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AssR(M) � SuppR(M) �1�

min SuppR(M) = min AssR(M) x=ov; 'OW=@ |QDwv R Qo = �2�
2



�"�22� QO 6 pYi R= 5 x}[k x@ OwW ẁHQ "u=yQ@

p `=iDQ= CQwYu}= QO 'OW=@ R R= |rw= p=xO}= p O}vm ZQi "�p=xO}= l} `=iDQ=� h} QaD 8�1�1
%s}vm|t h} QaD Q} R CQwYx@ w xO=O u=Wv ht(p) =@ =Q

ht(p) = Supfn 2 N0jp0 � : : : � pn = p ; pi 2 Spec(R)g
%s}vm|t h} QaD Q} R CQwYx@ =Q `=iDQ= 'R R= I x=wNrO p=xO}= |=Q@

ht(I) = inffht(p)jp 2 min(I)g

%s}vm|t h} QaD Q} R CQwYx@ w xO=O u=Wv dimR =@ =Q R xkrL Oa@ "�xkrL Oa@� h} QaD 9�1�1
dimR := Supfnjp0 � p1 � : : : � pn ; pi 2 Spec(R)g

"dimR =1 Ow@v OwHwt st} QB wU Qo = w

dimR(M) =@ xm =Q M pwQm Oa@ 'OW=@ pwOt�Rl} M O}vm ZQi "�pwQm Oa@� h} QaD 10�1�1
%s}vm|t h} QaD Q} R CQwYx@ s}yO|t u=Wv

dimR(M) := Supfdim
R
p
jp 2 SuppR(M)g

dimR(M) = 0 w Orwt |y=vDt pwOt�Rl} M w |QDwv xkrL l} R O}vm ZQi "x}[k 11�1�1
"CU= |y=vDt pw] |=Q=O M CQwYu}= QO 'OW=@

"CU= K[=w C=@F= 'OW=@|t SuppR(M) � max(R) xmu}= x@ xHwD =@ "u=yQ@

xm OW=@ R xkrL R= |r=xO}= I w OW=@ |y=vDt O}rwD =@ pwOt�R l} M O}vm ZQi "xDmv 12�1�1
dimR(M) = dimR

I
(M) %x=ov; 'I � AnnR(M)

xm CU= K[=w "u=yQ@
V (AnnR

I
(M)) = fp

I
jp 2 V (AnnR(M))g

%s} Q=O '�4� CtUk 6�1�1 x@ xHwD =@ =Pr
SuppR

I
(M) = fp

I
jp 2 SuppR(M)g

�"dimR(M) = dimR
I
(M) u}=Q@=v@

3



%x=ov; 'OW=@ R |xkrL R= |r=xO}= I w |y=vDt O}rwD =@ pwOt�R l} M O}vm ZQi "xH}Dv 13�1�1
dimR(

M
IM

) � dimR(
R
I

)

%s} Q=O p@k xDmv x@ xHwD =@ "u=yQ@
dimR(

M
IM

) = dimR
I
(
M
IM

) � dim
R
I

= dimR(
R
I

): �

OW=@ pwOt�R l} M O}vm ZQi "h} QaD 14�1�1
'i = 2; : : : ; n Qy |=Q@ w x1 62 ZR(M) x=oQy 's}�woh}a[ s_vt xDWQ�Ml} =Q x1; : : : ; xr 2 R �1

"xi 62 ZR(
M

(x1; : : : ; xi�1)M
"M 6= (x1; : : : ; xr)M x=oQy 's}�wo s_vt xDWQ�M l} =Q x1; : : : ; xr h}a[ s_vt xDWQ�M �2

R R= xQU p=xO}= I O}vm ZQi w OW=@ pwOt�Rl} M w |QDwv xkrL R O}vm ZQi "h} QaD 15�1�1
x=oQy s}�wo I QO p=t}Um =t s_vt xDWQ�M l} =Q x1; : : : ; xr 2 I x=ov; 'IM 6= M w

I � ZR(
M

(x1; : : : ; xr)M
)

's}�wo pt=m `]=kD =Q R |QDwv w |a[wt xkrL R= I p=xO}= "�pt=m `]=kD p=xO}=� h} QaD 16�1�1
"OwW O}rwD s_vt xDWQ�R l} \UwD x=oQy

pw] x@ s_vt xDWQ�R \UwD I w OW=@ R |QDwv xkrL R= xQU |r=xO}= I O}vm ZQi "x}[k 17�1�1
"ht I = n CQwYu}= QO 'OwW O}rwD n

�"�21� QO 13 pYi R= 5 x}[k w �20� QO 132 x}[k x@ OwW ẁHQ "u=yQ@

s}�wo s_vt =Q (R;m) |QDwv w |a[wt |xkrL "�s_vt |a[wt |xkrL� h} QaD 18�1�1
%x=oQy

dim R = dim R
m

(
m
m2 )

"dim R = �(m) |va}

pwOt�R l} M w OW=@ |QDwv w |a[wt xkrL (R;m) O}vm ZQi "(depth) h} QaD 19�1�1
"s}vm|t h} QaD m QO p=t}Um =t s_vt xDWQ�M pw] =Q depthR(M) CQwYu}= QO 'OW=@ Orwt |y=vDt

4



%OvrO=at Q} R C=Q=@aM pwOt�R Qy |=Q@ 'OW=@ |QDwv w |a[wt xkrL (R;m) O}vm ZQi "sr 20�1�1
depthR (M) = 0 �1

HomR(
R
m
;M) 6= 0 �2

m 2 AssR(M) �3
CU= pO=at x}k@ =@ |Oa@ CQ=@a x=ov; 'OW=@ Orwt |y=vDt M Qo =

ZR(M) = m �4
�"�15� QO 27 pYi R= 3 x}[k x@ OwW ẁHQ "u=yQ@

pwOt�R l} M w R R= |r=xO}= I w |QDwv xkrL l} R O}vm ZQi "(grade) h} QaD 21�1�1
s_vt xDWQ�R pw] w s}yO|t u=Wv gradeR(I;M) O=tv =@ =Q I QO p=t}Um =t s_vt xDWQ�M pw] 'OW=@

"s}yO|t u=Wv gradeR(I) O=tv =@ =Q I QO p=t}Um =t

pwOt�R 'M w |a[wt |xkrL (R;m) O}vm ZQi "�|r=mt�uywm pwOt� h} QaD 22�1�1
"depthR(M) = dimR(M) x=oQy CU= |r=mt�uywm pwOt M s}} wo "OW=@ Orwt |y=vDt

"CU= |r=mt�uywm 's_vt |a[wt xkrL Qy "x}[k 23�1�1
�"�3� QO 3 pYi R= 1 VN@ R= 20 x}[k x@ OwW ẁHQ "u=yQ@

=y|=xrtHOvJ xkrL R = K[X1; : : : ; Xn] O}vm ZQi "�|=xrtHlD p=xO}=� h} QaD 24�1�1
|=y|=xrtHlD R= pmWDt Orwt xawtHtl} x=oQy 'Ov} wo |=xrtHlD p=xO}= =QR R= I p=xO}= "OW=@K u=O}t |wQ

"OW=@ xDW=O =Q Xa = Xa11 X
a22 : : : Xan

n

xawtHt O}vm ZQi w OW=@ x=wNrO u=O}t |wQ =y|=xrtHOvJ xkrL R O}vm ZQi "x}[k 25�1�1
u |=xrtHlD CQwYu}= QO 'OW=@ R QO I |=xrtHlD p=xO}= Orwt xawtHt l} fu1; : : : ; umg |=xrtHlD

"i = 1; : : : ;m l} |=Q@ u = wui xm OW=@ OwHwt R QO w |=xrtHlD l} Qo = =yvD w Qo = CU= I w[a
�"�17� QO 1 pYi R= 1 VN@ R= 5 xQ=Ro x@ OwW ẁHQ "u=yQ@

xawtHt u}= w OQ=O =y|=xrtHlD R= pmWDt Orwt xawtHt l} |=xrtHlD p=xO}= Qy "x}[k 26�1�1
"OvyO|t u=Wv G(I) O=tv =@ =Q
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�"�17� QO 1 pYi R= 1 VN@ R= 6 xQ=Ro x@ OwW ẁHQ "u=yQ@

|=xrtHlD p=xO}= R}v |=xrtHlD p=xO}= wO ?Q[pY=L w ẁtHt xm CU= K[=w "xDmv 27�1�1
%s} Q=O J w I |=xrtHlD |=yp=xO}= |=Q@ w CU=

G(I + J) � G(I) [G(J) ; G(IJ) � G(I)G(J)

w X� = X�11 : : : X�n
n O}vm ZQi "�|=xrtHlD wO s"s"? w s"s"l � h} QaD 28�1�1

'OvW=@ R = K[X1; : : : ; Xn] xkrL R= |}=y|=xrtHlD X� = X�11 : : : X�n
n

h} QaD Q} R CQwYx@ w xO=O u=Wv LCM(X�; X�) O=tv =@ =Q X� w X� lQDWt ?Q[t u} QDmJwm �1
%s}vm|t

LCM(X�; X�) = Xmax(�1;�1)
1 : : : Xmax(�n;�n)

n

h} QaD Q} R CQwYx@ w xO=O u=Wv GCD(X�; X�) O=tv =@ =QX� wX� lQDWt x}ra swUkt u} QDoQR@ �2
%s}vm|t

GCD(X�; X�) = Xmin(�1;�1)
1 : : : Xmin(�n;�n)

n

'OvW=@ R = K[X1; : : : ; Xn] xkrL R= |=xrtHlD |=yp=xO}= J w I O}vm ZQi "x}[k 29�1�1
Orwt xawtHt l} fLCM(u; v) : u 2 G(I); v 2 G(J)g w CU= |=xrtHlD p=xO}= l} I \ J x=ov;

"OW=@|t I \ J
�"�17� QO 1 pYi R= 2 VN@ R= 1 xQ=Ro x@ OwW ẁHQ "u=yQ@

%s}vm|t h} QaD 'OvW=@ R = K[X1; : : : ; Xn] xkrL R= p=xO}= wO J w I O}vm ZQi "h} QaD 30�1�1
I : J = ff 2 Rjfg 2 I ; 8g 2 Jg

lD p=xO}= l} R}v I : J x=ov; 'OvW=@ |=xrtHlD |=yp=xO}= J w I O}vm ZQi "x}[k 31�1�1
w I : J =

\
v2G(J)

I : (v) xwqax@ 'CU= |=xrtH

f u
GCD(u; v)

ju 2 G(I)g;

"OW=@|t I : (v) Orwt xawtHt l}
6



�"�17� QO 1 pYi R= 2 VN@ R= 2 xQ=Ro x@ OwW ẁHQ "u=yQ@

|Swrwty Q@H R= |D=tOkt |=}=[k w s}y=it 2�1
R= xr=@vO l} '=ypwOt�R R= |rwRv Ci=@ty l} "�|Swrwty pwOt u}t)=�n� h} QaD 1�2�1

|=y|DN} Qty�R
K� : : : : �! Kn+1

@n+1�! Kn
@n�! Kn�1 �! : : :

h} QaD n 2 Z Qy w K� |rwRv Ci=@ty Qy |=Q@ "@n � @n+1 = 0 s}W=@ xDW=O n 2 Z Qy |=Q@ xm|Qw] x@ CU=
%s}vm|t

Bn(K�) := Im @n+1 ; Zn(K�) := ker @n

%s}vm|t h} QaD =Q Ci=@ty |Swrwty pwOt u}t)=�n w

Hn(K�) :=
Zn(K�)
Bn(K�)

R= xr=@vO l} '=ypwOt�R R= |OwaY Ci=@ty l} "�|Swrwtywm pwOt u})t=�n� h} QaD 2�2�1
|=y|DN} Qty�R

K� : : : : �! Kn�1 @n�1�! Kn @n�! Kn+1 �! : : :

n 2 Z Qy w K� |OwaY Ci=@ty Qy |=Q@ "@n � @n�1 = 0 s}W=@ xDW=O n 2 Z Qy |=Q@ xm|Qw] x@ CU=
%s}vm|t h} QaD

Bn(K�) := Im @n�1 ; Zn(K�) := ker @n

%s}vm|t h} QaD =Q Ci=@ty |Swrwtywm pwOt u}t)=�n w

Hn(K�) :=
Zn(K�)
Bn(K�)

w}DmSwQB p}rLD l} R= Qw_vt 'OW=@ pwOt�Rl} M O}vm ZQi "�w}DmSwQB p}rLD� h} QaD 3�2�1
xr=@vO 'M |=Q@

: : : �! Pn
dn�! Pn�1 �! : : : �! P1 d1�! P0 �! 0
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,=}v=F w xOw@ w}DmSwQB =yPi ,qw= xm|Qw]x@ CU= P0 d0�!M |DN} Qty�R =@ x=Qty =y|DN} Qty�R w =ypwOt�R R=
%OW=@ j}kO Q} R xr=@vO

: : : �! Pn
dn�! Pn�1

dn�1�! : : : �! P1 d1�! P0 d0�!M �! 0

" Im di+1 = ker di %s}W=@ xDW=O i 2 N0 Qy |=Q@ |va}

xm Cw=iD u}= =@ 'CU= w}DmSwQB p}rLD h} QaD x@=Wt O=R; p}rLD h} QaD "�O=R; p}rLD� h} QaD 4�2�1
"OvO=R; |=ypwOt�R '=yPi

Q@=Q@ s}yO|t u=Wv pdR(M) =@ xm =Q M pwOt�R w}DmSwQB Oa@ "�w}DmwSQB Oa@� h} QaD 5�2�1
0 �! Pn �! : : : �! P1 �! P0 �! 0 sQix@ w}DmSwQB p}rLD l} xm |Qw] x@ n � 0 u} QDtm =@ CU=

"pdR(M) =1 s}vm|t O=OQ=Qk 'OW=@v OwHwt |=n u}vJ xm|DQwY QO 'OW=@ OwHwt M |=Q@

pdR(M) x=ov; 'OW=@ R s_vt |a[wt xkrL |wQ Orwt |y=vDt pwOt�R l} M Qo = "x}[k 6�2�1
"CU= |y=vDt

�"�15� QO 30 pYi R= 3 x}[k x@ OwW ẁHQ "u=yQ@

w}DmSv= p}rLD l} R= Qw_vt "OW=@ pwOt�R l} M O}vm ZQi "�w}DmSv= p}rLD� h} QaD 7�2�1
=y|DN} Qty�R w =ypwOt�R R= 0 �! E0 @0�! E1 �! : : : �! En @n�! : : : Ovv=t |=xr=@vO M |=Q@

%OW=@ j}kO Q} R xr=@vO w xOw@ w}DmSv= =yEi xm|Qw]x@ CU= M @�1�! E0 |DN} Qty�R =@ x=Qty

0 �!M @�1�! E0 @0�! E1 �! : : : �! En @n�! En+1 �! : : :

"Im @i�1 = ker @i %s}W=@ xDW=O i 2 N0 Qy |=Q@ |va}

CU= Q@=Q@ s}yO|t u=Wv idR(M) =@ xm =Q M pwOt�R w}DmSv= Oa@ "�w}DmSv= Oa@� h} QaD 8�2�1
|=Q@ 0 �! E0 �! E1 �! : : : �! En �! 0 sQix@ w}DmSv= p}rLD l} xm|Qw]x@ 'n � 0 u} QDtm =@

"idR(M) =1 s}vm|t O=OQ=Qk 'OW=@v OwHwt |=n u}vJ xm|DQwY QO "OW=@ OwHwt M
8



O}vm ZQi w OvW=@ pwOt�R wO N w M O}vm ZQi "(Ext) h} QaD 9�2�1
P� : : : : �! Pi

di�! : : : �! P1 d1�! P0 �! 0

%s} Q=O =Q Q} R Ci=@ty 'q=@ p}rLD Q@ HomR(�; N) OwQO=B QwDmv=i Q}F=D =@ 'OW=@ M |=Q@ w}DmSwQB p}rLD l}

HomR(P�; N) : 0 �! HomR(P0; N) Hom(d1;1N)�! HomR(P1; N)

�! : : : Hom(di;1N )�! HomR(Pi; N) �! : : :

f 2 HomR(Pi�1; N) Qy w i 2 N Qy|=Q@ xm |Qw] x@CU=di\UwD xOW =kr=|DN} Qty�R 'Hom(di; 1N) xm
%Ovm|t pta Q} R CQwYx@

Hom(di; 1N)(f) = fodi

%s}vm|t h} QaD Q} R CQwYx@ =Q ExtiR(M;N)

ExtiR(M;N) = H i(HomR(P�; N)) =
ker(Hom(di+1; 1N))
Im(Hom(di; 1N))

p}rLD ?=NDv= x@ |oDU@ ExtiR(M;N) h} QaD 'N w M x=wNrO pwOt�R wO |=Q@ "x}[k 10�2�1
"ExtiR(M;N) = 0 'i > pdR(M) Qy |=Q@ w OQ=Ov M w}DmSwQB

�"�15� QO 17 pYi R= 6 x}[k x@ O}vm ẁHQ w �24� QO 6 pYi R= 11 x}[k x@=Wt "u=yQ@

'OW=@ |@ Q[ xDU@ xawtHt l} S w x=wNrO pwOt�Rl} N w |QDwv R O}vm ZQi "x}[k 11�2�1
%OQ=O OwHw Q} R sU}iQwtwR}= M Orwt |y=vDt pwOt�R Qy |=Q@ CQwYu}= QO

S�1 ExtnR(M;N) �= ExtnS�1R(S�1M;S�1N)

�"�15� QO 18 pYi R= 27 xH}Dv x@ OwW ẁHQ "u=yQ@

%s} Q=O 'OvW=@ x=wNrO pwOt�R wO N w M O}vm ZQi "sr 12�2�1
Ext0

R(M;N) �= HomR(M;N)

�"�15� QO 16 pYi R= 5 x}[k x@ OwW ẁHQ "u=yQ@
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w |a[wt |xkrL (R;m) O}vm ZQi "�|rm Cr=L QO depth h} QaD� h} QaD 13�2�1
%s}vm|t h} QaD CQwYu}= QO 'OW=@ x=wNrO pwOt�R l} M w |QDwv

depthR(M) = inffn 2 N0jExtnR(
R
m
;M) 6= 0g

O}vm ZQi w OvW=@ x=wNrO pwOt�R wO N w M O}vm ZQi "�Tor� h} QaD 14�2�1
P� : : : : �! Pn

dn�! : : : �! P1 d1�! P0 �! 0

%s} Q=O =Q Q} R Ci=@ty 'q=@ p}rLD Q@ �

R
N OQwty QwDmv=i Q}F=D =@ 'OW=@ M |=Q@ w}DmSwQB p}rLD l}

P� 

R
N : : : : �! Pn 


R
N dn
1N�! : : : �! P1 


R
N d1
1N�! P0 


R
N �! 0

%s}vm|t h} QaD Q} R CQwYx@ =Q TorRi (M;N)

TorRi (M;N) := Hi(P� 

R
N) =

ker(di 
 1N)
Im(di+1 
 1N)

p}rLD ?=NDv= x@ |oDU@ TorRi (M;N) h} QaD 'N w M x=wNrO pwOt�R wO |=Q@ "x}[k 15�2�1
"TorRi (M;N) = 0 'i > pdR(M) Qy |=Q@ w OQ=Ov M |=Q@ w}DmSwQB

�"�15� QO 22 pYi R= 6 x}[k x@ O}vm ẁHQ swO CtUk |=Q@ w �24� QO 6 pYi R= 11 x}[k x@=Wt "u=yQ@

%s} Q=O 'OvW=@ x=wNrO pwOt�R wO N w M O}vm ZQi "sr 16�2�1
TorR0 (M;N) �= M 


R
N

�"�15� QO 21 pYi R= 2 x}[k x@ OwW ẁHQ "u=yQ@

%s} Q=O i Qy |=Q@ CQwYu}= QO 'OvW=@ x=wNrO pwOt�R wO N w M O}vm ZQi "x}[k 17�2�1
S�1 TorRi (M;N) = TorS

�1R
i (S�1M;S�1N)

�"�22� QO 7 VN@ R= 7 u} QtD x@ OwW ẁHQ "u=yQ@

xm|Qw]x@ OvW=@ Orwt |y=vDt pwOt�R wO N w M w |QDwv xkrL R O}vm ZQi "x}[k 18�2�1
"TorRj (M;N) = 0 &j > i Qy |=Q@ x=ov; TorRi (M;N) = 0 Qo = CQwYu}= QO 'pd(M) <1
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