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27 . . . . . . . . . . . . . . MEWE ẁv |]NQ}e |} RH p}Uv=Qi}O xrO=at 2�3
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pw= pYi

xtOkt

|} RH p}Uv=Qi}O CqO=at 1�1
|} RH p}Uv=Qi}O |=yxrO=at "OvQ=O |tyt |=yOQ@ Q=m x}=B swra w |UOvyt swra QO |} RH p}Uv=Qi}O CqO=at
xm OvwW|t h}YwD |}=yxrO=at =@ |m} R}i |=yOv};Qi ?re= "OvwW|t Qy=_ Ca}@] |=yxO}OB |[=} Q pOt QO

"OvQ=O pkDUt Q}eDt l} R= V}@
w QDW}@ =} pkDUt Q}eDt wO R= pwyHt `@=D l} pt=W xm CU= |}=xrO=at '|} RH p}Uv=Qi}O xrO=at l}
1�PDE� |Q=YDN= Ctqa =@ =Q |} RH p}Uv=Qi}O xrO=at ,qwtat "CU=yQ}eDt u}= x@ C@Uv `@=D |} RH C=kDWt

"OvyO|t u=Wv
:CU= Q} R CQwYx@ Oa@ wO QO �PDE� |} RH p}Uv=Qi}O CqO=at l} |rm sQi

A(x; y)
@2U
@x2 +B(x; y)

@2U
@x@y

+ C(x; y)
@2U
@y2 = F (x; y; U;

@U
@x

;
@U
@y

)

:OwW|t s}UkD |rwrPy w |wtyU '|w[}@ xDUO xU x@ Q} R \}=QW x@ xDU@ |} RH p}Uv=Qi}O xrO=at
0 > B2 � 4AC �Elliptic PDE� |w[}@ �1

1) Partial di�erential equation

1



2 xtOkt 1 pYi

0 = B2 � 4AC �Parabolic PDE� |wtyU �2

0 < B2 � 4AC �Hyperbolic PDE� |rwrPy �3

"OvW=@|t |v=Uwv |=ysDU}U w VNB 'pO=aD |=yCr=L =@ \=@DQ= QO ?}DQDx@ PDE ẁv xU u}=

"CU= xrO=at QO pwyHt `@=D |} RH jDWt u} QDq=@ |x@DQt 'PDE l} x@DQt "h} QaD 1�1�1
"OvDUy pkDUt Q}eDt Y w X w xDU@=w Q}eDt z =yu; QO xm O} Q}o@ Q_vQO =Q Q} R xrO=at wO :p=Ft

(I) X
@Z
@X

+ Y
@Z
@Y

= Z

(II) X
@2Z
@X2 + 3 @2Z

@X@Y
+
@2Z
@Y 2 = 0

"OvW=@|t swO x@DQt w pw= x@DQt |} RH C=kDWt =@ xrO=at ?}DQDx@ (II) w (I) |xrO=at

?Q[rY=L w OvW=@ pw= xHQO R= u; |} RH |=yjDWt w xDU@=w Q}eDt PDE l} QO Qo = "h} QaD 2�1�1
"OwW|t xO}t=v |]NQ}e xrO=at CQwYu}=Q}eQO w |]N xrO=at OvW=@ xDW=Ov Qw[L |} RH |=yjDWt QO u;

'OW=@ u; |=yjDWt =} pwyHt `@=D pt=W \ki xrtH Qy QO |]N p}Uv=Qi}O xrO=at Qo = "h} QaD 3�1�1
"OwW|t xO}t=v uoty

xm x=wNrO jDWt `@=wD O=OaD pt=W xm |@=wH R= CUDQ=@a PDE l} |twta ?=wH "h} QaD 4�1�1
"CU= xrO=at x@DQt =@ Q@=Q@

QO x=wNrO `@=wD XwYN@ ?=NDv= =@ xm |@=wH R= CUDQ=@a PDE |YwYN ?=wH "h} QaD 5�1�1
"O};|t CUOx@ |twta ?=wH



3 xtOkt 1 pYi

|w[}@ |} RH p}Uv=Qi}O xrO=at 2�1
Q} R CQwYx@ uU=wB xrO=at |twta pwtQi "CU= |w[}@ |} RH p}Uv=Qi}O xrO=at R= p=Ft l} 1uU=wB xrO=at

:CU=
@2U
@x2 (x; y) +

@2U
@y2 (x; y) = f(x; y) (1 � 2 � 1)

"s}yO|t V}=tv S =@ =Q u; RQt xm CU= R K]Ut x}L=v l} |wQ xr-=Ut xO=O xOvvmXNWt f `@=D xrO=at u}= QO
CN=wvm} Cr=L Q}_v 'uwo =vwo u=tR R= pkDUt |m} R}i p�=Ut |xar=]t QO |a}@] Qw]x@ ẁv u}= R= |DqO=at
u; |wQ xLiY QO `k=w |rkF |=ywQ}v xm xLiY QO x]kv l} p}Uv=DB |SQv= 'K]Ut x}L=v l} QO =tQo `} RwD

"OvyO|t MQ 'Q}PB=vsm =QD Cq=}U pt=W |Oa@ wO CN=wvm} Cr=L p�=Ut w 'Ovvm|t pta
xar=]t ,qFt "O=yv ?=wH Q@ |i=[= |=yO}k O}=@ uU=wB xrO=at |=Q@ OQix@ QYLvt ?=wH uOQw; CUOx@ |=Q@
�1"2"1� uOW QDxO=U x@ QHvt xm 'f(x; y) = 0 xm OQ=O sRq K]Ut |x}L=v l} QO =tQo `} RwD CN=wvm} Cr=L

:OwW|t Q} R CQwYx@
@2U
@x2 (x; y) +

@2U
@y2 (x; y) = 0 (2 � 2 � 1)

u}at x}L=v RQt |wQ =tO `} RwD xr}Uw x@ x}L=v pN=O |=tO Qo = "CU= hwQat 2TqBq |xrO=at x@ jwi xrO=at
"OvwW|t xO}t=v 3xrm} Q}O |RQt \}=QW =yO}k 'OwW

|wtyU |} RH p}Uv=Qi}O xrO=at 3�1
:CU= Q} R CQwYx@ =tQo xrO=at pwtQi 4CU=tQo xrO=at '|wtyU p}Uv=Qi}O xrO=at l} R= |r=Ft

@U(x; t)
@t

� �2@2U(x; t)
@x2 = 0 (1 � 3 � 1)

CU= \w@ Qt L pw] x@ lR=v |xr}t l} O=ODt= QO =tQo u=} QH x@ OwW|t |UQQ@ xrO=at u}= QO xm |m} R}i xr-=Ut
V=|Q=vm K]U QO xr}t xm |]QW x@ 'CU= CN=wvm} |=tO |=Q=O sUH |[Qa `]kt Qy QO OwW|t ZQi xm
1) Poisson 2) Laplace 3) Dirichlet 4) Heat equation



4 xtOkt 1 pYi

u}}aD xr}t |xOvyOp}mWD O=wt |}=tQo C}=Oy X=wN |xr}Uwx@ �1"3"1� xrO=at QO � C@=F "OW=@ Q=Oj}=a ,qt=m
"OW=@ pkDUt xr}t QO Q=QkDU= pLt R= xm OwW|t ZQi w

XNWt =Q xr}t QO =tQo |x}rw= `} RwD xm CU= u; =tQo u=} QH xr-=Ut |=Q@ Ow}k u}= R= |awv |xDUO l}
C@=F |=tO QO =Q xr}t |=yDv= wO Qo = ,qFt "OyO|t MQ xJ xr}t |=yDv= QO xm s}vm u=}@ w U(x; 0) = f(x) xOQm

:Ow@ Ovy=wN Q} R pmW x@ |RQt \}=QW 's} Q=Oxov  w �
U(0; t) = � ; U(L; t) = 

:Ovm|t p}t |OL |=tO `} RwD x@ xr}t QO =tQo `} RwD w
lim u(x; t) = � +

 � �
L

x

|RQt \}=QW 'OW=@ xDW=Ov u=} QH =yDv= R= |}=tQo I}y xm s}vm j}=a u=vJ =Q xr}t Qo = Zwa QO
@U
@x

(0; t) = 0 ;
@U
@x

(L; t) = 0
"OyO|t xH}Dv xr}t QO '|OL Cr=L u=wva x@ =Q C@=F |=tO l} w 'Ow@ Ovy=wN

|[a@ QO �1"3"1� |xrO=at `k=w QO &OQ=O C}ty= R}v R=o Q=WDv= xar=]t QO |wtyU |} RH p}Uv=Qi}O xrO=at
"CU= hwQat Q=WDv= |xrO=at x@ =yxRwL R=

|wrwrPy |} RH p}Uv=Qi}O xrO=at 4�1
`=HDQ= p@=k Mv l} O}vm ZQi "CU= |Oa@ l} Gwt |xrO=at '|wrwrPy |} RH p}Uv=Qi}O xrO=at l} R= |r=Ft
l} QO xm O};QO CmQL x@ u=vJ Mv x=oQy "OW=@ xOW xO}Wm |ki= K]U l} QO =mD= |x]kv wO u}@ L pw] x@

|} RH p}Uv=Qi}O xrO=at QO t u=tR QO x |x]kv l} U(x; t) s�=k u=mt Q}}eD x=ou; 'Ovm u=Uwv s�=k K]U
�2@2U
@x2 (x; t) =

@2U
@t2 (x; t) ; 0 < x < L ; 0 < t (1 � 4 � 1)

"OW=@v nQR@ |r}N u=Uwv u=O}t w OwW Q_vhQY s}U uOQm CmQL|@ C=QF= R= xm |]QW x@ xD@r= 'Ovm|t jOY
|xr}Uwx@ Mv CaQU w x}rw= pLt s}vm ZQi 'xr-=Ut u}= |wQ Ow}k p=ta= |=Q@

@U
@t

(x; 0) = g(x) ; 0 � x � L ; U(x; 0) = f(x)



5 xtOkt 1 pYi

w U(0; t) = 0 OyO|t xH}Dv xm 'OvDUy C@=F |}=yDv= \=kv xm s}vm|t xO=iDU= Qt= u}= R= w OvW=@ xOW xO=O
"U(L; t) = 0

'xOvvmu=Uwv |=yxr}t|xar=]t QO �1"4"1�|wrwrPy|} RHp}Uv=Qi}OCqO=atpt=W|Qo}O|m} R}ip�=Ut
|Q=Okt u; QO xm 'p} w] p=kDv= \N l} QO xD}U} QDmr= p=kDv= w 'OwW|t xDW=Oxov xQ}o =@ u; |=yDv= wO =} l} xm

"OyO|t MQ 'OQ=O OwHw u}tR x@ u=} QH CWv

|}=H@=H Q@H QO =yxkrL |x} Q_v 5�1
s}y=it u=}@ x@ CtUk u}= QO CU= xOW =v@ |}=H@=H Q@H QO =yxkrL x} Q_v |wQ Q@ pw= p=QoDv= VwQ xm =Hv; R=

"s} R=OQB|t |}=H@=H Q@H QO =yxkrL x} Q_v QO |U=U=

CQwYx@ ,qwtat xm � |}=DwO pta wO =@ x=Qty R Ovv=t |yD=v CU= |=xawtHt xkrL l} "h} QaD 1�5�1
xm|Qw]x@ �OvwW|t xOwtv � w +

"CU= |r@; xwQo (R;+) .i

|va} OW=@ Q}PBCmQW ?Q[ .ii

8a; b; c 2 R ; a[bc] = [ab]c

|va} OW=@ Q=QkQ@ CU=Q w AJ R= |Q}PBVNB u}v=wk .iii

8a; b; c 2 R ; a(b+ c) = ab+ ac ; (a+ b)c = ac+ ab

|=ypta x@ C@Uv OwN S x=oQy s}} wo R |xkrLQ} R =Q R |xkrL R= S xawtHtQ} R "h} QaD 2�5�1
"s}yO|t V}=tv (R;+; �) O=tv =@ =Q |=xkrL u}vJ 'OW=@ xkrL R |}=DwO

Q}PBZ} waD R QO ?Q[ |}=DwO pta x=oQy CU= |}=H@=H |xkrL (R;+; �) |xkrL "h} QaD 3�5�1
|va} OW=@

8a; b 2 R ; ab = ba



6 xtOkt 1 pYi

QYva ?Q[ |}=DwO pta x@ C@Uv R x=oQy CU= Q=Om} |xkrL (R;+; �) |xkrL "h} QaD 4�5�1
xm|Qw]x@ OW=@ IR uwJ |QYva pt=W R |va} OW=@ xDW=O |v=ty

8r 2 R ; IR � a = a � IR = a

|va} "IS = IR s}W=@ xDW=O O}=@ OW=@ R |xkrLQ} R S � R w OW=@ Q=Om} |xkrL (R;+; �) Qo = :xDmv
"OW=@ Q@=Q@ R |@ Q[ |v=ty =@ S |@ Q[ |v=ty

CU= r 2 R uwJ |QYva R QiY x}raswUkt "OW=@ |}=H@=H |=xkrL R O}vm ZQi "h} QaD 5�5�1
x}raswUkt xm R QYva Qy "ry = 0R xm OW=@ xDW=O OwHw y 6= 0 \QW =@ y 2 R uwJ |QYva u; |=R=x@ xm

"OwW|t xO}t=v QiY x}raswUkt=v OW=@v QiY

�b 2 R� c 2 R x=oQy s}} wo �CU=Q�AJ Q}PBTwmat =QR Q=Om} |xkrL QO a QYva "h} QaD 6�5�1
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K}LY R |wQ S s}} wo|t 'OW=@ R |}=H@=H xkrL R= |=xkrLQ} R S O}vm ZQi "h} QaD 27�5�1
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