÔ��¤ø� ýø¤ �õ�¢� ¤¢ .¢�ªüõ ���¤� ýÀÜÔ��¤ø� ý�ûé�î ö��õ ´ª�Ú÷ ø ýÀÜÔ��¤ø� é�î.´¨� [1] â�Âõ ¥� ÛÊê ßþ� °ó�Îõ .¢�ªüõ �µ¡�¨ ýÀÜÔ��¤ø�ù¢�Ôµ¨� �� ø À÷�ªüõ ���¤� ý¤�Æ÷�� ý�ûé�î ø §�Þõ ý�úê�î Û�±ì ¥� ýÀÜÔ��¤ø� ý�û é�î ,ÝÈª ÛÊê ¤¢ýÂ�ðñ�ÂÚµ÷� �� ÛÊê ßþ� ö�þ�� ¤¢ .À÷�ªüõ üêÂãõ �ûÀÜÔ��¤ø� ýø¤ ü�¤�¡ ÕµÈõ ø Û�Æ÷�ÂÔþ¢ ý�úõÂê �ú÷� ¥�.´¨� [1] â�Âõ ¥� ÛÊê ßþ� °ó�Îõ .Ýþ�ªüõ ��ª� �ûÀÜÔ��¤ø� ýø¤ Û�Æ÷�ÂÔþ¢ ý�úõÂê ¥�ü÷�Þþ¤ Âµõ �ûÀÜÔ��¤ø� ýø¤ ,�Àµ�� ¤¢ .Ý��îüõ ¼þÂÈ� �ûÀÜÔ��¤ø� ýø¤ �¤ ü÷�Þþ¤ �¨À�û Ý�û�Ôõ ÝµÔû ÛÊê ¤¢� �ª� �ûÀÜÔ� �¤ø� ýø¤ ¤�¹�û ´¨�¤ ý�û��ì ø À��ø §�Þõ ý�û¤�¢Â � é�î � � Å³¨ .Ý��îüõ ÓþÂã � �¤ñ�õÂê ,¥��÷ ¢¤�õ ý�û��Ìì ö��� ø ��½÷� ý�û�Âê ø ë�Êµó� ý�û�Âê ,ü¨�¨� ý�û�Âê üêÂãõ �� �õ�¢� ¤¢ .Ýþ�ªüõ.¢Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ Àã� ÛÊê ¤¢ ���-§ø�ð ��Ìì ¤¢ ñ�õÂê ßþ� .Ý�þ�Þ÷üõ ���¤� �¤ ü¨ø�ð ý��½÷�.´¨� [1] â�Âõ ¥� ÛÊê ßþ� °ó�Îõ¥� ù¢�Ôµ¨� �� �¤ üÞúõ ñ�õÂê ,[2] ¤¢ ùÀª �ÂÎõ üØÞî ý�û�Âê ¥� ù¢�Ôµ¨� �� �Àµ�� ,ÝµÈû ÛÊê ¤¢ ��¹÷�Â¨Å³¨ .¢�ªüõ ù¢�Ôµ¨� ���-§ø�ð ��Ìì ��±�� ý�Â� �õ�¢� ¤¢ ö� ¥� �î Ýþ¤ø�üõ ´¨À� ×�¨�î ý�úªø¤ñ�ÂÚµ÷� ñ�õÂê ö� ýÂ�ð¤�Ø� �� ø Ý�û¢üõ ´±Æ÷ üÚ��Ø� ÅþÀ÷� ×þ ,ý¤�¢Â� ö�À�õ ×þ ß�Ø� �ÎÖ÷ Âû ý�Â�ñ�õÂê ,üØÞî ý�û�Âê ý�û´�¬�¡ ¥� ù¢�Ôµ¨� �� ÛÊê ö�þ�� ¤¢ .Ý�þ�Þ÷üõ ��±�� �ûÀÜÔ��¤ø� ýø¤ �¤ ÂØ÷øÂî��±�� ù¢ÂÈê ø ÂþÁ� ´ú� ,ü÷�Þþ¤ ÀÜÔ��¤ø� ý�Â� ���-§ø�ð ��Ìì ,´þ�ú÷ ¤¢ ø Ýþ¤ø�üõ ´¨À� �¤ öÂ� ý¢����.´¨� [2] â�Âõ ¥� üþ�úµÞÆì ø [1] â�Âõ ¥� ÛÊê ßþ� °ó�Îõ .¢�ªüõ
ù¢¥�ø¢



ñø� ÛÊê
üÎ¡ ý�ûë�Êµó�

¢¤�Þû ÕµÈõ ø üÎ¡ ë�Êµó� ��úÔõ 1.1
ý�û©Â� ý�Ìê ε(M) ��÷ ø M ÀÜÔ��õ ýø¤ ý¤�¢Â� é�î ×þ π : E → M À��î Âê 1.1.1 ÓþÂã�´ª�Ú÷ E ¤¢ ("ë�Êµó�' ¤�Êµ¡� �� �þ) 1üÎ¡ ë�Êµó� ×þ .Àª�� E ¤��Þû

∇ : Γ(M)× ε(M)→ ε(M)

(X,Y ) 7→ ∇XY :´¨�¤�¢ �¤ Âþ¥ Íþ�Âª �î Àª��üõ,f, g ∈ C∞(M) Âû ý�¥� �� ü�ãþ .´¨� üÎ¡ C∞(M) ýø¤ X ¤¢ ∇ (Óó�
∇fX+gX′Y = f∇XY + g∇X′Y,a, b ∈ R Âû ý�¥� �� ü�ãþ .´¨� üÎ¡ R ýø¤ Y ¤¢ ∇ (�

Linear Connection 11



∇X(aY + bY ′) = a∇XY + b∇XY ′:À�îüõ ëÀ¬ Âþ¥ �Â® ö�÷�ì ¤¢ ∇ (�
∇X(fY ) = (Xf)Y + f∇XY ,f ∈ C∞(M) Âû ý�¥� ��.À�õ�÷üõ X 3ý�µ¨�¤ ¤¢ Y 2¢¤�Þû ÕµÈõ �¤ ∇XY.Àª��üõ üã®�õ ÛÞä ×þ ∇ ¢�ªüõ ùÀþ¢ Âþ¥ Ýó ¤¢� � ÍÖê ∇XY |p ù�Ú ÷� p ∈ M ø Y ∈ ε(M) ø X ∈ Γ(M) ø Àª� � E é�î ë�Êµ ó� ∇ Âð� 2.1.1 ÝóüÚþ�ÆÞû ×þ ¤¢ Âð� ñ¢�ãõ �¤�¬ �� .¢¤�¢ üÚµÆ� p �ÎÖ÷ ×��î üê�î ù¥�À÷� �� üÚþ�ÆÞû ¤¢ Y ø X Âþ¢�Öõ.∇XY |p= ∇X̃ Ỹ |p ù�Ú÷� Àª�� Y = Ỹ ø X = X̃ ,p×��î��Â® â��� ñ�� .´¨� S = 0 ,p ¥� U üÚþ�ÆÞû ×þ ý�Â� �¤�¬ ßþ� ¤¢ .S := Y − Ỹ À�û¢ ¤�Âì .ö�ûÂ�ßþ�Â���� .Àª��üõ ϕS = 0 ,M ýø¤ ßþ�Â���� ÀþÂ�Ú� ÂÑ÷ ¤¢ ϕ(p) = 1 ø Suppϕ ⊂ U ¯Âª �� �¤ ϕ ∈ C∞(M)Ýþ¤�¢ �Â® ö�÷�ì ñ�Þä� �� ñ�� .∇X(ϕS) = 00 = ∇X(ϕS) = (Xϕ)S + ϕ∇XSÅ� ϕ(p) = 1 ö� � .(ϕ∇XS)(p) = 0 �¹ � µ ÷ ¤¢ ´¨� Â Ô¬ p ¤¢ ñø� � Ü Þ � ß þ�Â �� � � S(p) = 0 ö� �ÂÚþ¢ �¤�±ä �� .(∇XS)(p) = 00 = ∇X(Y − Ỹ ) = ∇XY −∇X Ỹ ü�ãþ
∇XY |p = ∇X Ỹ |p .´¨� ¤�ÂìÂ� ÝØ� ��÷ X ý�Â� ���Èõ ¤�Ï ��

�

Covariant Derivative 2
Direction 32



ë�Êµó� ×þ �¤ ∇ ù�Ú÷� Àª�� (M ÀÜÔ��õ §�Þõ é�î) T (M) ¤¢ üÎ¡ ë�Êµó� ×þ ∇ Âð� 3.1.1 ÓþÂã�.À�õ�÷üõM ýø¤ üÎ¡.´Æ�÷ üÎ¡ Y ¤¢ C∞(M) ýø¤ �Âþ¥ ´Æ�÷ ý¤�Æ÷�� ö�À�õ üÎ¡ ë�Êµó� ×þ �î À��î ����
ÛÔµÆþÂî ý�û¢�Þ÷ 2.1

Ei = ∂i �¤ üã®�õ ��ì �f �Þãõ .Àª�� U ⊂M ¥�� �ä�Þ¹õ ýø¤ TM ¤¢ 4üã®�õ ��ì ×þ {Ei} À��îÂêÝþ¤�¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢
∇Ei

Ej = ΓkijEk (1.1).À�þ�ðüõ 5ÛÔµÆþÂî ý�û¢�Þ÷ �¤ (i, j, k = 1, · · · , n) Γkij ¤��Þû â���� ö� ¤¢ �î.¢¤�¢ ÛÔµÆþÂî ý�û¢�Þ÷ �� üÚµÆ� U ýø¤ ∇¤�ÀÖõ ýÀã� Ýó Õ±Ïø X = X iEi À � � î Â ê ß � � » Þ û .X,Y ∈ Γ(U) ø À ª� � ë�Ê µ ó� × þ ∇ À � � î Â ê 1.2.1 Ýó�¤�Ê�þ� ¤¢ .Y = Y jEj

∇XY = (X(Y k) +X iY jΓkij)Ek .ö�ûÂ�
∇XY = ∇X(Y jEj) = X(Y j)Ej + Y j∇XEj

= X(Y k)Ek + Y j∇XiEi
Ej = X(Y k)Ek +X iY j∇Ei

Ej

Local Frame 4
Christoffel Symbols 53



= X(Y k)Ek +X iY jΓkijEk

= (X(Y k) +X iY jΓkij)Ek

�¤¢ ∇∂i
∂j = 0 �Âþ¥ .∇X(Y j∂j) = XY j∂j Ýþ¤�¢ ö� üã�±Ï ��Êµ¿õ �� ´±Æ÷ ø Rn ýø¤ 2.2.1 ñ�·õ

△ .´¨� ÂÔ¬ Â��Â� Rn ýø¤ ÛÔµÆþÂî ý�û¢�Þ÷ ßþ�Â���� .Γkij∂k = 0 �¹�µ÷
ý�ûë�Êµó� ö��õ ×þ �� ×þ ýÂÒ��� .¢�ª ùÀ�ª�� ýÀ��ø ü��Êµ¿õ �ÈÖ÷ Í¨��M À��îÂê 3.2.1 Ýó:¢¤�¢ ¢��ø Âþ¥ �ó¢�ãõ Í¨��M ýø¤ {Γkij} ¤��Þû â���� ø M üÎ¡

.∇XY = (X i∂iY
k +X iY jΓkij)∂k (2.1)

ù¢�¢ ∇ Âð� ßþ�Â���� .Àª��üõ Ei = ∂i ý¤�ÁÚþ�� �� Û±ì Ýó �ó¢�ãõ ö�Þû Â�¡� �ó¢�ãõ À��î ���� �f ø� .ö�ûÂ�ý�ûö�À�õ ý�Â� �¤ ∇ Àª�� ùÀª ù¢�¢ {Γkij} Âð� ÅØä �� .À�þ�üõ ´¨À� (1.1) ¥� �û Γkij ù�Ú÷� Àª�� ùÀª
∇ ¢�ªüõ ùÀþ¢ üµ��¤ �� .À��î ÓþÂã� (2.1) �¤�¬ �� ,Y = Y j∂j ø X = X i∂i �� Y ø X ¤��Þû ý¤�¢Â�
� .´¨� ë�Êµó� ×þ.¢¤�¢ üÎ¡ ë�Êµó� ×þ ÀÜÔ��õ Âû 4.2.1 ��ÌìÂû ý�Â� Û±ì Ýó Õ±Ï .Àª�� ùÀª ùÀ÷�ª�� {Uα}α ü��Êµ¿õ ý�û�ÈÖ÷ Í¨��M ÀÜÔ��õ À��î Âê .ö�ûÂ�ý�ûüÚþ�ÆÞû ý�Â� ϕ = {ϕα}α À��ø ö�Æ��¤�� ßµêÂð ÂÑ÷ ¤¢ �� .´¨� ¢���õ ∇α ë�Êµó� Uα üÚþ�ÆÞû4



:¢Âî ÓþÂã� ö���üõ {Uα}α
∇XY =

∑
α ϕα∇αXY.¢�ªüõ ü¨¤Â� �Â® ö�÷�ì ÍÖê ´ÞÆì ßþ� ¤¢ .´¨� ë�Êµó� Â�¡� ÓþÂã� ¤¢ ∇

∇X(fY ) =
∑

α ϕα∇αX(fY ) =
∑

α ϕα((Xf)Y + f∇αXY )

=
∑

α ϕα(Xf)Y + f
∑

α ϕα∇αXY

= (Xf)Y + f∇XY

�ø 12∇1 ñ�·õ ý�Â� .´Æ�÷ ë�Êµó� �ú÷� °�îÂ� Âû ù�Ú÷� Àª�� Γ(M) ýø¤ ë�Êµó� ø¢ ∇2 ø ∇1 Âð� :ÂîÁ��Âþ¥ À�îüÞ÷ ëÀ¬ �Â® ö�÷�ì ¤¢ ∇1 +∇2
(∇1 +∇2)X(fY ) = ∇1X(fY ) +∇2X(fY ) = (Xf)Y + f∇1XY + (Xf)Y + f∇2XY

= 2(Xf)Y + f(∇1 +∇2)XY
6= (Xf)Y + f(∇1 +∇2)XY¢�ªüõ ù¢�¢ ö�È÷ Âþ¥ Ýó ¤¢ .´¨� M ý¤�¢Â� ý�ûö�À�õ ¢¤�Þû ÕµÈõ âì�ø ¤¢ M ýø¤ üÎ¡ ë�Êµó� Âû ÝþÀþ¢.À�îüõ �Öó�M ý¤�Æ÷�� é�î Âû ýø¤ �÷�Úþ ë�Êµó� ×þ üÎ¡ ë�Êµó� Âûý¤�Æ÷�� é�î ýø¤ ë�Êµó� 3.1

T kl M ý¤�Æ÷�� é�î Âû ýø¤ �÷�Úþ ë�Êµó� ×þ ù�Ú÷� .Àª��M ýø¤ üÎ¡ ë�Êµó� ×þ ∇ Âð� 1.3.1 Ýó:À�îüõ ëÀ¬ ö� ¤¢ Âþ¥ Íþ�Âª �î (Ý�û¢üõ Çþ�Þ÷ ∇ �� ��÷ �¤ ë�Êµó� ßþ�) ¢¤�¢ ¢��ø ∇ ÂÒ��µõ.Àª��üõM üÎ¡ ë�Êµó� ö�Þû ∇ ,TM ýø¤ (Óó�,f ∈ C∞(M) Â û ý�¥� � � ü � ã þ .´ ¨� â ��� � ü ó� Þ ã õ Õ µ È õ ö� Þ û ∇ ,T 0(M) ýø¤ (�
∇Xf = X(f) :¢¤�¢ �¤ Âþ¥ ý¤�Æ÷�� �Â® ö�÷�ì ∇ (�5



∇X(F ⊗G) = (∇XF )⊗G+ F ⊗ (∇XG)�÷�Þ÷ ý�Â� :¢�ªüõ �¹��� �û��è¢� �Þû �� ∇(¢
tr(∇XF ) = ∇X(trF ) :À�îüõ �®¤� ��÷ �¤ Âþ¥ Íþ�Âª ∇ ß��»Þû:¢¤�¢ �¤ Y ý¤�¢Â� ö�À�õ ø ω ¤�¢Â� Ýû ö�À�õ �ø¥ �� ´±Æ÷ Âþ¥ �Â® ö�÷�ì ∇ (¤

∇X〈ω, Y 〉 = 〈∇Xω, Y 〉+ 〈ω,∇XY 〉,ωj ý�úõÂê−1 ø Yi ý¤�¢Â� ý�ú÷�À�õ ø F ∈ Γkl (M) Âû ý�Â� (û
∇XF (ω1, · · · , ωl, Y1, · · · , Yk) = X(F (ω1, · · · , ωl, Y1, · · · , Yk))

−
l∑

s=1F (ω1, · · · ,∇Xωs, · · · , ωl, Y1, · · · , Yk)
−

k∑

s=1F (ω1, · · · , ωl, Y1, · · · ,∇XYs, · · · , Yk)
:À��î ÓþÂã� .ö�ûÂ�

∇X(F ⊗G) = (∇XF )⊗G+ F ⊗ (∇XG)�¤�¬ ßþ� ¤¢ Àª�� ý¤�Æ÷�� ö�À�õ (
k
l

) ×þ F = F
j1···jl
i1···ik ∂j1 ⊗ · · · ⊗ ∂jl ⊗ dxi1 ⊗ · · · ⊗ dxik À��îÂê:¢¤�¢ �¤ Âþ¥ ÛØª ∇XF ��� ÓþÂã� Õ±Ï

∇XF = (∇pF j1···jli1···ik )∂j1 ⊗ · · · ⊗ ∂jl ⊗ dxi1 ⊗ · · · ⊗ dxikXp ö� ¤¢ �î
∇pF j1···jli1···ik = ∂pF

j1···jl
i1 ···ik +

l∑

s=1F j1···q···jli1···ik Γjspq −
k∑

s=1F j1···jli1···q···ikΓqpis6



.Ýþ¥�¢Â�üõ (¢) ��±�� �� ñ�� À÷�ª üõ ´��� üµ��Â� (�) ø (�) ø (Óó�) ,∇XF ÓþÂã� �� �������¤�¬ ßþ� ¤¢ Àª�� F = F
j1···jl
i1···ik ∂j1 ⊗ · · · ⊗ ∂jl ⊗ dxi1 ⊗ · · · ⊗ dxik À��î Âê

trF = Fmj2···jlmi2···ik ∂j2 ⊗ · · · ⊗ ∂jl ⊗ dxi2 ⊗ · · · ⊗ dxik �Áó
∇ptrF = (∇pFmj2···jlmi2···ik )∂j2 ⊗ · · · ⊗ ∂jl ⊗ dxi2 ⊗ · · · ⊗ dxik ö� ¤¢ �î

∇pFmj2···jlmi2···ik = ∂pF
mj2···jl
mi2···ik +

l∑

s=2Fmj2···q···jlmi2···ik Γjspq −
k∑

s=2Fmj2···jlmi2···q···ikΓqpis üêÂÏ ¥�
tr(∇pF ) = (∇pFmj2···jlmi2···ik )∂j2 ⊗ · · · ⊗ ∂jl ⊗ dxi2 ⊗ · · · ⊗ dxik ö� ¤¢ �î

∇pFmj2···jlmi2···ik = ∂pF
mj2···jl
mi2···ik +

l∑

s=1Fmj2···q···jlmi2···ik Γjspq −
k∑

s=1Fmj2···jlmi2···q···ikΓqpis:�� ´¨� Â��Â� s = 1 �� ¯��Âõ �¤�±ä ��� ýø�Æ� ¤¢
F
mj2···q···jl
mi2···ik Γmpq − Fmj2···jlmi2···q···ikΓqpmÅ� .À÷�ªüõ éÁ� Ýû�� �ÜÞ�ø¢ ßþ� ßþ�Â���� À��îüõ Â��ç� n�� 1 ß�� ¢�¥� �¤�¬ �� q,m ö��

tr(∇pF ) = (∇pFmj2···jlmi2···ik )∂j2 ⊗ · · · ⊗ ∂jl ⊗ dxi2 ⊗ · · · ⊗ dxik ö� ¤¢ �î
∇pFmj2···jlmi2···ik = ∂pF

mj2···jl
mi2···ik +

l∑

s=2Fmj2···q···jlmi2···ik Γjspq −
k∑

s=2Fmj2···jlmi2···q···ikΓqpis7



ßþ�Â����
∇X(trF ) = tr(∇XF ).

� .´¨� ��±�� Û��ì (û) ø (¤) üµ��¤ �� ,∇XF ÓþÂã� ¥� ù¢�Ôµ¨� ��¢¤�Þû ö��Æû ø Ûî ¢¤�Þû ÕµÈõ 1.3.1
´ª�Ú÷ ,F ∈ Γkl (M) ø Àª��M ýø¤ üÎ¡ ë�Êµó� ×þ ∇ Âð� 2.3.1 Ýó

∇F : Γ1(M)× · · · × Γ1(M)︸ ︷︷ ︸
l−copy

×Γ(M)× · · · × Γ(M)︸ ︷︷ ︸
(k+1)−copy

→ C∞(M)

�Î��® ��
∇F (ω1, · · · , ωl, Y1, · · · , Yk, X) = ∇XF (ω1, · · · , ωl, Y1, · · · , Yk).Àª��üõ ý¤�Æ÷�� ö�À�õ-(k+1l ) ×þ´¨� üÎ¡ À�� ¢�¡ �Ôó�õ −(k + l) ¤¢ C∞(M) ýø¤ ∇XF �î ¢�ªüõ ùÀþ¢ Û±ì Ýó �� ���� �� .ö�ûÂ�ö�À�õ-(k+1l ) ×þ ∇XF ý¤�Æ÷�� �Ê¿Èõ Ýó Õ±Ï �¹�µ÷ ¤¢ ´¨� üÎ¡ C∞(M) ýø¤ X ¤¢ ß��»Þû ø

� .Àª��üõ ý¤�Æ÷��.¢�ªüõ ùÀ�õ�÷ F ý�Â� 6Ûî ¢¤�Þû ÕµÈõ ∇Fß�Þû �� .´¨� du �Âê -1 ö�Þû ∇u ∈ Γ1(M) ù�Ú÷� Àª��M ¤��Þû â��� ×þ u À��îÂê 3.3.1 ñ�·õ:À÷¤�¢ �û¤�¢Â� ýø¤ ü÷�ÆØþ ÛÞä ¤�Æ÷�� ø¢ Âû Û�ó¢
Total Covariant Derivative 68


