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¤�µÔðÇ��

ø Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý¥�¨�µÆÆð �ÜÞ� ¥� ,ü¨À�úõ ø ü��±¨�½õ ô�Üä ¤¢ ý¢Â�¤�î Û��Æõ ¥� ý¤��Æ� Û�

ï¤Ã� ¢�ã�� �� ×�� üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� �� Â¹�õ ,ý¢Àä ý¥�¨���ú� ùø�ã� ø üÎ¡Â�è ñ�ÂÚµ÷�

.(¢�ª á��¤ ]16[ �þ ]14[ ,]7[ ��)¢�ªüõ

üÎ¡Â�è â��� ü��î�¦ ÅþÂ��õ .Àª�� �µ¨��� ��ÖµÈõ �� üÎ¡Â�è â��� ,F : D � C n ! C n À��î­Âê

�¤�¬ �� �î ö� üµ�õÂû Ç¿� Âð� ,Ý�õ�÷üõ ´±·õ ß�ãõ Ý�û¢üõ ö�È÷ F 0

(x) �� �î F (x)

H(F
0

(x)) =
1

2
(F

0

(x) + (F
0

(x))H );

Âþ¥ �¤�¬ �� F üÎ¡Â�è â��� ü��î�¦ ÅþÂ��õ ¸î-üµ�õÂû Ç¿� .Àª�� üµ�õÂû ´±·õ ß�ãõ ,¢�ªüõ ö���

:¢�ªüõ ö���

S(F
0

(x)) =
1

2
(F

0

(x) � (F
0

(x))H ):

üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢

F (x) = 0; (1.0.0)

¤¢ ,F (x) üÎ¡Â�è â��� ü��î�¦ ÅþÂ��õ Ã�÷ ø Àª�� (1.0.0) ù�Úµ¨¢ ���� ,x� À��î­Âê .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

.Àª�� ´±·õ ß�ãõ ø üµ�õÂûÂ�è ,×��e Ý�û¢üõ ö�È÷ F 0

(x�) �� �î x� �ÎÖ÷

ü¨¤Â� ¢¤�õ �¤ �ú÷� üþ�ÂÚÞû Ã�÷ ø �ûù�Úµ¨¢ �÷�ð ßþ� Û� ý�Â� �¤�î ý¤�ÂØ� ý�úªø¤ ,�õ�÷ ö�þ�� ßþ� ¤¢

,(1.0.0) �Î��¤ üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� �úªø¤ ßþÂµÞúõ ø ßþÂ�üÞþÀì ¥� üØþ .Ý�û¢üõ ¤�Âì

:¢�ªüõ ö��� Âþ¥ ÛØª �� �î ´¨� ß���÷ ©ø¤

x(k+1) = x(k) � (F
0

(x(k)))�1F (x(k)); k = 0;1;2; : : : ;

¥



�¤�¬ �� ö���üõ �¤ ß���÷ ©ø¤ ´¨� üúþÀ� .´¨� ùÀª ù¢�¢ ��óø� ¤�¢Â� ×þ ,x(0) ö� ¤¢ �î

x(k+1) = x(k) + s(k); (2.0.0)

ù�Úµ¨¢ ´¨� ô¥� s(k)�±¨�½õ ý�Â� �î ´ª�÷

F
0

(x(k))s(k) = �F (x(k)); (3.0.0)

ý¤�Â Ø � ý� ú ªø¤ ,´ ¨� ï¤Ã � À ã � ý�¤�¢ ø × � �e F 0

(x) ü �� î�¦ Å þÂ �� õ � î ü ÷� õ¥ .¢� ª Û �

ü�µ±õ ý¤�ÂØ� ý�úªø¤ �þ (¢�ª á��¤ ]14[ �þ ]10[ ��): : : ø 3USOR ,2SOR ,1ñÀ þ� ¨ §ø� ð ý� µ Æ þ�

ý�úªø¤ ö���ä �� ¢¤��õ °Üè� ¤¢ (¢�ª á��¤ ]2[ �þ ]12[��) ,5CG ø 4GMRES À�÷�õ ÓÜþ�Âî ý�Ìê Âþ¥ Â�

üµ�õÂû ´ê�Øª ý¤�ÂØ� ©ø¤ .À÷ø ¤üõ ¤�î �� (3.0.0) �Î��¤ ¤¢ s(k) ¤�¢Â� ü±þÂÖ� �±¨�½õ ý�Â� Â��õ ý¤�ÂØ�

ù�Úµ¨¢ Û� ý�Â� �¤�î üªø¤ ,´¨� ùÀª üêÂãõ ]6[ ¤¢ Ç÷�¤�ØÞû ø 7ý�� Í¨�� �î 6(HSS) ¸î-üµ�õÂû ø

HSS ý¤�ÂØ� ©ø¤ ,À÷¢Âî ´��� Ç÷�¤�ØÞû ø ý�� .´¨� ´±·õ ß�ãõ üµ�õÂûÂ�è ÅþÂ��õ �� üÎ¡ ��¢�ãõ

ÅþÂ��õ ý�Â� �î ü÷�õ¥ ©ø¤ ßþ� üþ�ÂÚÞû ´äÂ¨ ùø�ã� ø ´¨�ÂÚÞû ù�Úµ¨¢ üãì�ø ���� �� üÏÂª º�û öøÀ�

ß��»Þû .´¨� ö�ÆØþ �ø¢Ãõ ö�þ¢�Âð ©ø¤ üþ�ÂÚÞû ´äÂ¨ �� ¢ø¤üõ ¤�î �� H(A) = 1

2
(A + AH ) üµ�õÂû

´±·õ ß�ãõ üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� ý�ì ø �¤�î üªø¤ HSS ý¤�ÂØ� ©ø¤ Àû¢üõ ö�È÷ ý¢Àä ¸þ�µ÷

.´¨� üµ�õÂûÂ�è

ý�µÆþ� ý¤�ÂØ� ý�úªø¤ ¥� ù¢�Ôµ¨� ý�¹� (1.0.0) üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� ,�õ�÷ ö�þ�� ßþ� ¤¢

ü±þÂÖ� Û� ý�Â� HSS ý¤�ÂØ� ©ø¤ ¥� ,ÓÜþ�Âî ý�Ìê Âþ¥ Â� ü�µ±õ ý¤�ÂØ� ý�úªø¤ �þ ø ... ø USOR ,SOR

¸î-üµ�õÂû ø üµ�õÂû ´ê�Øª-ß���÷ ©ø¤ �î Ý��îüõ ù¢�Ôµ¨� ß���÷ ©ø¤ ¥� ùÀõ� ´¨À� (3.0.0) ��¢�ãõ

.¢¤�¢ ô�÷ 8(Newton-HSS)

ø HSS ©ø¤ ôø¢ ÛÊê ¤¢ .Ý��îüõ ý¤ø�¢�þ �¤ ��óø� Ý�û�Ôõ ø Óþ¤�ã� ü¡Â� �õ�÷ö�þ�� ßþ� ñø� ÛÊê ¤¢

´±·õ ß�ãõ üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� 9(IHSS) Éì�÷ ¸î-üµ�õÂû ø üµ�õÂû ´ê�Øª ©ø¤ ß��»Þû

©ø¤ ,ô�¨ ÛÊê ¤¢ .Àª Àû��¡ ü¨¤Â� ÛÊê ßþ� ¤¢ IHSS ø HSS ©ø¤ üþ�ÂÚÞû ß��»Þû .Ý��îüõ üêÂãõ

Gauss-Seidel1

Successive overrelaxation2

Unsymmetric Successive overrelaxation3

Generalized Minimal Residual4

Conjugate Gradient5

Hermitian and skew-Hermitian Splitting6

Bai7

Newton Hermitian and skew-Hermitian Splitting8

Inexact Hermitian and skew-Hermitian Splitting9

�



ß��»Þû .Ý��îüõ üêÂãõ ,´±·õ ß�ãõ ü��î�¦ ÅþÂ��õ �� üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� Newton-HSS

ÛÊê ßþ� ¤¢ ´±·õ ß�ãõ ü��î�¦ ÅþÂ��õ �� üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� Newton-HSS ©ø¤ üþ�ÂÚÞû

.Ýþ¥�¢Â�üõ ùÀª üêÂãõ ý�úªø¤ ¥� ý¢Àä ¸þ�µ÷ ü¨¤Â� �� ô¤�ú� ÛÊê ¤¢ .Àª Àû��¡ ü¨¤Â�

¯



1 ÛÊê

��óø� Ý�û�Ôõ ø ��õÀÖõ

.Ý��îüõ ¤øÂõ �¤ À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ýÀã� ý�ûÛÊê ¤¢ �î üþ�þ�Ìì ø Óþ¤�ã� ¥� ü¡Â� Ç¿� ßþ� ¤¢

��óø� Ý�û�Ôõ ø Óþ¤�ã� 1.1

k: k Û·õ ´¨� ý�â��� V ýø¤ ôÂ÷ ×þ .Àª�� C ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ V À��î ­Âê 1.1.1 ÓþÂã�

:À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ý¤�Ï �� R �� V ¥�

;x = 0 Âð� �ú�� ø Âð� kxk = 0 ùø�ã� .kxk � 0 ,x 2 V Âû ý�¥� �� (Óó�)

;k�xk = j�jkxk ,x 2 V ø � 2 C Âû ý�¥� �� (�)

.(¶Ü·õ ýø�Æõ�÷) kx+ yk � kxk+ kyk ,x; y 2 V Âû ý�¥� �� (�)

.Ý���ð üÆþÂ��õ ôÂ÷ �¤ ôÂ÷ ,V = C n�n �î ü�¤�¬ ¤¢ ø ý¤�¢Â� ôÂ÷ �¤ ôÂ÷ ,V = C n �î ü�¤�¬ ¤¢

�¤�¬ �� x = (x1; x2; : : : ; xn)
T 2 V ¤�¢Â� ôÂ÷�p ,p � 1 Âû ý�¥� �� .V = C n Ý��î ­Âê 2.1.1 ñ�·õ

kxkp = (

nX
i=1

jxijp)
1

p ;

ôÂ÷ �¤ ë�ê ôÂ÷ p = 2 ý�¥� �� .À�îüõ �®¤� �¤ 1.1.1 ÓþÂã� Íþ�Âª k:kp �î Àþ¢ ö��� üõ .¢�ª üõ ÓþÂã�

.À�õ�÷üõ 1ü¨À�Üì�

Euclidean Norm1

1



2 ��óø� Ý�û�Ôõ ø ��õÀÖõ :1 ÛÊê

ù�Ú÷� ,A 2 C n�n ø C n ýø¤ ý¤�¢Â� ôÂ÷ ×þ k: k Âð� 3.1.1 ñ�·õ

kAk = max
kxk=1

kAxk = max
x6=0

kAxk
kxk ;

.À�þ�ð ý¤�¢Â� ôÂ÷ ßþ� �� ÂÒ��µõ üã�±Ï ôÂ÷ �¤ ôÂ÷ ßþ� .À�îüõ ÓþÂã� �¤ üÆþÂ��õ ôÂ÷ ×þ

°�Âõ �ø¥ Âû �� �î ´¨� ý�â��� ,V (ÍÜµ¿õ �þ) üÖ�Ö� ý¤�¢Â� ý�Ìê ýø ¤ üÜ¡�¢ �Â®×þ 4.1.1 ÓþÂã�

:À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ý¤�Ï �� Àû¢üõ ´±Æ÷ (x; y) (ÍÜµ¿õ �þ) üÖ�Ö� Âó�Ø¨� ,V ¤¢ y ø xý�û¤�¢Â� ¥�

;x = 0 Âð� �ú�� ø Âð� (x; x) = 0 ùø�ã� .(x; x) � 0 ø Àª�� üÖ�Ö� (x; x) (Óó�)

;(x; �y) = �(x; y) ,� Âó�Ø¨� Âû ý�Â� (�)

;(x; y + z) = (x; y) + (x; z) ,z 2 V Âû ý�Â� (�)

.(x; y) = (y; x) (¢)

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� �ú÷� ¢¤�À÷�µ¨� üÜ¡�¢ �Â® ,C n ¤¢ y ø x ¤�¢Â� ø¢ Âû ý�Â� 5.1.1 ñ�·õ

(x; y) =

nX
i=1

xiyi:

N �N ÅþÂ��õ 6.1.1 ÓþÂã�

T =

0
BBBBB@

a1 b1

c2 a2
. . .

. . . . . . bn�1

cn an

1
CCCCCA ;

.Ý�û¢üõ ö�È÷ T = tridiagN (ci; ai; bi) �� ø Ý�õ�÷üõ ýÂÎì�¨ ÅþÂ��õ ×þ �¤

ßþ� ¤¢ .À�ª�� ù��¿ó¢ ÅþÂ��õ ø¢ B 2 Rr�s ø A 2 Rp�q �î À��î ­Âê (ÂØ÷øÂî �Â®) 7.1.1 ÓþÂã�

¢�Þ÷ �� �¤ B ÅþÂ��õ ¤¢ AÅþÂ��õ ÂØ÷øÂî �Â® ,C 2 Rpr�qs ÅþÂ��õ �¤�¬

C = A
B;

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� ø À�û¢üõ Çþ�Þ÷

A
B =

0
BBBB@

Ab11 Ab12 : : : Ab1s

Ab21 Ab22 : : : Ab2s

Abr1 Abr2 : : : Abrs

1
CCCCA :



3 ��óø� Ý�û�Ôõ ø ��õÀÖõ :1 ÛÊê

�¤�¬ �� A ÅþÂ��õ ù¢�ú÷�Â� .Àª�� üÖ�Ö� ý�û�þ�¤¢ �� üÆþÂ��õ A = (aij) À��î ­Âê 8.1.1 ÓþÂã�

AT = (aji);

�� A ÅþÂ��õ üµ�õÂû ù¢�ú÷�Â� ,Àª�� ÎÜµ¿õ ý�û�þ�¤¢ �� üÆþÂ��õ A = (aij) �î ü�¤�¬ ¤¢ .¢�ªüõ ÓþÂã�

�¤�¬

AH = (aji);

¸î-üµ�õÂû �¤ ö� ø AH = A ù�ðÂû À�þ�ð üµ�õÂû �¤ AÅþÂ��õ .A 2 C n�n À��î­Âê ñ�� .¢�ªüõ ÓþÂã�

.AH = �A Âð� À�þ�ð

.Àª�� ü÷�µ¨ �þ ýÂÎ¨ Ûõ�î �±�¤ ý�¤�¢ ù�ðÂû À�þ�ð Ûõ�î �±�¤ ¥� �¤ A ÅþÂ��õ 9.1.1 ÓþÂã�

ù�ðÂû Ý�þ�ð Àõ�ãµõ ø¢ �� ø¢ C n ¤¢ �¤ xn,: : : ,x2,x1 ý�û¤�¢Â� 10.1.1 ÓþÂã�

(xi; xj) = xHi xj = 0; i 6= j;

:´ª�¢ Ý�û��¡ ù�Ú÷� ,X = (x1; � � � ; xn) Ý�û¢ ¤�Âì Âð� �¤�¬ ßþ� ¤¢

XHX = D;

Àõ�ãµõ �¤ X ÅþÂ��õ ø �Øþ Àõ�ãµõ �¤ �û¤�¢Â� D = I Âð� ùø�ã� .Àª��üõ n�n ýÂÎì ÅþÂ��õ ×þ D ö� ¤¢ �î

.Ý�þ�ð

�� �f�÷�� ø Àª�� üµ�õÂû �f ø� ù�ðÂû ,Ý�þ�ð (1HPD) üµ�õÂû ´±·õ ß�ãõ �¤ A 2 C n�n ÅþÂ��õ 11.1.1 ÓþÂã�

Ý�ª�� �µª�¢ ,x 2 C n ÂÔ¬ Â�è ¤�¢Â� Âû ý�¥�

xHAx > 0:

.xHAx � 0 ,x 2 C
n Âû ý�Â� ø ù¢�� üµ�õÂû A ù�ðÂû À�þ�ð üµ�õÂû ´±·õ ß�ãõ �Þ�÷ �¤ A ÅþÂ��õ ß��»Þû

.Àª�� üµ�õÂû ´±·õ ß�ãõ ,A+AH ÅþÂ��õ ù�ðÂû ,Ý�þ�ð ´±·õ ß�ãõ �¤ A 2 C n�n ÅþÂ��õ 12.1.1 ÓþÂã�

ù�Ú÷� ,Àª�� ü÷�Øþ Q Âð� .QHQ = I ù�ðÂû ,Ý�þ�ð 2ü÷�Øþ �¤ Q 2 C n�n ÅþÂ��õ 13.1.1 ÓþÂã�

kQk2 = 1:

Hermitian Positive De�nite1

unitary2



4 ��óø� Ý�û�Ôõ ø ��õÀÖõ :1 ÛÊê

Âð� À�þ�ð ñ�õÂ÷ �¤ A üã�Âõ ÅþÂ��õ 14.1.1 ÓþÂã�

AAH = AHA:

ÅþÂ��õ ý�Â� x 2ùÄþø ¤�¢Â� �� ÂÒ��µõ 1ùÄþø ¤�ÀÖõ ×þ � 2 C Ý�þ�ð .A 2 C n�n À��î ­Âê 15.1.1 ÓþÂã�

ù�ðÂû ,´¨� A

Ax = �x; x 6= 0;

.À�þ�ð A ùÄþø �ø¥ ×þ �¤ (�; x) �¤�¬ ßþ� ¤¢

¤�ÀÖõ ßþÂµð¤Ã� �¤�¬ ßþ� ¤¢ .Àª�� A ÅþÂ��õ ùÄþø Âþ¢�Öõ ô�Þ� �ä�Þ¹õ �(A) À��î ­Âê 16.1.1 ÓþÂã�

.Ý�û¢ üõ ö�È÷ �(A) �� ø Ý�þ�ð A ÅþÂ��õ 3üÔ�Ï á�ãª �¤ ÕÜÎõ ¤Àì ¶�� ¥� A ùÄþø

Ý�û¢üõ ¤�Âì ,À�ª�� AHA ÅþÂ��õ ùÄþø Âþ¢�Öõ �1 � �2 � � � � � �n � 0 À��î ­Âê 17.1.1 ÓþÂã�

�i =
p
�i; i = 1;2; : : : ; n:

.À�õ�÷üõ A ÅþÂ��õ 4ß�Ø� Âþ¢�Öõ �¤ �1 � �2 � � � � � �n � 0Âþ¢�Öõ

�¤�¬ ßþ� ¤¢ ,Àª�� ¢ÂÔ�õ�÷ A ÅþÂ��õ À��î ­Âê 18.1.1 ÓþÂã�

k(A) = cond(A) = kAk2kA�1k2;

©�¡ ù�Úµ¨¢ ×þ �¤ Ax = b ù�Úµ¨¢ ù�Ú÷� Àª�� ×��î cond(A)Âð� .Ý�þ�ðüõ A ÅþÂ��õ 5üÏÂª ¢Àä �¤

.Ý�õ�÷ 7 ¯Âª À� �¤ ù�Úµ¨¢ ,Àª�� ï¤Ã� cond(A) �î ü�¤�¬ ¤¢ ø ,6¯Âª

ù�ðÂû ,Ý�þ�ð A ¥� ´ê�Øª ×þ �¤ A = M �N �¤�¬ ßþ� ¤¢ .M;N 2 C n�n À��î ­Âê 19.1.1 ÓþÂã�

.Àª�� ¢ÂÔ�õ�÷M

eigenvalue1

eigenvector2

spectral raduis3

singular values4

condition number5

well-conditioned6

ill-conditioned7



5 ��óø� Ý�û�Ôõ ø ��õÀÖõ :1 ÛÊê

��óø� ý�þ�Ìì 2.1

�� ù�Ú÷� Àª�� V ý¤�¢Â� ý�Ìê ýø¤ üÜ¡�¢ �Â® ×þ (:; :) Âð� (1Ã�¤��î-üª�î ýø�Æõ�÷) 1.2.1 ��Ìì

:Ýþ¤�¢ ,u; v 2 V Âû ý�¥�

j(u; v)j � (u; u)
1

2 (v; v)
1

2 :
2 .¢�ª �ã��Âõ ]1[�� :ö�ûÂ�

.À�µÆû üÎ¡ ÛÖµÆõ ,Ãþ�Þµõ ùÄþø Âþ¢�Öõ �� ÂÒ��µõ ùÄþø ý�û¤�¢Â� 2.2.1 ��Ìì

2 .¢�ª �ã��Âõ ]1[ �� :ö�ûÂ�

ö� ùÄþø Âþ¢�Öõ �Þû ø Àª�� üµ�õÂû A ÅþÂ��õ Âð� .À÷�üÖ�Ö� üµ�õÂû ÅþÂ��õ ×þ ùÄþø Âþ¢�Öõ 3.2.1 ��Ìì

.´¨� üµ�õÂû ´±·õ ß�ãõ A ù�Ú÷� ,À�ª�� ´±·õ

2 .¢�ª �ã��Âõ ]1[ �� :ö�ûÂ�

k:k üã�±Ï ôÂ÷ Âû ý�Â� �¤�¬ ßþ� ¤¢ ,Àª�� A 2 C n�n ÅþÂ��õ ùÄþø ¤�ÀÖõ ×þ � Ý��î ­Âê 4.2.1 ��Ìì

:Ýþ¤�¢ k:k üã�±Ï ôÂ÷ Âû ø A 2 C n�n ÅþÂ��õ Âû ý�Â� �¹�µ÷ ö���ä �� . j�j � kAk ,Ýþ¤�¢

�(A) � kAk:
2 .¢�ª �ã��Âõ ]1[ �� :ö�ûÂ�

:Ýþ¤�¢ ,B ø A ¢ÂÔ�õ�÷ ø üã�Âõ ÅþÂ��õ ø¢ Âû ý�Â� 5.2.1 ��Ìì

�(AB) = �(BA):

2 .¢�ª �ã��Âõ ]1[ �� :ö�ûÂ�

ù�Ú÷� ,Àª�� ü¨À�Üì� ¤�¢Â� ôÂ÷ Í¨�� ùÀª À�ó�� üÆþÂ��õ ôÂ÷ , k:k
2
Âð� , A 2 C n�n À��î ­Âê 6.2.1 ��Ìì

kAk2 =
q
�(AHA) = �1;

ù�Ú÷� Àª�� üµ�õÂû ÅþÂ��õ ×þ A Âð� Ýúõ �¹�µ÷ ×þ ö���ä �� .´¨� A ß�Ø� ¤�ÀÖõ ßþÂµð¤Ã� ,�1 ö� ¤¢ �î

kAk2 = �(A):

2 .¢�ª �ã��Âõ ]1[ �� :ö�ûÂ�

Cauchy-Schawarz inequality1



6 ��óø� Ý�û�Ôõ ø ��õÀÖõ :1 ÛÊê

�¤�¬ ßþ� ¤¢ .Àª�� üµ�õÂû ´±·õ ß�ãõ ÅþÂ��õ ×þ A À��î ­Âê 7.2.1 ��Ìì

. ´¨� üµ�õÂû ´±·õ ß�ãõ ø ¢���õ A�1(Óó�

. ´¨� ´±·õ A ÅþÂ��õ ö���õÂ�¢ (�

.À�µÆû üµ�õÂû ´±·õ ß�ãõ A üÜ¬� ý�úÆþÂ��õ Âþ¥ ô�Þ� (�

2 .¢�ª �ã��Âõ ]1[ �� :ö�ûÂ�

,T ýÂÎì�¨ ÅþÂ��õ ùÄþø Âþ¢�Öõ 8.2.1 ��Ìì

T =

0
BBBBBBB@

b a

c b a

. . . . . . . . .
c b a

c b

1
CCCCCCCA
N�N

;

À�þ�üõ ´¨À� Âþ¥ �Î��¤ ¥� ø À÷Ãþ�Þµõ ,ac > 0 ö� ¤¢ �î

�j = b+ 2a

r
c

a
cos(

j�

N + 1
); j = 1;2; : : : ; N:

2 .¢�ª �ã��Âõ ]13[ �� :ö�ûÂ�

.À�îüõ ëÀ¬ ©��Ê¿Èõ ý��ÜÞ� À�� ¤¢ üã�Âõ ÅþÂ��õ Âû (1ö�µÜ�Þû - üÜ�î ý��Ìì ) 9.2.1 ��Ìì

p(A) = 0 ù�Ú÷� ,Àª�� A �Ê¿Èõ ý��ÜÞ� À�� p(x) Âð� ü�ãþ

2 .¢�ª �ã��Âõ ]17[ �� :ö�ûÂ�

Cayley - Hamilton1



2 ÛÊê

ø ¸î-üµ�õÂû ø üµ�õÂû ´ê�Øª ©ø¤

ß���÷ ©ø¤

ß���÷ ©ø¤ ø ´±·õ ß�ãõ üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� ¸î-üµ�õÂû ø üµ�õÂû ´ê�Øª ©ø¤ ÛÊê ßþ� ¤¢

. Ý�þ�Þ÷üõ üêÂãõ �¤ üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� ý�Â�

�µÆþ�Â�è ø �µÆþ� ý¤�ÂØ� ©ø¤ 1.2

:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ üÎ¡ ��¢�ãõ ù�Úµ¨¢

Ax = b; (1.1.2)

ø¢ Ax = b ù�Úµ¨¢ Û� ý�úªø¤ üÜî ¤�Ï �� .x; b 2 C nø ´¨� ¢ÂÔ�õ�÷ ÅþÂ��õ ×þ A 2 C n�n ö� ¤¢ �î

.ý¤�ÂØ� ý�úªø¤ ø Ý�ÖµÆõ ý�úªø¤ :À÷� �µ¨¢

Ý�ÖµÆõ ý�úªø¤ 1.1.2

ý�úªø¤ ¥� .Ý�¨¤üõ ù�Úµ¨¢ üãì�ø ���� �� ,¤�ÂØ� üû��µõ ¢�Àã� ¥� Å� �î À�µÆû üþ�úªø¤ ,Ý�ÖµÆõ ý�úªø¤

.Ý��î ù¤�ª� (¢�ª �ã��Âõ ]14[ �þ ]10[ ��) 2 ö¢Â�-§ø�ð ©ø¤ ø 1§ø�ð üêÁ� ©ø¤ �� ö���üõ �µ¨¢ ßþ�

Gaussian elimination1

Gauss-Jordan elimination2

7



8 ß���÷ ©ø¤ ø ¸î-üµ�õÂû ø üµ�õÂû ´ê�Øª ©ø¤ : 2 ÛÊê

ý¤�ÂØ� ý�úªø¤ 2.1.2

�� �î ¢�ªüõ À�ó�� �û¤�¢Â� ¥� ý��ó�±÷¢ ,ù�Úµ¨¢ ���� ý�Â� ��óø� §À� ×þ ¥� ù¢�Ôµ¨� �� ,ý¤�ÂØ� ý�úªø¤ ¤¢

©ø¤ ¤¢ .À�ª��üõ 2�µÆþ�Â�è ø 1�µÆþ� ý�û©ø¤ Ûõ�ª ¢�¡ Ã�÷ ý¤�ÂØ� ý�úªø¤ .´¨�ÂÚÞû ù�Úµ¨¢ ����

(1.1.2) ù�Úµ¨¢ ,�µÆþ� ý�úªø¤ ¤¢ üÜî ¤�Ï �� .À�îüÞ÷ Â��ç� ø ´¨� ´��� �úõ�ð �Þû ¤¢ ¤�ÂØ� ÅþÂ��õ ,�µÆþ�

�¤�¬ �� �¤

x = Gx+ f;

À�÷�õ ý��ó�±÷¢ ßþ�Â���� ,Ý�Æþ�÷üõ

x(k+1) = Gx(k) + f; (2.1.2)

G ö� ¤¢ �î ´¨� (1.1.2) ù�Úµ¨¢ Û� ý�Â� ý¤�ÂØ� À÷ø ¤ ×þ üÜî ÛØª (2.1.2) �Î��¤ .¢�ªüõ �µ¡�¨

À�îüõ À�ó�� fx(k)g Û·õ ý��ó�±÷¢ ,(2.1.2) ý¤�ÂØ� À÷ø ¤ x(0) ��óø� §À� �� .À�þ�ð ©ø¤ ¤�ÂØ� ÅþÂ��õ �¤

.¢�ªüõ �ÂÚÞû ù�Úµ¨¢ ���� �� ,Àþ¢ Ý�û��¡ 1.2.2 ��Ìì ¤¢ �î üÎþ�Âª ´½� �îý¤�Ï��

.¢Âî ù¤�ª� ... ø 5SOR , 4ñÀþ�¨ §ø�ð ,3ü��î�¦ ©ø¤ �� ö���üõ �µÆþ� ý�úªø¤ �ÜÞ� ¥�

�ÜÞ� ¥� .À�îüõ Â��ç� ô�ð Âû ¤¢ ø ¢¤�À÷ ¢��ø üµ��� ¤�ÂØ� ÅþÂ��õ ,�µÆþ� Â�è ý�úªø¤ ¤¢ ,�µÆþ� ý�úªø¤ é�¡Â�

(¢�ª �ã��Âõ ]2[��) ... ø (7GMRES) �µê�þ Ý�Þã� ñ�Þ���õ ùÀ÷�õ , 6 �ø¢Ãõ ö�þ¢�Âð �� ö���üõ �µÆþ�Â�è ý�úªø¤

.¢Âî ù¤�ª�

�ú�� ø Âð� ´¨�ÂÚÞû ÂÔ¬ ÅþÂ��õ �� k = 0;1;2; : : : ,fA(k)g �ó�±÷¢ .A 2 C n�n À��î ­Âê 1.1.2 ��Ìì

.�(A) < 1 Âð�

2 .¢�ª �ã��Âõ ]13[ �� :ö�ûÂ�

ø ¢¤�¢ ¢��ø (I �A)�1 ù�Ú÷�, �(A) < 1 ø A 2 C
n�n À��î ­Âê 2.1.2 ��Ìì

(I �A)�1 = lim
k!1

kX
i=0

Ai:

Stationary iterative methods1

nonstationary iterative methods2

Jacobi3

Gauss-Seidel 4

Successive overrelaxation5

Conjugate gradient6

Generalized Minimal Residual7



9 ß���÷ ©ø¤ ø ¸î-üµ�õÂû ø üµ�õÂû ´ê�Øª ©ø¤ : 2 ÛÊê

:Ýþ¤�¢ :ö�ûÂ�

(I � A)(I +A+ � � �+Ak�1) = I �Ak: (3.1.2)

(3.1.2) �ó¢�ãõ �¤�¬ ßþ�¤¢ .´¨� ÂþÁ� öø¤�ø ßþ� Â���� ¢¤�¢ ÂÔ¬ Â�è ùÄþø ¤�ÀÖõ I�A ù�Ú÷� ,�(A) < 1 ö��

:Ý�Æþ�÷üõ Âþ¥ ÛØª �� �¤

I +A+ � � �+Ak�1 = (I �A)�1 � (I �A)�1Ak: (4.1.2)

:Ýþ¤�¢ (4.1.2) �ó¢�ãõ ß�êÂÏ ¥� ýÂ�ð À� �� , lim
k!1

Ak = 0 ,1.1.2 ��Ìì Â���� �î ßþ� �� ���� ��

(I �A)�1 = lim
k!1

kX
i=0

Ai: 2

ù�Ú÷� ,�(A) < 1 Âð� ,2.1.2��Ìì �� ��� 3.1.2 �¹�µ÷

k(I �A)�1k �
1X
i=0

kAik = 1

1� kAk :

ý¤�ÂØ� ý�úªø¤ üþ�ÂÚÞû 2.2

ø ô¥� ¯Âª .f = M�1b ø G = M�1N ,Àª�� A ¥� ´ê�Øª ×þ A = M � N À��î ­Âê 1.2.2 ��Ìì

Ax = b ù�Úµ¨¢ ���� �� x(0) ��óø� §À� Âû ý�¥� �� x(k+1) = Gx(k)+f ý¤�ÂØ� À÷ø ¤ üþ�ÂÚÞû ý�Â� üê�î

�(G) < 1 :�î ´¨� ßþ�

2 .¢�ª �ã��Âõ ]13[ �� :ö�ûÂ�

Âû ý�¥� �� x(k+1) = Gx(k) + f ý¤�ÂØ� À÷ø ¤ ù�Ú÷� ,kGk < 1 ø Àª�� üã�±Ï ôÂ÷ ×þ k:k Âð� 2.2.2 �¹�µ÷

.´¨�ÂÚÞû Ax = b ù�Úµ¨¢ ���� �� x(0) ��óø� §À�

:Ýþ¤�¢ 4.2.1 ��Ìì Â���� :ö�ûÂ�

�(G) � kGk

2 .¢�ªüõ Û¬�� ÂÑ÷ ¢¤�õ �¹�µ÷ 1.2.2 ��Ìì ¥� ù¢�Ôµ¨� �� °��Â� ßþ� �� �î


