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�»¿þ¤�� ø �õÀÖõ
ýÀ� �� ø ´¨� ù¢�¢ Û�ØÈ� �¤ üã��� Ã�ó�÷� ¥� üÈ¿� ¤�À÷�Âî ý�ûÂÚÜÞä ùøÂð Ý�÷ �þÂÑ÷Àó�õ ��Ìì ßµê�þ ¥� Å� �þÂÑ÷ ßþ� .Àû¢ üõ ¤�Âì ¢�¡ á�ãÈó� ´½� �¤ üã��� Ã�ó�÷� °ó�Îõ¤¢ ø ¢Âî ¥�è� �¤ ¢�¡ ´êÂÈ�� ý¢�þ¥ �fµ±Æ÷ ´äÂ¨ �� 1948 ñ�¨ ¤¢ 2�À�ª�þ ø 1Û�û Í¨���¤ ���®�þ¤ üÜ¬� á�®�õ Ã�ó�÷� ý�û ���õ¥ ¥� ý¤��Æ� ¤¢ ö� ü¨�¨� ý�û¢Â�¤�î ,Â®�� ñ��.Àû¢ üõ Û�ØÈ�.´¨� �ûÂÚÜÞä ùøÂð Ý�÷ ¥� üÞ�Þã� âì�ø ¤¢ ø ÀþÀ� ¶��±õ ¥� �û ùøÂð Ý�÷ �±ª �þÂÑ÷ø Àª �ÂÎõ [1] 1991 ñ�¨ ¤¢ 4���ó ø 3¥��¨¤�� Í¨�� ùøÂð Ý�÷ �±ª ô�úÔõ ¤�� ß�óø� ý�Â�.Àõ� ¢��ø �� ø� [9] ø [8],[7] �b ó�Öõ �¨ �� 5 ×î Í¨�� ���õ¥ ßþ� ¤¢ �ó�Öõ ßµª�÷ üÜ¬� ùbÀþ�ý�û�Ìê ¤¢ üÜõ�Ø� ��¢�ãõ ��� ýÂþÁ� ñÂµ�î¤¢ ü¹þ�µ÷ [21] 7Â����ª ø 6Û»��Hille1Yosida2Barcenas3Leiva4Cuc5Peichl6Schappecher73



4 �»¿þ¤�� ø �õÀÖõùøÂð Ý� ÷ ü�� �¥� � ý�û�Ìê ¤¢ �î ¢� � ßþ� ¸þ� µ ÷ ßþ� üÜ¬� À�Üî .À ÷¢¤ø� ´¨¢ ��  � ÷� �ñ�¨ ¤¢ [20] 8���¤�� ��� .[15,17,23] À�µÆû ý�ì �µ¨��� ö�ðø¢ ý�¤�¢ ,ýÂÚÜÞä ý�û�î ,¢¤ø� ´¨¢ �� üÜõ�Ø� ý�ûÂÚÜÞä ý�Â� Â����ª ø Û»�� ¸þ�µ÷ �� üú��Èõ �¹�µ÷ 1993ñ�¨ ¤¢ [5] 9ÛµÆþ�¢ ø ¥��¨¤�� .À÷¢�� ý�ì �µ¨��� ¤�Ï �� üÜõ�Ø� ý�ûÂÚÜÞä ßþ� ö�ðø¢ý�Ìê ×þ ¤¢ ö�ðø¢ ùøÂð Ý�÷ �î üµó�� �� �¤ ���¤�� ��� ø Â����ª ,Û»�� ¸þ�µ÷ 1995��¢�ãõ ¤¢ ¸þ�µ÷ ö¢Â� ¤�î �� ù¥��� �ú÷� �� �î ,À÷¢�¢ Ý�Þã� ´¨� ý�ì �µ¨��� ù��¿ó¢  �÷��.¢�¢ üõ �¤ ü���¥�� Â�è  �÷�� ý�Ìê ¤¢ ü�Ã� Û�Æ÷�ÂÔþ¢�¤ ÛµÆþ�¢ ø ¥��¨¤�� ,���¤�� ��� ,Â����ª ø Û»�� ý�û �µê�þ ö�õÃÞû ¤�Ï �� [2] ���ó ø ¥��¨¤���� �µ¨��� ý�ì ¤�Ï �� ýÂÚÜÞä üÜõ�Ø� ý�úÞµÆ�¨ ��� ýÂþÁ� ñÂµ�î ¯�±�¤� ö¢�¢ ö�È÷ ý�Â�´¨� ßþ� ¤¢ ¤�î üð¥�� .À÷¢�¢ ©ÂµÆð (0;+1) ýø¤ �µ¨��� ý�ì ¤�Ï �� ö�ðø¢ ý�ûÂÚÜÞäý�ì ¤�Ï �� ¢�¡ �µ¨��� ý�ì ¤�Ï �� ý�û ùøÂð Ý�÷ �±ª ö�ðø¢ ü���¥��  �÷�� ý�Ìê ¤¢ �î.´¨� �µ¨���üê�î ø ô¥� ¯Âª ×þ ,ö�ðø¢ ý�û ùøÂð Ý�÷ �±ª ý�ì üÚµ¨��� ×Þî �� �õ�÷ ö�þ�� ßþ�¤¢.¢�ª üõ ���¤� üÜõ�Ø� ��¢�ãõ ¥� üð¤Ã� �µ¨¢ ýÂþÁ� ñÂµ�î ý�Â�.´¨� ÛÊê �¨ Ûõ�ª �õ�÷ ö�þ�� ßþ�Óþ¤�ã� ö� ¤¢ �î ¢¤�¢ «�Êµ¡� ��õÀÖõ �� ñø� Ç¿� �î ´¨� Ç¿� ¸�� Ûõ�ª ñø� ÛÊêPapageorgiou8Diestel9



5 �»¿þ¤�� ø �õÀÖõ�µê¤ ¤�î �� �õ�÷ ö�þ�� ßþ� ñ�Ï ¤¢ �î ¢�ª üõ ö��� üã��� Ã�ó�÷� ø üÖ�Ö� Ã�ó�÷� ¥� üþ�þ�Ìì øø ¢�ª üõ ÓþÂã�  �÷�� ý�Ìê ýø¤ �ûÂÚÜÞä ¥� ýÂµõ�¤�� ×þ ùøÂð Ý�÷ ôø¢ Ç¿� .´¨�ø Ýþ¥�¢Â� üõ üÚµÔª� �b ó�Æõ �� ô�¨ Ç¿� ¤¢ .¢�ª üõ ö���ä üþ�û ��Ìì ¤¢ ö� ý�ú�ðÄþøÝ¹�� Ç¿� ¤¢ ,ö�þ��¤¢ ø ¢�ª üõ ö���ä ýÂµõ�¤�� ×þ ¢Â¹õ üª�î �b ó�Æõ ô¤�ú� Ç¿� ¤¢ùbÀÞä �î Ý��î üõ ö���ä �Ìê ßþ� ¤¢ �û ùøÂð Ý�÷ ¥� üó�·õ ø ù¢Âî ÓþÂã� �¤ é�ó���¨ ý�Ìêý�ú��µî ¥� �úÈ¿� ßþ� °ó�Îõ[13] K.J. Engel and R.Nagel, One-parameter Semigroups for Linear EvaluationEquations, Springer-Verlag, New York, 2000.[19] A. Pazy, Semigroups of Linear Operators and Application to PartialDi�erential Di�erential Equations, Appl. Math. Sci. Vol. 44, Springer-Verlag,1983.�ú�� ø À÷�ª üõ �µêÂþÁ� ��±�� öøÀ� �þ�Ìì üõ�Þ� ÛÊê ßþ� ¤¢ .´¨� ùÀª ��Â¿µ¨�.¢�ª üõ ö��� �ú÷� ��±�� ý�Â� ô¥� â��Âõ�b ó�Öõ ¥� �Â¿µÆõ �f�ÀÞä �î ´¨� Ç¿� ø¢ Ûõ�ª ôø¢ ÛÊê[4] D. Barcenas, H. Leiva, A.Tineo Moya, Quasi semigroups and evolutionequetions, Int. J. Evolution Equations Vol. 33 (2005) 17-36.¯��Âõ ý�ú�ðÄþø ø �þ�Ìì ø ù¢Âî ÓþÂã� �¤ �ûÂÚÜÞä ùøÂð Ý�÷ �±ª ñø� Ç¿� ¤¢ .´¨���¢�ãõ ý�ûù�Úµ¨¢ ôø¢ Ç¿� ¤¢ .Ý��î üõ ö��� �û ùøÂð Ý�÷ �±ª ý�Â� �¤ �û ùøÂð Ý�÷ ��



6 �»¿þ¤�� ø �õÀÖõù¢�Ôµ¨� �� ßÚÞû �÷ ø ßÚÞû ´ó�� ¤¢ �¤ �û ù�Úµ¨¢ ßþ� Û� üÚ÷�Ú� ø ù¢Âî üêÂãõ �¤ üÜõ�Ø�.Ý��î üõ ü¨¤Â� �û ùøÂð Ý�÷ �±ª ¥��b ó�Öõ ¥� �î ´¨� Ç¿� �¨ Ûõ�ª Ã�÷ ô�¨ ÛÊê[3] D. Barcenas, H. Leiva, A. Tineo Moya,The dual quasi semigroups andcontrollability of evolution equation, J. Math. Appl. 320 (2006) 691-701.ø �þ�Ìì ø ù¢Âî ö���ä �¤ ùøÂð Ý�÷ �±ª ö�ðø¢ ô�úÔõ ñø� Ç¿� ¤¢ .´¨� ùÀª ù¢¤ø��î �¤ üÜõ�Ø� ��¢�ãõ ýÂþÁ� ñÂµ�î ôø¢ Ç¿� ¤¢ .Ý��î üõ ö��� �¤ ö� �� ¯��Âõ ý�ú�ðÄþøù�Úµ¨¢ ýÂþÁ� ñÂµ�î ý�Â� üê�îø ô¥� ¯Âªø Ý��î üõ ü¨¤Â� Ýþ¢Âî ö���ä Û±ì ÛÊê ¤¢ô�¨ Ç¿� ¤¢ ø .Ý��î üõ ö��� �¤ �ú÷� ¥� ý¢Â�¤�î ø ù¢�¢ ¤�Âì ���� ¢¤�õ �¤ üÜõ�Ø� ��¢�ãõ.Ý��î üõ ü¨¤Â� üó�·õ üÏ �¤ ýÂþÁ� ñÂµ�î ¥� ý¢Â�¤�î



1 ÛÊêü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã�
¥� üþ�þ�Ìì ø Óþ¤�ã� ö� ¤¢ �î ¢�ªüõ ���¤� ýÀã� ÛÊê ¤¢ ¥��÷ ¢¤�õ Óþ¤�ã� ÛÊê ßþ� ¤¢�õ�÷ ö�þ�� ßþ� ñ�Ï ¤¢ �î À÷�ªüõ ö��� ... ø ýÂµõ�¤�� ×þ ý�ûùøÂðÝ�÷ ,üã��� ,üÖ�Ö� Ã�ó�÷�.À÷�ªüõ �µêÂþÁ� ��±�� öøÀ� �þ�Ìì üõ�Þ� ÛÊê ßþ� ¤¢ .À÷��µê¤ ¤�î����óø� Ý�û�Ôõ 1.1ý¦� ó� �� � ,� û� Ì ê ß þ� ýø¤ � ûÂ Ú Ü Þ ä ,¤�¢ ôÂ ÷ ý� û� Ì ê ü êÂ ã õ � � �¤ Ç ¿ � ßþ��� ü�� ÛÊê ¤¢ �î Ýþ�ù¢�¢ «�Êµ¡� ü��þ�Ìì ü¡Â� ø Â�¡�� ñ�ÂÚµ÷� ,�Ó�ã®ø Ó�ã® ý�û.Ýþ¤�¢ ¥��÷ ö�,(X;+) À�÷�õ üãÞ� üÜ�� ùøÂð ×þ ¥� ´¨� �¤�±ä 1ý¤�¢Â� ý�Ìê×þ 1.1.1 ÓþÂã�À�÷�õ X ý�� �� (F = C �þ F = R) F ö�À�õ ¥� Âó�Ø¨� �Â® ù�ÂÞû ��: : F �X �! X(�; x) 7! �x Vector Space17



8ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê´¨� Âþ¥ Íþ�Âª ý�¤�¢ �; � 2 F ø x; y 2 X Âû ý�Â� �î,(� + �)x = �x+ �x (Óó�,�(x+ y) = �x + �y ( �,1x = x ( �.(��)x = �(�x) ( ¢k:k : X �! [0;1) â��� ,Àª�� F ö�À�õ ýø¤ ý¤�¢Â� üþ�Ìê X À��î­Âê 2.1.1 ÓþÂã�À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ ù�ðÂû ¢�ªüõ ùÀ�õ�÷ X ýø¤ 2ôÂ÷×þ,kxk = 0 Âð� ÍÖê ø Âð� x = 0 (Óó�,k�xk =j � j kxk ,x 2 X Âû ø � 2 F Âû ý�¥� �� (�.kx+ yk � kxk+ kyk ,x; y 2 X Âû ý�¥� �� (�ôÂ÷ Ý�÷ ×þ ë�ê ´ª�Ú÷ �� ÝþÂ�Ú� �¹�µ÷ �¤ x = 0 Ý�÷��µ÷ kxk = 0 ¥� (Óó� ¯Âª ¤¢ Âð�k:k ôÂ÷ ×þ Âð� ,À�þ�ð 3 ôÂ÷ ý�Ìê ×þ �¤ F ö�À�õ ýø¤ X ý¤�¢Â� ý�Ìê .¢�ª üõ �µÔð×þÂµõ ý�Ìê ×þ d(x; y) = kx� yk Âµõ �� X ¤�ÀõÂ÷ ý�Ìê .Àª�� �µª�¢ ¢��ø Xýø¤ö� ,Àª�� �ÂÚÞû ö� ¤¢ 4üª�î �ó�±÷¢ Âû ü�ãþ Àª�� Ûõ�î ×þÂµõ ý�Ìê ßþ� Âð� ñ�� .´¨�.Ý�þ�ð 5 �÷�� ý�Ìê×þ �¤Norm2Normed space3Cauchy sequence4Banach space5



9ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊêý�Ìê ×þ (X; �; �)ø 6 ´±·õ ù¥�À ÷� � ,ôÂ ÷ ý�Ìê ×þ X À� �î ­Âê 3.1.1 ÓþÂã�Ý��î üõ ÓþÂã� 1 � p <1ø Àª�� ÂþÁ� ù¥�À÷� â��� ×þ fø Àª�� 7ù¥�À÷�kfkp = [Z jf jpd�]1p : Ý�û¢ üõ ¤�ÂìøLp(X; �; �) = ff : X ! C ; kfkp <1g:.Ý�û¢ üõ Çþ�Þ÷ Lp�þø Lp(�) �� �¤ Lp(X; �; �) �¤�¬ ßþ� ¤¢D:C:T 8üÎÜÆ� üþ�ÂÚÞû 4.1.1 ��Ììg 2 L1(�)×þ ý�Â� �î ý¤�Ï �� Àª�� 9ÍÜµ¿õ ÂþÁ� ù¥�À÷� â���� ¥� �ó�±÷¢ ×þ fn À��î­Âêù� ð ö� ,Àª� � f � � �ÂÚÞû fn ¤�ø �ÎÖ ÷ ¤�Ï � � Âð� .jfnj < g Ý�ª� � � µª�¢ n 2 N Âû ø: limn!1 RX fnd� = RX fd� ø f 2 L1(�)� .À��î �ã��Âõ 2.24 ��Ìì [ 14] â�Âõ �� : ö�ûÂ�T : X �! Y â��� .À�ª�� F ö�À�õ ýø¤ ôÂ÷ ý�Ìê ø¢ Y ø X À��î ­Âê 5.1.1 ÓþÂã�Ý�ª�� �µª�¢ �; � 2 F Âû ø x; y 2 X Âû ý�¥� �� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ 10üÎ¡ ÂÚÜÞä×þT (�x+ �y) = �T (x) + �T (y): Positive measure6Measure space7Dominated convergence8Complex measurable9Linear operator10



10ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê
¢���õ M > 0 ù�ðÂû Ý�þ�ð ¤�À÷�Âî �¤ Y ¤�¢ôÂ÷ ý�Ìê �� X ¤�¢ôÂ÷ ý�Ìê ¥� T üÎ¡ ÂÚÜÞäüÎ¡ ý�ûÂÚÜÞä ô�Þ � �ä�Þ¹õ .kTxk � Mkxk ,x 2 X Âû ý�Â � �î ý¤�Ï � � Àª� �Ý�û¢üõ ¤�Âì T 2 B(X; Y ) ý�Â� ø Ý�û¢üõ Çþ�Þ÷ B(X; Y ) ¢�Þ÷ �� �¤ Y �� X ¥� ¤�À÷�Âî.kTk = supfkTxk : kxk � 1g�î ´¨� ¼®�ø .´¨� ö� üÚµ¨��� T ý¤�À÷�Âî ý�Â� üê�î ø ô¥� ¯Âª �î ¢�¢ ö�È÷ ö��� üõÃ�÷ B(X; Y ) Âð� �ú�� ø Âð� ´¨�  �÷�� ý�Ìê Y ø ´¨� ¤�¢ ôÂ÷ ý�Ìê ôÂ÷ ßþ� �� B(X; Y ).Ý�û¢ üõ Çþ�Þ÷ B(X) �� �f �Þãõ �¤ B(X;X).Àª��  �÷�� ý�Ìêü � ã þ ,X  � ÷� � ý� Ì ê ¤¢ D(A) � � õ�¢ � � A ü Î ¡ Â Ú Ü Þ ä 6.1.1 ÓþÂã�Âð� ,fxn j n 2 Ng � D(A) �ó�±÷¢ Âû ý�Â� ù�ðÂû Ý�þ�ð �µÆ� �¤ ,A : D(A) � X �! X.Ax = y ø x 2 D(A) ù�ðö� ,À�ª�� ¢���õ limn!1Axn = y 2 X ø limn!1xn = x ý�ûÀ�¢�¢ ö�È÷ ö��� üõ Àª�� B(X) ¤¢ ¤�À÷�Âî ýÂÚÜÞä A ø  �÷�� ü��Ìê X Âð� 7.1.1 ÂîÁ�ýÂ¨ �î1Xn=1 Ann!� � �¤ B(X) ¥� �Ìä ßþ� .´¨�ÂÚÞû �¹� µ ÷ ¤¢ ø ÕÜÎõ ý�ÂÚÞû B(X)  � ÷� � ý�Ìê ¤¢üê�î ø ô¥� ¯Âª �î ´¨� ü¨¤Â� Û��ì A;B 2 B(X) Âð� ñ�� .Ý�û¢ üõ Çþ�Þ÷ eA ¢�Þ÷�î ´¨� ¼®�ø ´ó�� ßþ� ¤¢ ß��»Þû .AB = BA �î ´¨� ö� ,eA+B = eAeB �î ö� ý�Â�.keAk � ekAk



11ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊêý¤�¢Â� ý�Ìê ñ�Þä� �î Àª�� üþ¦� ó� �� � ý�¤�¢ ø ý¤�¢Â � ý�Ìê X Âð� 8.1.1 ÓþÂã�.Ý�õ�÷üõ 11 üØþ¦�ó���� ý¤�¢Â� ý�Ìê �¤ �Ìê ßþ� ù�ðö� ,´¨� �µ¨��� ö� ýø¤×þ ý�¤�¢ ÂÔ¬ ù�ð Âû Ý���ð 12 �À½õ �fã®�õ ý�Ìê×þ �¤ X üØþ¦�ó���� ý¤�¢Â� ý�Ìê.Àª�� �À½õ üÚþ�ÆÞû.´¨� üØþ¦�ó���� ý¤�¢Â� ý�Ìê ×þ ¤�¢ ôÂ÷ ý�Ìê Âû �î ¢�¢ ö�È÷ ö��� üõ ñ�·õ ö���ä ���Þû ý�Ìê �¤�¬ ßþ� ¤¢ ,Àª�� �À½õ �fã®�õ ý�Ìê ×þ X Ý��î­Âê 9.1.1 ÓþÂã�ý�Â� .Ý���ð X 13 ö�ðø¢ ý�Ìê �¤ ö� ø Ý�û¢üõ ö�È÷ X� �� �¤ C �� X ¥� �µ¨��� üÎ¡ â����.Ý�û¢üõ ö�È÷ < x; x� > ¢�Þ÷ �� �¤ x�(x) ,x� 2 X� Âû ø x 2 X Âû¤¢ �î (Lp(�))� = Lq(�) ù�ð ö� Àª�� 1 � p <1 ø ù¥�À÷� ý�Ìê ×þ X üµìø ñ�·õ ý�Â�(.À��î �ã��Âõ 6.15 ��Ìì [14] â�Âõ ��).1p + 1q = 1 ö��¤ X ýø¤ 14 Ó�ã® ý¦�ó���� ,Àª�� �À½õ �fã®�õ ý�Ìê ×þ X Âð� 10.1.1 ÓþÂã�ý�ûôÂ÷ Ý� ÷ ¥� ý�ù¢�� ÷�¡ Í¨�� ùÀª ÓþÂã� ý¦�ó� �� � ßþ� .Ý�û¢üõ ö�È÷ �(X;X�) � �Ó�ã® ý¦�ó���� ßþ� âì�ø ¤¢ .Px�(x) = j < x; x� > j ö� ¤¢ �î ´¨� fPx� j x� 2 X�g.À�µÆû �µ¨��� ë�ê ý�ûôÂ÷ Ý�÷ ö� ´½� �î ´¨� X ýø¤ ý¦�ó���� ßþÂ�Topological vector space11Locally convex space12Dual space13Weak topology14



12ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊêÂð� �ú�� ø Âð� ´¨� x �� Ó�ã® ý�ÂÚÞû X ¤�¢ ôÂ÷ ý�Ìê ¤¢ fxng �ó�±÷¢ 11.1.1 ��Ìì.Àª�� hx�; xi �� �ÂÚÞû hx�n; xi ,x 2 X Âû ý�Â�� .À��î �ã��Âõ [22] â�Âõ �� : ö�ûÂ�×þ X� ù�ð ö� .Àª�� üØþ¦� ó� �� � ý¤�¢Â � ý�Ìê ×þ X À��î ­Âê 12.1.1 ÓþÂã��bä�Þ¹õ �¤�¬ �� F Âð� ñ�� ,´¨� ý¤�¢Â� ý�Ìêf'x : X� ! C ; x 2 X ; 'x(f) = f(x)g:ý¦�ó���� ßþ� âì�ø ¤¢ .À�þ�ð 15 �Ó�ã® ý¦�ó���� �¤ X� ýø¤ F ý¦�ó���� ù�ð ö� ,Àª��.¢�ª üõ �µ¨��� 'x Âû ö� ´½� �î ´¨� X� ýø¤ ý¦�ó���� ßþÂ� Ó�ã®À�û¢ üõ Çþ�Þ÷ x̂ �� üû�ð �¤ 'x ,x 2 X ø X ¤�ÀõÂ÷ ý�Ìê ý�Â� �î ´¨� ý¤ø�¢�þ �� ô¥�´¨� Âþ¥ ý�ú�ðÄþø ý�¤�¢ �î, \(x + y) = x̂ + ŷ 8x; y 2 X (1, d(�x) = �x̂ 8� 2 C (2.kx̂k = kxk 8x 2 X (3×þ �� ×þ ßþ�Â���� ø ´¨� üÎ¡ ýÂµõøÃþ� ×þ ^ : X ! X�� ß��»Þû .x̂ 2 X�� ü�ãþX �= X�� ´ó�� ßþ� ¤¢ �î .´¨� ü���¥�� X ù�ð ö� Àª�� Ýû �ª�� ´ª�Ú÷ ßþ� Âð� ñ�� ,´¨�.Àª�� üõ Ýû  �÷�� 16,ü���¥�� ý�Ìê Âû øWeak star topology15Re
exive space16



13ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê.À�î üõ ö��� �¤  �÷�� ý�Ìê ×þ ö¢�� ü���¥�� ñ¢�ãõ ý�úÏÂª Âþ¥ ��Ìì.À�ó¢�ãõ Ýû �� Âþ¥ ¢¤��õ Àª��  �÷�� ý�Ìê ×þ X À��î ­Âê 13.1.1 ��Ìì.´¨� ü���¥�� ý�Ìê X (1.´¨� ü���¥�� ý�Ìê X� (2.À�µÆû üØþ Ýû �� X� ýø¤ �Ó�ã® ø Ó�ã® ý¦�ó���� (3� .À��î �ã��Âõ V . 4.2 ��Ìì [6] â�Âõ �� : ö�ûÂ�.(q = pp�1) �î 1p + 1q = 1ø 1 < p <1 À��î­Âê (17 ¤Àó�û ýø�Æõ�÷ ) 14.1.1 ��Ìì.kf:gk1 � kfkpkgkq ù�ð ö� f:g 2 L1 Å� g 2 Lq ø f 2 Lp Âð�� .À��î �ã��Âõ 6.2 ��Ìì [14] â�Âõ �� :ö�ûÂ��fõøÃó �÷ ü��Ìê Âþ¥ Mø ¤�¢ ôÂ÷ ý�Ìê ×þ X À��î­Âê (18 �÷��� ö�û) 15.1.1 ��Ìì¤�À÷�Âî üÎ¡×ã��� ù�ð ö� Àª�� ¤�À÷�Âî üÎ¡×ã��� ×þ f : M ! C Âð� .Àª�� X ¥� �µÆ�üõ �¤ F ß��»Þû .´¨� f Â��Â� M �� F ÀþÀ½� �î ý¤�Ï �� ´¨� ¢���õ X� ¤¢ F À�÷�õ.kfk = kFk �î ´ê�þ ý� �÷�ð �� ö���� .¢�ª á��¤ 3.3 �b �Ìì [ 22] â�Âõ �� : ö�ûÂ�.Ý�õ�÷ üõ X ýø¤ f  �÷�� - ö�û ©ÂµÆð �f �Þãõ �¤ ë�ê ��Ìì ¤¢ F â���Holder's Inequality17Hahn-Banach18



14ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê
Âþ¥ ×þ Mø Àª�� �À½õ �fã®�õ ø üØþ¦�ó���� ý¤�¢Â� ý�Ìê ×þ X Âð� 16.1.1 �¹�µ÷�î ý¤�Ï � � ¢¤�¢ ¢��ø F 2 X� ÂÚÜÞä ù� ð ö� Àª� ± ÷M ¤� µÆ � ¤¢ x0ø Àª� � X ¥� �Ìê.F (M) = 0 ; F (x0) = 1� .À��î �ã��Âõ 3.5 �b �Ìì [ 22] â�Âõ �� :ö�ûÂ�
´ª�Ú÷ ×þ T : X ! Y ø À�µÆû ý¤�¢Â� ý�û�Ìê Y ø X À��î ­Âê 17.1.1 ÓþÂã�y0oT : X ! F ù�ð ö� y0 2 Y 0Âð� .Àª�� Y ! F ¥� üÎ¡ ý�úµª�Ú÷ �b Þû Y 0ø .´¨� üÎ¡T 0 : Y 0 ! X 0 �¤�¬ �� ´ª�Ú÷ ×þ ßþ� .y0oT 2 X 0 �î ´¨� X ýø¤ üÎ¡ â�� � ×þy� 2 Y � ø A 2 B(X; Y ) ø À�ª�� �ÀõÂ÷ Y ø X Âð� ñ�� .À�î üõ ÓþÂã� T 0(y0) = y0oT ��¤¢ À�î üõ ÓþÂã� A� : Y � ! X� �¤�¬ �� ´ª�Ú÷ ×þ ßþ� y�oA = A0(y�) 2 X� ù�ð ö�y� 2 Y � ø x 2 X Âû ý�Â� ßþ�Â���� .A� = A0jY � �î üó��hx;A�(y�)i = hA(x); y�i: .À�þ�ð A 19üì�½ó� �¤ A�ö� �; � 2 Fø A;B 2 B(X; Y )ø À�ª��  �÷�� ý�Ìê Y ø X À��î ­Âê 18.1.1 ��Ììù�ð.(�A+ �B)� = �A� + �B�(1Adjoint19



15ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê.A��jX = A(2.kA�k = kAk(3.(AB)� = B�A�(4� .À��î �ã��Âõ V I. 1.3ø 1.4 ý�û ��Ìì [6] â�Âõ �� : ö�ûÂ�ýÂÚÜÞä T : X ! Y ,À�ª�� ü���¥��  �÷�� ý�û�Ìê Y ø X À��î ­Âê 19.1.1 ��Ìì�î ´¨� ö� Àª�� RangT = Y �î ö� ý�Â� üê�î ø ô¥� ¯Âª ù�ð ö� Àª�� ¤�À÷�Âî üÎ¡:rkT �y�k � ky�k Ý�ª�� �µª�¢ y� 2 Y � Âû ý�Â� �î ¢�ª ´ê�þ ö��� ý� r > 0� .À��î �ã��Âõ 3.3 �b �Ìì [10] â�Âõ �� : ö�ûÂ�ù�ð ö� T 2 B(X; Y ) Âð� ,À�ª��  �÷�� ý�û�Ìê Y ø X À��î ­Âê 20.1.1 ��ÌìRangT = fy 2 Y : y�y = 0; 8y� 2 Y � 3 T �y� = 0g:� .À��î �ã��Âõ VI. 2.8 �b �Ìì [12] â�Âõ �� : ö�ûÂ�ù� ð ö� T 2 B(X; Y ) Â ð� ,À � ª� �  � ÷� � ý� û�Ì ê Y ø X À � � î ­Â ê 21.1.1 �¹�µ÷.Àª�� ×þ �� ×þ T � Âð� �ú�� ø Âð� RangT = YÝ þ¤�¢ y 2 Y Â û ý�Â � Û ± ì �b �Ì ì Â � � � � ù� ð ö� T �y� = 0 ø RangT = Y Â ð� : ö� ûÂ �.´¨� ×þ �� ×þ T � ü�ãþ y� = 0 �Áó y�(y) = 0Ý�÷�¢ üõ Û±ì �b �Ìì Â� ��� Àª�� ×þ �� ×þ T � Âð� ÅØäÂ�RangT = fy 2 Y : y�y = 0; 8y� 2 Y � 3 T �y� = 0g:



16ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊêÂû �Áó .´Æ�÷ ë¢�¬ T �y� = 0 ¤¢ ÂÔ¬ Ã� �� ý� y� º�û Å� ´¨� ×þ �� ×þ T � ö�� �õ�� :RangT = Y ü�ãþ À�î üõ ëÀ¬ ë�ê �bä�Þ¹õ �bÎ��¤ ¤¢ ý� yâ��� ø X  �÷� � ý�Ìê .Ýþ¥�¢Â�üõ ý¤�¢Â� â���� ¥� 20Â�¡�� ýÂ�ðñ�ÂÚµ÷� üêÂãõ �� ñ��Âó�Ø¨� â���� À�÷�Þû ,Àª�� �µ¨��� üã��� f Âð� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ J ù¥�� ýø¤ f : J � R ! X.¢Âî ÓþÂã� ö�Þþ¤ á�Þ¹õ À� �¤�¬ �� �¤ ñ�ÂÚµ÷� ö���üõ ,¤�ÀÖõ,´¨� ¤�ÀÖõ ý¤�¢Â� üã��� f À��î ­Âê 22.1.1 ÓþÂã�¢�¢ Çþ�Þ÷ Âþ¥ �¤�¬ �� �¤ ö� ö��µ� ù�ðÂû Ý�þ�ð 21ù¢�¨ �¤ f â��� (Óó�f = nXk=1xk�Jk�ä�Þ¹õ ýø¤ �Ê¿Èõ â��� ÂÚÈþ�Þ÷ �Jk) À÷ÂþÁ�ù¥�À÷� �û Jk ø Jk � J ø xk 2 X ö� ¤¢ �îÝ��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ ñ�ÂÚµ÷� f ù¢�¨ â��� ý�Â� .(´¨� JkZJ f(s)ds = nXk=1xkm(Jk) ;.´¨� R ýø¤ Ù±ó ù¥�À÷� m ö� ¤¢ �î�ó�±÷¢ Âð� ü�ãþ ,Ý�÷Ã� °þÂÖ� ù¢�¨ â���� �� ¤�ø�ÎÖ÷ �¤�¬ �� �¤ f Ý�÷��µ� Âð� (��î Àª�� ¢���õ ù¢�¨ â���� ¥� (fn)n2Nlimn!1 kf(s)� fn(s)k = 0 a.e. Bochner integration20Simple21



17ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê.Ý�þ�ð ÂþÁ�ù¥�À÷� (ý�ì ¤�Ï��)�¤ f ù�ðö��î ý¤�Ï�� Àª�� ¢���õ J ýø¤ ù¢�¨ â���� ¥� ý��ó�±÷¢ ø Àª�� ÂþÁ�ù¥�À÷� f Âð� (�limn!1 ZJ kf(s)� fn(s)kds = 0Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� f â��� ñ�ÂÚµ÷� ø Ý�þ�ð Â�¡�� ÂþÁ� ñ�ÂÚµ÷� �¤ f ù�ðö�ZJ f(s)ds = limn!1 ZJ fn(s)ds:ÂþÁ� ñ�ÂÚµ÷� [a; b] � (0;+1) ù¢ÂÈê ý�û �ä�Þ¹õ ýø¤ Ó�ã® �µ¨��� â��� Âû ß��»Þû.´¨� Â�¡��ý�Ìê ×þ (
; �; �) ø ´±·õ ù¥�À ÷� � ,ôÂ ÷ ý�Ìê ×þ X À��î ­Âê 23.1.1 ÓþÂã�ü�ãþ) Àª�� Â�¡�� Â þÁ³ ó�ÂÚµ ÷�-p �î f : 
 ! X ÂþÁ� ù¥�À÷� â��� � �ä�Þ¹õ Àª�� ù¥�À÷�Âþ¥ �¤�¬ �� ôÂ÷ �Ìê ßþ� ¤¢ ø Ý�û¢ üõ Çþ�Þ÷ Lp(�;X) �� �¤ (Àª�� ¢���õ R
 kf(x)kpdx,¢�ª üõ ÓþÂã�kfkp = (Z
 kf(x)kpdx)1p :(.À��î �ã��Âõ 14 â�Âõ ��).´¨�  �÷� � Ã� ÷ Lp(�;X) ù�ð ö� Àª��  � ÷� � ü��Ìê X Âð�üõ Lp(�) ý�� �� ù�ð ö� ´¨� 
 � Rn �b ä�Þ¹õ ýø¤ Ù±ó ùb¥�À÷� � �î üõ�Ú�û ß��»Þûüõ ö�È÷ Lp(0; T;X) �¤�¬ �� �¤ ö� Àª�� [0; T ] Ù±ó ù¥�À÷� � Âð� ñ�� .Lp(
) Ý�Æþ�÷.Ý�û¢



18ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊêüµ ìø ù� ð ö� 1 < p; q < 1 ø Àª� � ü �� �¤� �  � ÷� � ý�Ì ê ×þ X Â ð� 24.1.1 ��ÌìÝþ¤�¢ 1p + 1q = 1[Lp(0; T ;X)]� = Lq(0; T ;X�):� .À��î �ã��Âõ 98 �b½Ô¬ [11] â�Âõ �� : ö�ûÂ�.Ý��î üõ üêÂãõ �¤ �Â±Ü�û ý�Ìê �õ�¢� ¤¢�¤ h:; :i : X �X ! C ´ª�Ú÷ .Àª�� ý¤�¢Â� ý�Ìê ×þ X À��î­Âê 25.1.1 ÓþÂã�,x; y; z 2 X;� 2 F Âû ý�Â� ù�ðÂû Ý���ð X ýø¤ 22üÜ¡�¢ �Â®×þ (x; y) 7! hx; yi �îÀª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª,x = 0 Âð� �ú�� ø Âð� hx; xi = 0 ø hx; xi > 0 (1,hx+ y; zi = hx; zi+ hx; yi (2,hx; yi = hy; xi (3.h�x; yi = �hx; yi (4�Â® ý�Ìê ×þ X Âð� .Ý���ð üÜ¡�¢ �Â® ý�Ìê ×þ �¤ üÜ¡�¢ �Â® ßþ� ù�ÂÞû �� XÂû ÂÚþ¢ �¤�±ä �� ,À�î üõ ÓþÂã� X ýø¤ ôÂ÷ ×þ kxk = q(x; x) ù�ð ö� ,Àª�� üÜ¡�¢ö� Àª��  �÷�� (X; k:k) ¤�¢ôÂ÷ ý�Ìê ßþ� Âð� .´¨� ¤�¢ôÂ÷ ý�Ìê ×þ üÜ¡�¢ �Â® ý�Ìêö�È÷ (H; h:; :i) �¤�¬ �� �¤ �Â±Ü�û ý�Ìê .Ý���ð23�Â±Ü�û ý�Ìê×þ �¤ (X; h:; :i) ù�ðInner product22Hilbert space23



19ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊê�� �Â±Ü�û ý�Ìê ×þ L2(�) ù¥�À÷� ý�Ìê Âû ¤¢ �î ¢�ª üõ ´��� ñ�·õ ý�Â� . Ý�û¢ üõ.´¨� hf; gi = RX fgd� üÜ¡�¢ �Â®´¨� ¢�Þä y Â� x Ý���ð x; y 2 H Âû ý�Â� (H; h:; :i) �Â±Ü�û ý�Ìê ¤¢ 26.1.1 ÓþÂã�ý�Ìê ¤¢ �¤ fe�g�2I üú� Â�è ù¢��÷�¡ .x?y Ý�Æþ�÷ üõ ´�ã®ø ßþ� ¤¢ ,hx; yi = 0 ù�ðÂûù�ðÂû Ý���ð �Øþ Àõ�ãµõ �Â±Ü�ûhe�; e�i = ( 0 � 6= �1 � = �.Ý���ð H ý�Â� 24�Øþ Àõ�ãµõ �þ�� ×þ �¤ fe�g�2I ù�ð ö� H = spanfe� : � 2 Ig Âð� ñ��,Ýþ¤�¢ x 2 H Âû ý�Â� ù�ð ö� Àª�� H ý�Â� �Øþ Àõ�ãµõ �þ�� ×þ fe�g�2I Âð� Ý�÷�¢ üõx =X�2Ihx; e�ie�:(.À��î �ã��Âõ [6] â�Âõ ��) ¢¤�¢ ¢��ø ÂÔ¬�÷ �ÜÞ� �¤�Þª ý¢�Àã� ÍÖê ë�ê ýÂ¨ ¤¢ �î´�ã®ø ßþ� ¤¢ ß��»Þûkxk2 =X�2I jhx; e�ij2: Orthonormal basis24



20ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ñø�ÛÊêüÎ¡ ý�ûÂÚÜÞä �b Þû ý�Ìê B(H) ø �Â±Ü�û ý�Ìê ×þ H À��î ­Âê 27.1.1 ÓþÂã�ù�ðÂû Ý���ð 25ö¤�Öµõ �¤ T 2 B(H) ÂÚÜÞä .Àª�� H ýø¤ ¤�À÷�ÂîhTx; yi = hx; Tyi 8x; y 2 H:Âð� Ý���ð 26 ö¤�Öµõ ¢�� �¤ ö�øhTx; yi = �hx; Tyi 8x; y 2 H:
ñ�ÂÚµ÷� �¤ X  �÷� � ý�Ìê ýø¤ ý�ûÂÚÜÞä ¥� fA(t); t 2 Rg ù¢��÷�¡ 28.1.1 ÓþÂã�Âþ¥ Â�¡�� ñ�ÂÚµ÷� [a; b] �µÆ� ù¥�� Âû ø x 2 X Âû ý�Â� ù�ðÂû Ý�þ�ð 27üã®�õ ý�ì ÂþÁ�Àª�� �µª�¢ ¢��øZ ba A(t)xdt:I = [0;1] ýø¤ üÔ�õ�÷ �µ¨��� â���� g(t) ø u(t) À��î­Âê 28( ñ��÷�Âð Ýó) 29.1.1 Ýóýø�Æõ�÷ üÔ�õ�÷ c ×þ ý�Â� ø À�µÆûu(t) � c+ Z ta g(s)u(s)ds ; t 2 I Symmetric25Skew-symmetric26Local strongly integrable27Gronwall lemma28


