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�õÀÖõÂþÁ³ÖµÈõ ��ó¢�ãõ ¤�úÒ �� Â¹�õ Ç��ãó�Îõ Â�¨ �î üÆî ,¢¢Âð üõÂ� ù¤�Ø÷��� �� ö¤Àõ ý��ó���� Çþ�À��ü Ü � î öøÂ õ� î � ó¤� � � õ� .´ ê� þ ©Â µÆ ð . . . ø ¤¢ø� ª ýÂ ó ,§Â õ ö�� ü ÷�Æ î Í¨� � ´äÂ¨ � � ø Àª�þÂÑ÷ ßþ� ö�õ�ÚÈ�� ý�û¢¤ø�µ¨¢ ¥� ýÂ�ð ùÂú� �� ø ©ø¤ ßþ� ¥� ù¢�Ôµ¨� �� �î ¢�� üÆî (1933-1984)ö� ©ø¢ Â� ���®�þ¤ �î ´¨� ùÀª üþ�úó�è ¥� üØþ �� ÛþÀ±� ¥øÂõ� �î Àª�� ý� �þÂÑ÷ ¤�Áð �þ�� ´Æ÷���.´¨� ù¢�µÆþ��µêÂð ý¤�¢Â� ö�À�õ ×þ ¥� üÜ�î ÅþÀ÷� �b þÂÑ÷ ¥� âì�ø ¤¢ ,´¨� ùÀª ù¢�Ôµ¨� �õ�÷ ö�þ�� ßþ� ¤¢ �î üþ�û ùÀþ�×þ ����÷ ßþ� ¯�Ö÷ �� �õ ø ´¨� ß�Ø� ý¥Âõ �ÎÖ÷ öøÀ� ø ¤�À÷�Âî ý� ����÷ ,¶½� ¢¤�õ ����÷ .´¨� ùÀª��¤¢ �¤ ö� ø ´¨� �±¨�½õ Û��ì Ý�û¢ üõ �î ü��½�®�� �� ���� �� ¢Àä ßþ� .Ý�û¢ üõ ´±Æ÷ ¼�½¬ ¢Àäâì�ø ¤¢ .´¨� ÂÔ¬ ��¤¢ ,Àª�±÷ ����÷ ßþ� öø¤¢ ¤¢ ü��Ø� �ÎÖ÷ º�û Âð� �î ´¨� �¤�¬ ßþ� �� ø Ý�õ�÷ üõ�µÆ��ø ÂÑ÷ ¢¤�õ ����÷ ¥ Âõ ýø¤ ¤�îÁõ ý¤�¢Â� ö�À�õ ¤�µê¤ �� ÍÖê ø ´¨� üØþ��ó���� ý�þ�� ×þ ��¤¢º�û Ýû ¥�� �Øþ¤�Î� Àû¢ ÛØª Â��ç� ÀþÀ� ý¤�¢Â� ö�À�õ ×þ �� ý¤�¢Â� ö�À�õ Âð� ñ�·õ ö���ä �� .´¨�.Ýþ¢�� ù¢Âî �±¨�½õ �f ±ì �î ´¨� ý¢Àä ö�Þû ��¤¢ Ýû ¥�� ,Àª�� �µª�À÷ ü��Ø� ý¥Âõ �ÎÖ÷Û�Æ÷�ÂÔ þ¢ ��¢�ãõ ý�ú����¥� ü¬�¡ ý�û �ä�Þ¹õ �� �î üØþ��ó� �� � üþ� þ� � ¥� ýÂÚþ¢ á�÷�¹�þ� ¤¢�¬�¡ ¤�Î � Ý � � î ü õ üã¨ ø Ý � � î ü õ Ó þÂ ã � �¤ ¢� ª üõ ù¢�¢ ´ ±Æ ÷ ¥� ¨ ýø� � õ ý� ú î� Ü � �� ÷ � �� ä� Þ ¹ õ ü Ü � î Å þÀ ÷� ß � � � Î ��¤ ¢¤� õ ¤¢ ö� þ� � ¤¢ ø Ý þ¥�¢Â ³ � ü Ü � î � þÂ Ñ ÷ Ý � û� Ô õ ø ü ÷� ± õ � �.Ý��î üõ ü¨¤Â� �¤ f |E ø f : R
n−1×[0,∞) → R

n−1×[0,∞) ´ª�Ú÷ ��ÂÒ��µõ (S ⊂ E) Sýø��õ ¤�Àþ��
3
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1 ÛÊê
üØ�õ��þ¢ ý�úÞµÆ�¨ ¤¢ ×þ��ó���� ý�úªø¤

ý¤ø�¢�þ 1.1: 1.1.1ÓþÂã�´ª�Ú÷ ý�Â�
f : U ⊂ R

n −→ R
n

f(x1, x2, . . . , xn) = (f1(x), f2(x), . . . , fn(x)):Ý��î üõ ÓþÂã� Âþ¥ �¤�Ê� �¤ df(x0)
df(x0) = (∂fi/∂xj(x0))n×n : 2.1.1ÓþÂã�ø Àª�� Rn �� U¥� Ck ´ª�Ú÷ ×þ f Âð�1f ∈ Ck

(
Ū ,Rn) Ý���ð ,Àª�� ¥�� U ⊂ R

n Ý��î ­Âê.À�ª�� �µ¨��� Ū ýø¤ �Þûdkf . . . ,df ,f: 2ý¢�ä �ÎÖ÷ 3.1.1ÓþÂã�
f 3ü÷�Â½� �ÎÖ÷�¤ x0 �¤�Ê�þ�Â�è ¤¢Àª�� ¢ÂÔ�õ�÷ df(x0) Âð�Ý���ð f ý¢�ä �ÎÖ÷ ×þ �¤ x0 ∈ U . Ý���ðÀª�� ÂþÁ³ÖµÈõ Ū Ûõ�ª ý¥�� �ä�Þ¹õ ýø¤ f ü�ãþ 1

regular point 2
critical point 35



:4ý�ó�óÁû ü÷�Â½� �ÎÖ÷ 4.1.1ÓþÂã�Âð� ,Ý���ð f : U ⊂ R
n −→ R

n â��� ý�ó�óÁû ü÷�Â½� �ÎÖ÷ ×þ �¤ x0 ∈ U

f(x0) = 0 (1.Àª�� �µª�À÷ ÂÔ¬ üÖ�Ö� ´ÞÆì �� ùÄþø ¤�ÀÖõ º�û df(x0) (2: 5.1.15ý¢�ä ¤�ÀÖõ ÓþÂã��¤�Ê�þ� Â�è ¤¢ Àª�±÷ ü÷�Â½� �ÎÖ÷ º�û Ûõ�ª f−1(y) Âð� Ý���ð f ý¢�ä ¤�ÀÖõ ×þ �¤ y0 ∈ R
n.Ý���ð 6ü÷�Â½� ¤�ÀÖõ �¤ y0¤ø�Â� ��¤¢ 2.1ø y0 ∈ R

n ø Àª�� Rn ¥� À�±Þû ¤�À÷�Âî ø ¥�� �ä�Þ¹õÂþ¥ ×þ U À��î ­Âê
f : U → R

n¤�Î� ¢Àä ßþ� .�÷ �þ ¢¤�¢ ���� ����÷ ßþ� ¤¢ f �þ� �î À�î ß��ã� �î Ý��î ÓþÂã� �¤ ý¢Àä Ý�û��¡ üõ .´¨�
f �î ´¨� ü�ãõ ßþ� �� Àª�� ÂÔ¬Â�è �Ø�õ�Ú�û ø ¢�ª üõÉ¿Èõ ∂U ýø¤ ©Âþ¢�Öõ Í¨�� ý¢ÂÔ� ÂÊ½�õ.¢¤�¢ U ¤¢ ÂÔ¬ ×þ:¢¤�¨ ��Ìì 6.2.1��Ìì7. ´¨� ÂÔ¬ f ü÷�Â½� Âþ¢�Öõ �ä�Þ¹õ ùb¥�À÷� ù�Ú÷� f ∈ C1(Ū ,Rn)Âð�.Àª�±÷ ý¥Âõ �ÎÖ÷ ×þ Âþ�Ê� y0 ü�ãþ .x0 ∈ ∂U Âð� f(x) 6= y0:Ý��î üõ ­Âê Àã� �� ßþ� ¥�: 7.2.1��Ìì� ä� Þ ¹ õ �¤� Ê � þ� ¤¢ À ª� � f ý¢� ä ¤�À Ö õ × þ y0 ø f ∈ C1(Ū ,Rn) À � � î ­Â ê. ´¨� üû��µõ f−1(y0) = {x ∈ Ū ; f(x) = y0}

hyperbolic critical point 4
regular value 5
critical value 6℄8[,127 �½Ô¬ ,12ÛÊê 7
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Vx0 üÚþ�ÆÞû ×þ ßþ�Â���� det(df(x0)) 6= 0 Ýþ¤�¢ x0 ∈ f−1(y0) Âû ý�Â� ø ´¨� ù¢ÂÈê Ū ö�� :��±��Å� Àª�� üõ ÝÆ�ê¤�õ�ÿÔþ¢ ×þ f |Vx0 �î ´¨�¢���õ ö���
f−1(y0) ⊂

⋃

x0∈f−1(y0)

Vx0�ä�Þ¹õ ßþ� ýø¤ f ü�ãþ .f(x) = y0 :Ýþ¤�¢ x ∈ f−(y0) ∩ Vx0 Âû ý�Â� .ÀþÂ�Ú� ÂÑ÷¤¢�¤ f−(y0) ∩ Vx0�ÎÖ÷ ×� f−(y0) ∩ Vx0 �Ø�þ� ÂÚõ ,´¨� ­��� ¤¢ f |Vx0 ö¢�� ÝÆ�ê¤�õ�ÿÔþ¢ �� ßþ� �î ´Æ�÷ ×þ �� ×þÂþ¥ f−1(y0) ÂÚþ¢ éÂÏ¥� .´¨� �µÆÆð ý��ó���� f−(y0) ýø¤ Ū ¥� üþ�Öó� ý��ó���� ßþ�Â���� .Àª�� ý�ý�û �ä�Þ¹õ ,�µÆÆð ý��ó���� ¤¢ ö�� ø ´¨� ù¢ÂÈê f−1(y0) Å� ´¨� Ū ù¢ÂÈê �ä�Þ¹õ �µÆ� �ä�Þ¹õ
2 .´¨� üû��µõ f−1(y0) Å� .À�µÆû üû��µõ ,ù¢ÂÈê:¤ø�Â� �b�¤¢ 8.2.1ÓþÂã�: Ý��î üõ ÓþÂã� Âþ¥ �¤�Ê� �¤ y0 ý¢�ä ¤�ÀÖõ¤¢ f 8¤ø�Â� �b�¤¢

d(f, Ū , y0) =:
∑

x∈f−1(y0)

sgn[det(df(x)]

. ´¨� ÂÔ¬ �þ üÔ�õ ,´±·õ ¢Àä ×þ d(f, Ū , y0) �î À��î ����: 9.2.1 ñ�·õÀ��î ­Âê
U = {(x, y) ∈ R

2|x2 + y2 < 1} ø Àª��
f : U −→ R

2
(x, y) −→ (x2, y2):Ýþ¤�¢ U ÓþÂã� �� ���� �� .À��î ��Æ� �¤ y0 = (1,1) ¤¢ f ¤ø�Â� ��¤¢ .Àª��

Ū = {(x, y) ∈ R
2|x2 + y2 < 1}

Brouwer degree 87



Df(x0, y0) =

(2x 00 2y) �¤�Ê�þ�¤¢
f−1(y0) = {(1,1), (1,−1), (−1,1), (−1,−1)}

d(f, Ū , y0) = sgn[det(df(1,1) + sgn[det(df(−1,1) + sgn[det(df(1,−1)

+sgn[det(df(−1,−1) = +1− 1− 1+ 1 = 0: Ý�û¢ ©ÂµÆð ´ú� ø¢ ¤¢ �¤ ÓþÂã� ßþ� Ý�û��¡ üõø ´¨� ¢ÂÔ�õ df(x0) �î y0 = f(x0) ¯�Ö÷ ¤¢ f ∈ C1(Ū ,Rn) â���� ý�Â� (1
f ∈ C(Ū ,Rn) ü�ãþ �µ¨��� â���� ý�Â� (2

f ý¢�ä Âþ¢�Öõ�û yk�î yk −→ y0 , yk �b ó�±÷¢ �� �¤ y0ø ¢Âî ù¢�Ôµ¨� ¢¤�¨ ��Ìì ¥�ö��� üõ(1) ´ó�� ý�Â�:¢Âî ÓþÂã� Âþ¥ �¤�Ê� �¤ y0 ¤¢ f ��¤¢ ø ¢¥ °þÂÖ� À�µÆû
d(f, y0, U) := lim

k−→+∞
d(f, yk, U)..¢¤�À÷ üÚµÆ� ü±þÂÖ� �b ó�±÷¢ �� ø ´¨� üû��µõ À� ßþ� Ý�û¢ ö�È÷ Àþ�� �î:¢Âî ÓþÂã� Âþ¥ �¤�Ê��¤ d(f, y0, U) ø ¢¥ °þÂÖ� fk ∈ C1(Ū ,Rn)�� �¤ f ö��� üõ (2) ý�Â�

d(f, y0, U) := lim
k−→+∞

d(fk, y0, U)9.¢¤�À÷ üÚµÆ� ü±þÂÖ� �b ó�±÷¢ �� ø ´¨� üû��µõ À� ßþ� Ý�û¢ ö�È÷ Àþ�� ù¤��ø¢ �îý¤�ÿ� �� ü���µ¨¢ ý�Â� ÂµãþÂ¨ ©ø¤ ×þ ë�ê Û��Âõ ö¢�¢ ��¹÷� ý�� �� :´Æû Ýû Âµ±ó�� ù�¤ ×þ �õ�: Ý��îüõ ñ�±÷¢ �¤ ÂþÁ³ÖµÈõ ý�úõÂê §�¨�Â� ��¤¢℄2[ ¤¢ Ûõ�î ��±�� 98



y0 ∈ R
nø ´¨� ù¢ÂÈê ¤�µÆ� �� ¥�� �ä�Þ¹õ ×þ U�î Àª�� f ∈ C1(U,Rn) Ý��î üõ ­Âê ë�ê À�÷�Þûù¢ÂÈê ÛÞ½õ �� Rn ýø¤ C∞ �Âê-n×þ µ = φ(η)dy10 ø À�î üõ ëÀ¬ f(x) 6= y0 if x ∈ ∂U ¯Âª ¤¢.Àª�� ∫

K µ = 1,y0 ∈ K �î ý� �÷�ð �� K ⊂ R
n − f(∂U): 10.2.1 ��Ìì:Ý��î üõ ÓþÂã� ��÷Âþ¥ �¤�Ê� �¤ y0 ¤¢ f ¤ø�Â� �b�¤¢

d(f, U, y0) :=

∫

U
µ ◦ f =

∫

U
f∗(µ)

d(f, U, y0) Ý�û¢ üõ ö�È÷ .À�þ�ð ñ�±ì Û��ì fø y0 ý�Â� �¤ À�î ëÀ¬ Íþ�Âª ßþ�¤¢ �î µ ÂþÁ³ÖµÈõ �Âê.¢¤�¢ ´Ö��Îõ üÜ±ì ÓþÂã� �� ÓþÂã� ßþ� ß��»Þû.¢¤�À÷ üÚµÆ� µ ��¿µ÷� �� ü�ãþ ´¨� ÓþÂãµª�¡: 11.2.1Ýó
∫
µ = 0 ¯Âª ¤¢ �î Àª�� K ù¢ÂÈê ÛÞ½õ �� Rn ýø¤ C∞ �Âê-n×þ µ = φ(η)dy À��î ­Âê.supp ω ⊂ Kø µ = dω �Øþ¤�Î�¢¤�¢ ¢��ø ω �Âê-(n− 1) ×þ �¤�¬ ßþ�¤¢.À�î üõ ëÀ¬: 12.2.1��Ìì.¢¤�À÷ üÚµÆ� µ �� ü�ãþ ,´¨� ÓþÂãµª�¡ ë�ê �¤�Ê� ��¤¢ ÓþÂã�üõ ëÀ¬ ë�ê Ýó Íþ�Âª ¤¢ µ − η Å� ,À�ª�� y0 ø f ý�Â� ñ�±ì Û��ì �Âê ø¢ η ø µ À��î ­Âê :��±��.µ− η = dω �Øþ¤�Î� ¢¤�¢ ¢��ø U ¤¢ ù¢ÂÈê ÛÞ½õ �� ω �Âê-(n− 1) ×þ Å�.À��î

∫

U
f∗(µ) −

∫

U
f∗(η) =

∫

U
f∗(µ− η) =

∫

U
f∗(dω) =

∫

U
d(f∗(ω)):Ýþ¤�¢ Å÷�� ¤�þ¢ ��Ìì ¥� ù¢�Ôµ¨� ��

=

∫

∂U
f∗(ω) = 0Ýþ¤�¢ Å� .´¨� ÂÔ¬ f(∂U) ýø¤ ω Å� supp ω ⊂ K ö��)

∫

U
f∗(µ) =

∫

U
f∗(η)

2 .´¨� ÓþÂã� ©�¡ d(f, U, y0) ø:Ý��î üõ ü¨¤Â� �¤ ¤ø�Â� ��¤¢ «��¡ ü¡Â� ñ��
dy = dy1 ∧ . . . ∧ dyn

109



d(f, U, y0) = d(f, U, y1) ,Àª�� ×��î |y0 − y1|Âð� (1 ´�¬�¡üê�î ù¥�À÷� �� |y1 − y0|Âð� ¢�� Àû��¡ ñ�±ì Û��ì Ýû y1 ý�Â� ,Àª�� ñ�±ì Û��ì y0 ý�Â� µÂð� :��±��
2 .Àª�� ×��îù�Ú÷� y0 6∈ f(Ū) Âð� «�¡ ´ó�� ¤¢ .d(f, U, y0) = d(y0) ù�Ú÷� Àª�� f ý¢�ä ¤�ÀÖõ ×þ y0Âð� (2 ´�¬�¡

d(f, U, y0) = 0À��î ­Âê .´¨� üû��µõ f−1(y0) Å� ´¨� f ý¢�ä ¤�ÀÖõ ×þ y0 ö�� :��±��
f−1(y0) = {x1, x2, . . . , xm}

Ni ýø¤ f �Ø þ¤�Î � ´¨� ¢��� õ Ni üÚ þ�ÆÞû ×þ xi Â û ý�Â � §�Ø ã õ â �� � � �Ì ì Õ ±Ï .Ý � ª� � � µ ª�¢ i 6= j Â û ý�Â � � î ¢Â î ��¿ µ ÷� ý¤� Ï �¤ � û Ni ö�� � ü õ .´¨� Ý Æ � ê¤� õ� ÿ Ô þ¢Ý�û¢ üõ ¤�Âì .Ni ∩Nj = ∅

N =
⋂

f(Ni)ñ�±ì Û��ì f, y0 ý�Â� N¤¢ ù¢ÂÈê ÛÞ½õ �� µ �Âê - n À��î ­Âê ß��»Þûø y0 ∈ N �¤�Ê�þ�¤¢Å� .Àª��
d(f, U, y0) =

∫

U µ ◦ f =
∑m

i=1 ∫

Ni
µ ◦ f=

∑m
i=1 ∫

f(Ni)
sgn[det df(x)]µÅ� ∫f(Ni)−N µ = 0 ö��

=
m∑

i=1 sgn[det df(xi)]

∫

N
µ =

m∑

i=1 sgn[det df(xi)] = d(y0)ø ´¨� ý¢�ä ¤�ÀÖ õ ×þ y0 ù�Ú ÷� y0 6∈ f(Ū) Â ð� � î ¢�ª üõ �¹� µ ÷ ë� ê ù¤�� ð ¥� ´þ�ú ÷ ¤¢ ø
2 .d(y0) = 0: 13.2.1�¹�µ÷ù�Ú÷� Àª�� �µª�¢ ¤�Âì R

n − f(∂U) ¤¢ ü�ãþ y0 ü÷�Þî �Ôó�õ ¤¢ �î Àª�� f ý¢�ä ¤�ÀÖõ ×þ y Âð�.d(y) = d(f, U, y0)10



üÚµÆ� t Âµõ�¤�� �� �î �µ¨��� â���� ¥� �µ¨¢ ×þ 0 ≤ t ≤ 1 ,{ft(.)} À��î ­Âê :(ü����Þû ´�¬�¡) (3 ´�¬�¡�Øþ¤�Î� Àª�� ¢¤�¢
F (x, t) = ft(x)0 ≤ t ≤ 1 ý�Â� Âð� .Àª�� ft ∈ C1(Ū ,Rn) 0 ≤ t ≤ 1 Âû ý�Â� ø �µ¨��� Rn �� Ū × [0,1] ¥�. ´¨� t ¥� ÛÖµÆõ d(ft, U, y0) �¤�Ê�þ�¤¢ y0 6∈ ft(∂U)À�û¢ ¤�Âì :��±��

Y = {ft(x);x ∈ ∂U,0 ≤ t ≤ 1}
sup(µ) ∩ Y = ∅ �Øþ¤�Î� Àª�� ñ�±ì Û��ì y0, f ý�Â� µ À��î ­Âê .´¨� ù¢ÂÈê Y ø y0 6∈ Y Å�¢�Àä� ¢Â� �� �µ¨��� â��� ×þ ��¤¢ ö�� ø ´¨��µ¨��� t ¤¢ â��� ßþ� ø d(ft, U, y0) =

∫

U µ ◦ f Å�
2 .Àª�� ´��� t ¤¢ Àþ�� Å� ´¨� ¼�½¬
y0 6∈ f(Ū−∪Ui)ø Àª�� U Ýû ¥� �À� ¥�� ý�û �ä�Þ¹õÂþ¥ ¥� ÂþÁ³ª¤�Þª ù¢��÷�¡ ×þ {Ui} À��î ­Âê (4 ´�¬�¡ø �û i ¥� üû��µõ ¢�Àã� �� �� ´¨� ÂÔ¬�û i�Þû ý�Â� d(f, Ui, y0) ù�Ú÷�

d(f, U, y0) =
∑

i

d(f, Ui, y0)×þ �¤ N . ´¨� ù¢ÂÈê ��÷ f(Ū − ∪Ui) Å� ´¨� ù¢ÂÈê �¹�µ÷ ¤¢ ø ´¨� �µÆ� Ū − ∪Ui :��±����Ìì �� ���� ��)Àª�� N¤¢ ý¢�ä ¤�ÀÖõ ×þ y ø Àª�� f(Ū − ∪Ui) ¥� �À� �î ÀþÂ�Ú� y0 ¥� üÚþ�ÆÞû: Ýþ¤�¢ 7.2.1 ´�¬�¡ �¹�µ÷ Â���� .(´¨� ý¢�ä ¤�ÀÖõ ×þ y ¢Âî ­Âê ö��� üõ ¢¤�¨
d(f, U, y0) = d(f, U, y)�û Ui¥� üû��µõ ¢�Àã� ¤¢ Àþ�� Å� ´¨� üû��µõ f−1(y) ö�� .d(f, Ui, y0) = d(f, Ui, y) i Âû ý�Â� ø

xi ∈ Ui �î f−1(y) = {x1, x2, · · · , xk} Âð� �¹�µ÷¤¢ .U1, U2, · · · , Uk�f ·õ ¢Â�Ú� ¤�Âì
d(f, U, y0) = d(f, U, y) = d(y) =

k∑1 sgn[detdf(xi)]

11



=
k∑1 d(f, Ui, y) =

k∑1 d(f, Ui, y0)

2ù� Ú ÷� y0 6∈ f(Q) ø À ª� � Ū ¤¢ � µ Æ � � ä� Þ ¹ õ × þ Q À � � î ­Â ê :(©Â � ´ � ¬� ¡) (5 ´�¬�¡
.d(f, U, y0) = d(f, U −Q, y0)

2 .¢�ª üõ �¹�µ÷ �f¤�ê Û±ì ´�¬�¡ ¥� ù�Ú÷� U1 = U −Q Ý�û¢ ¤�Âì Âð� :��±��ø À�ª�� m,n Àã� ¥� ¤�À÷�Âî ¥�� ý�û �ä�Þ¹õÂþ¥ Ũ , U À��î ­Âê (6 ´�¬�¡
f̃ ∈ C1( ¯̃U,Rm), f ∈ C1(Ū ,Rn)ù�Ú÷� ỹ0 ∈ R

m − f̃(∂Ũ),y0 ∈ R
n − f(∂U) Âð� �¤�Ê�þ�¤¢

d(f × f̃ , U × Ũ , (y0, ỹ0)) = d(f̃ , Ũ , ỹ0) × d(f, U, y0)
(y0, ỹ0) ∈ ø (U × Ũ) = Ū × ¯̃U ø ´ ¨� Rn+m ¤¢¤�À ÷�Â î ø ¥� � � ä� Þ ¹ õÂ þ¥ U × Ũ :�� ± ��
µ.µ̃Å� ,À�ª�� ñ�±ì Û��ì (ỹ0, f̃)ø (y0, f) ý�Â� µ̃ ø µ À��î ­Âê .Rn+m − (f × f̃)(∂(U × Ũ))ßþ�Â���� .´¨� (y0, ỹ0)¤¢ f × f̃ ý�Â� ñ�±ì Û��ì �Âê ×þ

∫

U×Ũ
(µ ∧ µ̃) ◦ (f × f̃) =

∫

U
µ ◦ f

∫

Ũ
µ̃ ◦ f̃

2

f(x)+λg(x) 6= 0 ü�ãþ) ,À�ª�±÷ Ýû ´ú� é�¡ ¤¢x ∈ ∂U ¥� ý� �ÎÖ÷ º�û ¤¢ g(x)ø f(x) ¤�¢Â� Âð� (7 ´�¬�¡.d(f, U,0) = d(g, U,0) ù�Ú÷� 0 6∈ f(∂U) ∪ g(∂U) ø (x ∈ ∂U, λ ≥ 0 �Þû ý�Â�
2 .ht = tf + (1− t)g À�û¢ ¤�Âì :��±��12



: 14.2.1�¹�µ÷ý�Â� ø Àª�±÷ x´ú� é�¡¤¢ f(x) ∂U ¥� �ÎÖ÷ º�û ¤¢ Âð�.U = {x ∈ R
n; |x| ≤ a} À��î ­Âê.´¨� ü���� ý�¤�¢ U Û¡�¢ ¤¢ f(x) = 0�¤�Ê�þ�¤¢ f(x) 6= 0 Ý�ª�� �µª�¢ |x| = a

2 .´¨� Rn ¤¢ ü÷�Þû â��� I �î d(f, U,0) = d(I, U,0) ö�� :��±��ù�Ú÷� y0 6∈ f(∂U) ø f |∂U = g|∂U Âð� :ý¥Âõ ¤�ÀÖõ �� üÚµÆ��ø (8 ´�¬�¡
d(f, U, y0) = d(g, U, y0)Ýû�� ∂U ýø¤ g, f ö�� .ÀþÂ� ¤�î �� , t ≤ 1 ,tf + (1 − t)g ù¢��÷�¡ ý�Â� �¤ 3 ´�¬�¡ :��±��

2 .´¨�¤�ÂìÂ� 3 ��®øÂÔõ ,À�þø�Æõø À�µÆû R
n¤¢ ¤�À÷�Âî ¥� � ý�û �ä�Þ¹õÂþ¥ V ø U �î g ∈ C(V,Rn) , f ∈ C(U, V ) À��î ­Âê (9 ´�¬�¡

V ¤¢ ��¹õ ù¢ÂÈê ý�û �ä�Þ¹õÂþ¥ �ú÷� ¤�µÆ� �î Àª�� V − f(∂U) ¥� À�±Þû ¥�� ý�û �Ôó�õ {Vj}ù�Ú÷� z0 ∈ R
n − (g ◦ f)(∂U) Âð�.´¨�

d(g ◦ f, U, z0) =
∑

j

d(f, U, vj)d(g, Vj , z0)ßþ�Â���� . ´¨� ´��� v ∈ Vj �Þû ý�Â� d(f, U, v) �¹�þ� ¤¢) .´¨� üû��µõ ´¨�¤ ´Þ¨ âÞ� Û¬�� ø.(¢�ª üõ ÓþÂã� v ∈ Vj �î d(f, U, v) �¤�Ê� d(f, U, Vj)ßþ�Â���� Àª�� g ◦ fø f ý¢�ä ¤�ÀÖõ ×þ z0 ø À�ª�� C1 â���� g ø f Ý��î ­Âê :��±��
d(g ◦ f, U, z0) =

∑

u∈U,(g◦f)(u)=z0 sgn det d(g ◦ f)u

=
∑

u∈U,(g◦f)(u)=z0 sgn det dgf(u) sgn det dfu

=
∑

v∈V,g(v)=z0 sgn det dgv

∑

u∈U,g◦f(u)=z0 sgn det dfu13



=
∑

v∈V,g(v)=z0 sgn det dgv d(f, U, v)�Ôó�õ ßþ� ù�Ú÷� ,Àª�� �µª�¢ ¤�Âì ´¨� ù¢ÂÈê�÷ ¤�µÆ� ý�¤�¢ �î V − f(∂U) ¥� �Ôó�õ ×þ ¤¢ v Âð�Â��� � .(11.2.1�¹�µ÷ ø 2 ´�¬�¡ �� ���� � �) ´¨� d(f, U, v) = 0 ßþ�Â��� � .´¨��¹õ f(Ū) ¥�ø d(f, U, v) =
∑

j d(f, U, Vj) 5 ´�¬�¡
d(g ◦ f, U, z0) =

∑

j

d(f, U, Vj)
∑

u∈Vj g(v)=z0 sgn det dgv =
∑

j

d(f, U, Vj)d(g, Vj , z0)

2��úÔõ ×þ ��¤¢ �î Ýþ¢�À÷ ö�È÷ �õ� Ýþ¢Âî ´��� �¤ ��¤¢ ý¤�ÿ� ý�úµ�¬�¡ ¥� ý¢�þ¥ ¢�Àã� ö��î��Ý�û��¡ üõ ö��î� .Ýþ¢�À÷ �ã¨�� �µ¨��� ý�úµª�Ú÷ �� �¤ ��¤¢ ��úÔõ ÂÚþ¢ �¤�±ä �� .´¨� üØþ��ó����.Ýþ¥�¢Â³� �ó�bÆõ ßþ� ���Ø þ¤�Î � Àª� � C1(U,Rn)¤¢ â ��� � ¥� � ó� ± ÷¢ ×þ {fn} À� � î ­Âê ø f ∈ C(U,Rn) À� � î ­Âêï¤� � ü ê� î ¤À ì � � n ý�Â � ù� Ú ÷� y0 6∈ f(∂U) Â ð� .À � î Û � õ f� � Ū ýø¤ ,´¡�� � Ø þ¤� Î � fn:Ý�û¢ üõ ¤�Âì .¢�ª üõ ÓþÂã� d(fn, U, y0) ßþ�Â���� .y0 6∈ fn(∂U)

d(f, U, y0) = lim
n→∞

d(fn, U, y0) : 15.2.1Ýó.¢¤�À÷ üÚµÆ� {fn} �� ¢¤�¢ ¢��ø ë�ê À�À�û¢¤�Âì :��±��
δ = dis(y0, f(∂U))Àª�� C1(U,Rn)¤¢ â���� ¥� ÂÚþ¢ �ó�±÷¢ ×þ {gn} À��î ­Âê .´¨� ù¢ÂÈê f(∂U) ö�� δ ≤ ∞ Å�

n ≥ N ý�Â� �î Ý��î üõ ��¿µ÷� ö����¤ N ¢Àä .À�î üõ Û�õ f �� Ū ýø¤ ´¡���Øþ ¤�Î� {gn} �îÝ�ª�� �µª�¢
‖ fn − f ‖ + ‖ gn − g ‖≤ δ/214



À��î ­Âê .‖ . ‖=‖ . ‖L∞(U) �î
y0 = tfn(x) + (1− t)gn(x))Å� .0 ≤ t ≤ 1, n ≥ N,x ∈ ∂U �î

y0 − f(x) = y0 − tf(x) + (1− t)f(x) = t[fn(x) − f(x)] + (1− t)[gn(x) − f(x)]ý�Â� 3 ´�¬�¡ ¥� ù¢�Ôµ¨� �� ,n ≥ NÂð� �¹�µ÷¤¢ .´¨� ßØÞõÂ�è ßþ�ø |y0 − f(x)| ≤ δ/2 ßþ�Â����:Ýþ¤�¢ 0 ≤ t ≤ 1, tfn + (1− t)gn ù¢��÷�¡
d(fn, U, y0) = d(gn, U, y0) (∗)���Èõ ö��� üõ À� ßþ� ¢��ø ��±�� ý�Â� .´Æ�÷ �µÆ��ø {fn} �� Àª�� ¢���õ À� ßþ� Âð� ßþ�Â����:Ýþ¤ø� üõ ´¨À� (∗) �bÎ��¤ ���Èõ �î ÝþÂ� ¤�î �� m,n ≥ N �� fm , fn ý�Â� �¤ ¶½� ß�Þû

d(fn, U, y0) = d(fm, U, y0)
2 .À�î üõ Ûõ�î �¤ ��±�� ßþ�ø ´¨� ´��� n ≥ N ý�Â� d(fn, U, y0) �b ó�±÷¢ ßþ�Â����(L∞ ý��ó���� ��) f ¥� N üÚþ�ÆÞû ×þ ù�Ú÷� y0 6∈ f(∂U) Âð� �î Ýþ¤�¢ ���� Û±ì Ýó Â���� :ÂîÁ�.À÷¤�¢ ��¤¢ ×þ N ¤¢ C1 â���� �Þû �Ø÷��� ¢¤�¢ ¢��ø: 16.2.1��Ìì¤�Âì R

n − f(∂U) ¥� �Ôó�õ ×þ ¤¢ y1, y0 Âð�ø À÷¤�ÂìÂ� Ýû �µ¨��� â���� ý�Â� �Þû 9 �� 1 «��¡
d(f, U, y1) = d(f, U, y0) ù�Ú÷� À�ª�� �µª�¢Àª�� U �� φ �µ¨��� â�¨�� Âû f Âð� .Àª�� φ : ∂U → R
n − {y0} �µ¨��� ´ª�Ú÷ ×þ φ À��î ­ÂêÂû g Âð� .´Æ�÷ �µÆ��ø ü¬�¡ â�¨�� �� ��¤¢ ü�ãþ .¢�ª üõ ÓþÂã� �fÞÜÆõ d(f, U, y0) ù�Ú÷��î Àû¢ üõ ö�È÷ ü����Þû ´�¬�¡ ht = tf + (1− t)g , 0 ≤ t ≤ 1 Âð�ø Àª�� ýÂÚþ¢ â�¨��.´Æ�÷ �µÆ��ø t �� d(ht, U, y0)ü�ãþ d(f, U, y0) = d(g, U, y0) ù�Ú ÷� f |∂U = g|∂U y0 6∈ f(∂U) ø À�ª� � � µ¨�� � â ��� � g, f Âð� (1.¢¤�¢ üÚµÆ� ý¥Âõ ¤�ÀÖõ �� ÍÖê ��¤¢15



.¢¤�¢ üÚµÆ� φ ü����Þû §�î �� ÍÖê d(φ,U, y0) ù�Ú÷� y0 6∈ φ(∂U),φ ∈ C(∂U,Rn)Âð� (2
f1 , f0 Âð� .Àª� � φ0 = φ � � φ ¥� ü�� ��Þû üÆþ¢Âð¢ ×þ φt, 0 ≤ t ≤ 1 À��î ­Âê :��± ��:Ý�û¢ üõ ¤�Âì ,À�ª�� U Ûî �� φ0 , φ1 ¥� ý� �µ¨��� ý�úã�¨��

ft = tf0 + (1− t)f1
2 .À�î üõ Ûõ�î �¤ ��±�� ßþ� ø ´¨� t ¥� ÛÖµÆõ d(f, U, y0) �î Ý���� üõ: Ý��î ü¨¤Â� �¤ ��úÔõ ßþ� ý�û¢Â�¤�î ¥� ý¢�Àã� Ý�û��¡ üõ ö��î�: 17.2.1��Ìì�î Àª�� �µª�¢ ¢��ø k ∈ Z, k ≥ 0 ø f ∈ C(Rn,Rn) À��î ­Âê

lim|x|→∞
< f(x), x >

|x|k
=

+

∞. ´¨�ª�� f ü�ãþ f(x0) = y0 �î ¢¤�¢ ¢��ø x0 ∈ R
n ×þ y0 ∈ R

n Âû ý�Â� ù�Ú÷�­Âê ö��î�.¢Âî ­�ä f(x) − y0�� �¤ f(x) ö��� üõ �¤�Ê�þ�Â�è¤¢ y0 = 0 Ý��î ­Âê Ý�÷��� üõ :��±���µª�¢ ,|x| = r ý�Â� Âð� .< f(x), x >≥ 0 :Ý�ª�� �µª�¢ |x| = r Âð� �Øþ¤�Î� Àª�� ¢���õ r ≥ 0 Ý��î üõÓó�¿õ ´ú� |x| = r ¤¢ ý� �ÎÖ÷ º�û ¤¢ f(x) ¢�ª üõ �¹�µ÷ < f(x), x >≥ 0 ¥� ù�Ú÷� ,f(x) 6= 0 Ý�ª��
2 .¢¤�¢ |x̄| ≤ r �� x̄ ���� ×þ f(x) = 0 �¹�µ÷¤¢ .´Æ�÷ x: 18.2.1��Ìì¢��ø f : D̄ → ∂D Û·õ �µ¨��� ´ª�Ú÷ º�û �¤�Ê�þ�¤¢ Àª�� Rn¤¢ ¥�� ý�ð ×þ D À��î ­Âê.Àª�� ü÷�Þû f |∂D �Øþ¤�Î� ¢¤�À÷,4 ´ �¬� ¡ Â �� � � 0 ∈ R

n − f(∂D) ö� � .À ª� � ¢� �� õ f Û · õ ü ã �� � ß � � � Ý � � î ­Â ê :�� ± ��´¨� ßØÞõÂ�è ßþ�ø 0 ∈ f(D) Å� d(f,D,0) = 1Å� d(I,D,0) = 1 �õ� d(f,D,0) = d(I,D,0)

2 .´¨� Ëì��� ßþ� ø 0 6∈ ∂D , f(D) ⊂ ∂D ö��16



: 19.2.1¤ø�Â� ´��� �ÎÖ÷ �b �ÌìÀª�� �µ¨��� â��� ×þ φ : D̄ → D̄Âð�.Àª�� é¤�õ�ÿÞû R
n ¤¢ À��ø ý�ð �� D ⊂ R

n À��î ­Âê
φ(x̄) = x̄�Øþ¤�Î� ¢¤�¢ ¢��ø ö��� x̄ ∈ D̄ ü�ãþ ´¨� ´��� �ÎÖ÷ ý�¤�¢ φ ù�Ú÷���÷ D ý�Â� ù�Ú÷� Àª�� ¤�ÂìÂ� D′ ý�Â� ��Ìì Âð� ø Àª�� D�� é¤�õ�ÿÞû D′ Âð� �î À��î ���� �f ø� :��±��.´¨�¤�ÂìÂ��¤ D′ ψ−1φψ �¤�Ê�þ�¤¢ ¢¤�Ú ÷ üõ D ý�� � � ÝÆ�ê¤�õ� ÿÞû ×þ � � �¤ D′ ,ψ À��î ­Âê ´Ö�Ö� ¤¢

φ : D̄ → D̄ ´��� �ÎÖ÷ x̄ �î ´¨� ψ−1(x) ´��� �ÎÖ÷ ý�¤�¢ ßþ�Â���� Å� .¢¤�Ú÷ üõ ©¢�¡ �� �µ¨���¤�Î�.´¨�ü�ãþ) Àª�� �µª�À÷ üµ�� � �ÎÖ÷ º�û φÂð� .´¨� Ǒ�À±õ �îÂõ �� À��ø ×Æþ¢ D ¢Âî ­Âê ö��� üõ Å�:À��î üõ ÓþÂã� Í¡ ×þ φ(x) ø x �ÎÖ÷ x ∈ D Âû ý�Â� ù�Ú÷� (φ(x) 6= x

λx+ (1− λ)φ(x) λ ∈ R.À�î üõ âÎì ��¹õ �ÎÖ÷ ø¢ ¤¢�¤ ∂D �î�¤ D̄ , f Å� .´¨� λ ≥ 1 �ÎÖ÷ ö� ¤¢ ø ¢¤�¢ 1 �Â÷ �î Àª�� Í¡ ßþ� ýø¤ üþ�µØþ �ÎÖ÷ f(x)À��î ­Âê
2 .´¨� ßØÞõÂ�è Û±ì ��ÌìÂ���� ßþ�ø f |∂D = Iø ¢¤�Ú÷ üõ ∂D �� �µ¨���¤�Î�: Ýþ¥�¢Â� üõ ¤ø�Â� ´��� �ÎÖ÷ ��Ìì ý�û¢Â�¤�î ü¡Â� ü¨¤Â� �� ö��î�: 20.2.1��Ìì�ó¢�ãõ Â�Æõ Âû �Øþ¤�Î� Àª�� Rn¤¢ À��ø ý�ð �� ×�ê¤�õ�ÿÞû ö�À�õ ×þ D ⊂ R

n À��î ­Âêø ¢�ª áøÂª D ¤¢ ý� �ÎÖ÷ ¥� t = 0 ¤¢ �î(À�î üõ ëÀ¬ üã®�õ üÆµ�ª ²�ó ¯Âª¤¢ f �î) ẋ = f(x)ý� �ÎÖ÷ ü�ãþ .¢¤�¢Â� ¤¢ �¤ �ó¢�ãõ ßþ� ßî�¨ �ÎÖ÷ ×þ Ûì�À� D �¤�Ê�þ�¤¢ ,À÷�Þ� üì�� D¤¢ t > o ý�Â�.´¨� �ó¢�ãõ ßþ� ���� x(t) = x̄ �Øþ¤�Î� ´¨� ¢���õ D ¤¢ x̄ À�÷�õ�¤�±ä �� .Ý�û¢ üõ ö�È÷ x0.t ���¤ x(0) = x0 ��óø� ¯Âª�� ẋ = f(x) �ó¢�ãõ ���� üð¢�¨ ý�Â� :��±��¢�Àä� ¥� ý� �ó� ± ÷¢ �¤ {tk} .À�î üõ ëÀ¬ x(0) = x0 ¯Âª ¤¢ �î ´¨� �ó¢�ãõ ßþ� ¥� ü���� x0.t ÂÚþ¢�¤�Ê� D �� D ¥� �¤ fk(x) ´ª�Ú÷ ´��� k ý�Â� ñ�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ À�þ�ÂÚÞû ÂÔ¬ �� �î ´±·õ üÖ�Ö�.À��î ÓþÂã� fk(x) = x.tk¥� �µ¨��� üµª�Ú÷ fk �î ¢�ª üõ �¹�µ÷ 11Û�Æ÷�ÂÔþ¢ ��¢�ãõ ��óø� ¯Âª �� ´±Æ÷ ���� üÚµ¨��� ´�¬�¡ ¥�℄6[,27 �½Ô¬ ,ñø� ÛÊê 1117


