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�õÀÖõ
¤¢ Z2 ¤¢ °þ�Â® �� ø ýÀã��¨ üî¢�¨ ý�ûâÞµ¹õ ý�Â� �ú�� ,¤�� ß�óø� ý�Â� �ø�Öõ ý��ó�õ�û ý�ûùøÂðÂþ¥ ý�Â� �ûù¥�� ¥� «�¡ ý�ä�Þ¹õ ×þ À�ó�� ý�Â� üÞµþ¤�Úó� ß��»Þû .À÷�ùÀª ÓþÂã� [7;14℄ â��Âõ.´¨� ùÀª ���¤� Z2 ýø¤ S3 ý�ûâÞµ¹õ� ��¤� �¤ �ø� Ö õ ý�� ó�õ�û ý�ûùøÂð � ± �¤ ¥� üÖ � ì¢ ý�±¨�½õ ,�ûù¥� � ß þ� �î ´¨� ßþ� °ó�� ý�µØ÷.À�û¢üõ.Ýþ�ù¢�¢ «�Êµ¡� ¥��÷ ¢¤�õ ý�þ�Ìì ø Óþ¤�ã� ö��� �� �¤ �õ�÷ö�þ�� ßþ� ñø� ÛÊêßþ� ¤¢ .Ý þ�� µ¡�¢Â � �ø�Öõ ý�� ó�õ�û ý�±¨�½õ ü�ã þ �õ� ÷ö� þ� � ßþ� üÜ¬� á�®�õ �� �ø¢ ÛÊê ¤¢ý�ÖÜ� �îßþ� �� ���� � � �¤ K ö�»Þû ùÀª üê�¬ ýÀã� -d üî¢�¨ âÞµ¹õ ×þ ý��ó�õ�û ÛÊê,ùÀª üê�¬ âÞµ¹õ ×þ .Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ ,Ý�µêÂð ÂÑ÷ ¤¢ D ö�»Þû PID ×þ �¤ °þ�Â®�¤ ý��ó�õ�û ý�ûùøÂð ¥� üþ�ÂÖµ¨� ÝµÆ�¨ ×þ �î Àª��üõ üî¢�¨ ý�ûâÞµ¹õ ¥� ý¢�ã¬ ý�ó�±÷¢ ×þÂð� .Gi ! Gi+1 ý�ûüµ¿þÂÞû ù�ÂÞû �� fGigi�0 üÜ�� ý�ûùøÂð ¥� ù¢��÷�¡ ×þ ü�ãþ ;À�îüõ É¿Èõ×þ ýø¤ ý¤�¢Â� ý�û�Ìê ¥� üþ�ÂÖµ¨� ÝµÆ�¨ ×þ �� ,ÝþÂ�Ú� ÂÑ÷ ¤¢ ö�À�õ ¤¢ °þ�Â® �� �¤ ý��ó�õ�û¥� ù¢�¨ ýÀ���Ö±Ï ×þ �õ�¢� ¤¢ �Áó .¢�ªüõÉ¿Èõ ©Àã� Í¨�� ,ý¤�¢Â� ý�Ìê Âû �õ� ;Ý�¨¤üõ ö�À�õýø¤ �¤Àõ ñøÀõ ×þ °Æ� Â� ýÀ���Ö±Ï ßþ� .Àþ�üõ ´¨¢�� ý¤�¢Â� ý�û�Ìê ¥� üþ�ÂÖµ¨� ÝµÆ�¨ ×þý�ûù¢��÷�¡ Í¨�� À÷���üõ �î Àª��üõ (F ö�À�õ ýø¤ �ûý��ÜÞ�À�� ý�ÖÜ�) F [t℄ �¤Àõ ý�ÖÜ� ×þý�±¨�½õ ý�Â� üã�±Ï Ýµþ¤�Úó� ×þ ß��»Þû .¢�ª ýÂµõ�¤�� ,¼�½¬ üþ�úµ÷� ¯�Ö÷ �� �ûù¥�� ¥� üû��µõ´½� �î üØþ��ó�õ�û ý�û´�¬�¡ ö���üõ ,ù¢��÷�¡ ßþ� ¥� ù¢�Ôµ¨� �� .¢�ªüõ ���¤� �ûù¥�� ¥� ù¢��÷�¡ ßþ�1



2ùÀª üê�¬ âÞµ¹õ �ø�Öõ ý��ó�õ�û ö���üõ ÂÚþ¢ �¤�±ä �� .¢Âî É¿Èõ �¤ À�÷�õüõ üì�� �ø�Öõ ,üê�¬ýÀ���Ö±Ï º�û ,Àª�±÷ ö�À�õ ���õ¥ ý�ÖÜ� Âð� �î Àû¢üõ ö�È÷ �õ Â�ÆÔ� ,ùø�ä �� .¢Âî É¿Èõ �¤ö���üõ ��Âð� ø À�µÆû ùÀ�»�� ¤��Æ� ,�û¤�µ¡�¨ �ØÜ� ;¢¤�À÷ ¢��ø �ø�Öõ ý��ó�õ�û ¥� üú��Èõ ýù¢�¨§Âµ¨¢ ¤¢ �f �Þµ�� ø ¢¤�À÷ ¢��ø ý�ù¢�¨ ýÀ���Ö±Ï º�û üóø ,¢�¢ ´±Æ÷ �ûö� �� �¤ ü±ó�� ý�û´������¤� �ûPID ýø¤ �ø�Öõ ý��ó�õ�û ùøÂð ý�±¨�½õ ý�Â� Ýµþ¤�Úó� ×þ ,´ó�� ßþ� ¤¢ .¢�� Àû��¿÷ Ýû.Ý�û¢üõ.´¨� ùÀª ù¢�¢ «�Êµ¡� ýÀã� À�� ´õø�Öõ ý�þÂÑ÷ �ãó�Îõ �� ,�õ�÷ö�þ�� ßþ� Â¡� ÛÊê,Ûõ�î ý�µÆÆð ý�þ�� ×þ °Æ� Â� �¤ üê�¬ ×þ ý��ó���� ,�ø�Öõ ý��ó�õ�û �î ÝþÀþ¢ �ø¢ ÛÊê ¤¢�� ¥��÷ ,üØþ��ó���� ý�û¢Â�¤�î ¥� ý¤��Æ� ¤¢ �õ� .Àû¢üõ ö�È÷ �ûù¥�� ¥� �÷�ðÀ�� ý�ä�Þ¹õ×þ ü�ãþ�÷�ðÀ�� ü¨À�û ¢�ã�� ñ�Ï ¤¢ �î �û�Ìê ¥� ù¢��÷�¡ ×þ ü�ãþ .Ýþ¤�¢ �÷�ðÀ�� üê�¬ ×þ ý�ãó�Îõ.À÷�ùÀª ýÂµõ�¤��´õø�Öõ ý�Â� ,ýÀã�×þ ´õø�Öõ �� ���Èõ Ûõ�î ý�µÆÆð ý�þ�� º�û �î Ý��îüõ ü¨¤Â� ,��¨ ÛÊê ¤¢¢�Àä� ß�Þ¿� ý�Â� �µÆÆð ý�þ�� ×þ �î ¢�ªüõ üêÂãõ �±�¤ ý�þ�� ,ö� ý�� �� .¢¤�À÷ ¢��ø ýÀã� À��.Ý��îüõ ´��� ×þ Àã� ¤¢ �¤ �þ�� ßþ� ö¢�� Ûõ�î ø Àª��üõ �÷�ðÀ�� üê�¬ ×þ ¤¢ üµ�.À��þüõ ©ÂµÆð Â���� ¢�ã�� �� ,Àî¤�� ý�ûù¥�� Ýè¤üÜä ,�±�¤ ý�þ���� �ûÂµõ�¤�� ¤�ÀÖõ ö¢Âî ´��� �� Ý�÷���üõ ,Ýþ¤�¢ ¤�îøÂ¨ �÷�ðÀ�� ùÀª üê�¬ ý�Ìê ×þ �� üµìø �µ±ó�,Âþ¢�Öõ ö¢Âî ´��� �� ¥��÷ éÁ� ý�Â� �õ� .Ý��î �±¨�½õ Àã� Âû ¤¢ �¤ �ø�Öõ ý��ó�õ�û ,Âµõ�¤�� ×þ ��.Ý�õ�÷üõ ýÀã� À�� ´õø�Öõ �¤ �ó�bÆõ ßþ� .Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ ù¤��×þ �� �¤ ¢�ã�� ý�Þû ´õø�Öõ:Ý��îüõ ù¢�Ôµ¨� ��ð�¨ Ûõ�ª ýÂ±� üõ�Þä ©ø¤ ×þ ¥� ,ýÀã�À�� ´õø�Öõ ¤�µ¡�¨ í¤¢ ý�Â�.¢�ªüõÉ¿Èõ �õ ÂÑ÷ ¢¤�õ ý�Ìê �� ÂÒ��µõ ýÂ±� ¤�µ¡�¨ ,Ç¿� ßþ� ¤¢ ;ÂÒ��� :1 ��ð.Àþ�üõ ´¨¢�� ¤�µ¡�¨ ßþ� Ûõ�î ýÀ���Ö±Ï ×þ ,Ç¿� ßþ� ¤¢ ;ýÀ���Ö±Ï :2 ��ð�� �õ ö¢Âî ýÂµõ�¤�� .¢�ªüõ ýÂµõ�¤�� ,2 ��ð ¤¢ ¤�îÁõ ýÀ���Ö±Ï ,Ç¿� ßþ� ¤¢ ;ý¥�¨ýÂµõ�¤�� :3 ��ð.¢�� Àû��¡ �û�þ�� �Âê



3ø À�µÆû ýÂ±� ý�û�µþ¤�ø ¤¢ ¯�Ö÷ ý�µÆÆð Âþø�Ê� �� ÂÒ��µõ �f ø� �î Ý�µÆû üþ�û�þ�� ý�¹µÆ� ¤¢ �õ�µª�¢ üû��µõ ý¥�¨ýÂµõ�¤�� �î À�îüõ ß�ÞÌ� ,ñø� ¯Âª .À�µÆ�÷ �µÆ��ø ,�±¨�½õ ���õ¥ ö�À�õ �� �f�÷���î üµ� ¢�Àä� À�÷�õ ,À�þ�üõ �ä�Þ¹õ×þ ¥� ù¤��Þû �õ ý�û�þ�� �î À�îüõ ß�ÞÌ� ¯Âª ß�õø¢ ø Ý�ª���¤ ÂÚþ¢ ý�û�þ�� ø �µÆÆð �¤ �û�þ�� ßþ� ,¤�Êµ¡� ý�Â� .À�µÆû ¼�½¬ ù¤��Þû ,°þ�Â® ý�ÖÜ� ¥� ÂÑ÷éÂ¬.Ý�õ�÷üõ �µ¨���¤�Ï �� �Áó .À�ª�� �±¨�½õ ý���õ¥ ö�À�õ �� �µÆ��ø ø À�ª�� ©¤�Þª Û��ì Â�è ´¨� ßØÞõ �µ¨��� ý�û�þ��×þ ö¢¤ø� ´¨¢�� �õ éÀû ,ßþ�Â���� .À�ª��üÞ÷ °¨��õ ,ü��±¨�½õ ý�ûùÀþ� ý�Â� �û�þ�� �÷�ðßþ� ,üã�±Ï.´¨� ýÀã� À�� ´õø�Öõ ý�Â� Ûõ�î ý�µÆÆð ý�þ����ä�Ï� ��Â¿µ¨� ý�Â� À�Ôõ ø �±¨�½õ Û��ì �µÆÆð ý�þ�� ö���ä �� ,�±�¤ ý�þ�� ,ÛÊê ßþ� ý�úµ÷� ¤¢,×þ Àã� ¤¢ �þ�� ßþ� �î Àþ¢ Ý�û��¡ ��÷ ø ¢�ªüõ ¢�ú�È�� , �÷�ðÀ�� ùÀª üê�¬ ý�Ìê ×þ ¥� ´õø�Öõ.Àª��üõ Ûõ�î �Áó ø ´¨� ´õø�Öõ ý�ûÀî¤�� �� ¥ ¤�Ýû:´¨� Âþ¥ ý�ó�Öõ ,´¨� �µêÂð ¤�Âì ù¢�Ôµ¨� ¢¤�õ �ø¢ ÛÊê ¤¢ �î üÜ¬� â�Âõ
"Computing persistent homology"ZOMORODIAN,A.,AND CARLSSON,G.Dis
rete and Computational Geometry 33,2 (2005),249-274: ´¨� �µêÂð ¤�Âì ù¢�Ôµ¨� ¢¤�õ ��¨ ÛÊê ¤¢ �î ´¨� üã�Âõ Âþ¥ ý�ó�Öõ"The Theory of Multidimensional Persisten
e"CARLSSON,G.,AND ZOMORODIAN,A.Dis
rete and Computational Geometry (2007)



1 ÛÊê
¥��÷ ¢¤�õ ý�þ�Ìì ø Óþ¤�ã�

.Ýþ¥�¢Â�üõ ¥��÷ ¢¤�õ ý�þ�Ìì ø �ûÝó ,Óþ¤�ã� ö��� �� ÛÊê ßþ� ¤¢
:´¨� Âþ¥ ��µî ,Ýþ�ù¢Âî ù¢�Ôµ¨� ö� ¥� ýÂ±� Ý�û�Ôõ ö��� ý�Â� �î üã�Âõ

"Basi
 Abstra
t Algebra"Bhatta
harya. P.B, Jain.S.K, Nagpaul.S.R. (1995)
:Ýþ��µêÂð ×Þî Âþ¥ â��Âõ ¥� ý��ó�õ�û Â±� ø ýÂ±� ý��ó���� Ý�û�Ôõ ö��� ý�Â�

"Elements of Algebra Topology"Munkres , J.R. (1984)"Topology for Computing"Afra J.Zomorodian (2004)
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5 ýÂ±� Ý�û�Ôõ 1.1:Àª��üõ Âþ¥ ��µî ,´¨� �µêÂð ¤�Âì ù¢�Ôµ¨� ¢¤�õ ,ýÂ±� �¨À�û Ý�û�Ôõ ö��� ý�Â� �î üã�Âõ"Basi
 Algebrai
 Geometry"Igor R.Shafarevi
h , (1988).
ýÂ±� Ý�û�Ôõ 1.1

ø ai 2 R �î 1Xi=0 aiti �Âê �� R ¤¢ °þ�Â® �� f(t) ý��ÜÞ� À�� ×þ :ý��ÜÞ�À�� 1.1.1 ÓþÂã�(.´¨� ù��¿ó¢ ý� �ÖÜ� R).Àª��üõ ai 6= 0 ,i ��üû��µõ ¢�Àã� ý�Â� �ú�� ø ´¨� Â�çµõ t
×þ Û�ØÈ� ,R ýø¤ f(t) ý�ûý��ÜÞ�À�� ��Þ� �ä�Þ¹õ :�ûý��ÜÞ�À�� �ÖÜ� 2.1.1 ÓþÂã�.À�õ�÷ �ûý��ÜÞ�À�� �ÖÜ� �¤ ö� �î À�û¢üõ R[t℄ ¤�ÀØþ ø üþ�¹��� �ÖÜ�
�� Þ � ø Àª� � Â Ô¬ � � Ü ä��ÆÖ õ À ì� ê � î R � Ö Ü� :(PID) üÜ¬� ñ�ùÀ þ� ù¥�� 3.1.1 ÓþÂã�üÜ¬� �¤ ÂÊ�ä×þ Í¨�� ùÀª À�ó�� ñ� ùÀþ�).À�õ�÷ üÜ¬� ñ�ùÀþ� ù¥�� ×þ �¤ Àª�� üÜ¬� ö� ý�ûñ�ùÀþ�(Àª��üõ ö�À�õ ×þ F �î) F [t℄ ø (Àª��üõ ñø� ¢Àä ×þ p �î) Zp ø Z ,Q ,R ñ�·õ ö���ä �� (.Ý�õ�÷.À�µÆû PID üÚÞû



6 ýÂ±� Ý�û�Ôõ 1.1
ùøÂ ð × þ M ,¤�À Ø þ ø ü þ�¹ �� � � Ö Ü � ×þ R Ý � � î ­Â ê :²� ñøÀ õ -R 4.1.1 ÓþÂã�ø r; r1; r2 2 R Âû ý�¥� �� �î ý¤�Ï�� ,Àª�� M �� R �M ¥� üµª�Ú÷ (r;m) ! rm ø üÜ�� üãÞ�:Ý�ª�� �µª�¢ m;m1;m2 2M(1) r(m1 +m2) = rm1 + rm2;(2) (r1 + r2)m = r1m+ r2m;(3) (r1r2)m = r1(r2m);(4) 1m = m(1 2 RÂð� )

.À�Æþ�÷üõ RM �¤�¬ �� �f �Þãõ ,ùÀ�õ�÷ ²� ñøÀõ -R×þ �¤ M �¤�¬ ßþ� ¤¢
ù¢��÷�¡ ù�ðÂû Ý�þ�ð �¤Àõ �ÖÜ� �¤ R .Àª�� �ÖÜ� ×þ R Ý��î ­Âê :�¤Àõ �ÖÜ� 5.1.1 ÓþÂã�:�Øþ¤�Ï�� ,Àª�� ¢���õ R üãÞ� ý�ûùøÂðÂþ¥ ¥� fRigi2ZR ' �i2ZRi (1)8i; j RiRj � Ri+j (2). Ý�þ�ð i ��¤¢ ¥� ßÚÞû �¤ Ri Âû �� ÕÜãµõ Â¬��ä�� �î ´¨� ñøÀõ ×þ ,R �¤Àõ �ÖÜ� ×þ ýø¤M �¤Àõ ñøÀõ ×þ :�¤Àõ ñøÀõ 6.1.1 ÓþÂã�ÛÞä �Øþ¤�Ï �� ,M ' �Mi ,i 2 Z ,´¨� ùÀª �ú¹õ üÜ�� üãÞ� ý�ûùøÂð ¥� Ý�ÖµÆõ âÞ� �þ�¹� ×þ:¢�ªüõ ÓþÂã� Âþ¥ üÎ¡ ø¢ �¤�¬�� M ýø¤ RRn 
Mm !Mn+m



7 ýÂ±� Ý�û�Ôõ 1.1��Þ� ý�Â� Âð� ´¨� üÔ�õ�÷ �¤Àõ ,�¤Àõ (ñøÀõ) �ÖÜ� ×þ :üÔ�õ�÷ �¤Àõ ñøÀõ 7.1.1 ÓþÂã�.(Mi = 0°��Â� ��) Ri = 0 ,i < 0
t Â�çµõ �� �ûý��ÜÞ�À�� �ÖÜ� R[t℄ À��î ­Âê :R[t℄ ýø¤ ¢¤�À÷�µ¨� ý¤�Áð ��¤¢ 8.1.1 ÓþÂã��¤ ý¤�Áð ��¤¢ ßþ� �î ,(tn) = tn:R[t℄ ø n � 0 �� Ý��î �¤Àõ üÔ�õ�÷ ¤�Ï �� �¤ R[t℄ Ý�÷���üõ �õ .Àª��.Ý�õ�÷üõ R[t℄ ýø¤ ¢¤�À÷�µ¨� ý¤�Áð��¤¢

.Àª�� �µª�¢ �þ�� ù�ðÂû Ý�þ�ð ¢�¥� �¤ F ñøÀõ -R :¢�¥� ñøÀõ 9.1.1 ÓþÂã�
� � ù�Â Þ û ... ø C ,B ,A À � ÷� õ Ǒ� � ª� ¥� ý�� µ ¨¢ C À � � î ­Â ê : ý¤� Ú �� î 10.1.1 ÓþÂã�A Ǒ��ª� ¥� °�Âõ �ø¥ Âû ý�¥� �� �Øþ¤�Ï�� ,Àª�� ... ,Hom(A;B) Ýû ¥� �À� ý�û�ä�Þ¹õ ¥� ý�ù¢��÷�¡ý¤�Ú��î ×þ �¤ C .À�õ�÷ �ûýÂ±µ¿þ¤ �¤ Hom(A;B) Â¬��ä .¢¤�¢ ¢��ø �û�ä�Þ¹õ ßþ� ¥� üØþ ,B ø:Àª�� ¤�ÂìÂ� Âþ¥ ñ�¬� ù�ðÂû À�õ�÷üõ:ýÂþÁ� ´îÂª (1)8� 2 Hom(A;B);8� 2 Hom(B;C);8
 2 Hom(C;D); 
(��) = (
�)�:ü÷�Þû ý�ûýÂ±µ¿þ¤ ¢��ø (2)ÓþÂã� gIA; IAf ù�ðÂû �Øþ¤�Ï�� ,Àª�� ¢���õ IA 2 Hom(A;A) À�÷�õ ýÂÊ�ä ,A 2 C Âû ý�¥� ��.´¨�µØþ IA ,A 2 C Âû ý�¥� �� �î ´¨� ¼®�ø .gIA = g ø IAf = f ,À�ª�� ùÀª
-R ø À ª� � (² � � þ) ´ ¨�¤ ý� ûñøÀ õ -R �� Þ � ýù¢�� ÷� ¡ C À � � î ­Â ê 1.1.1 ñ�·õmod�R �� �¤ ö� �î ´¨� ý¤�Ú��î ×þ C �¤�¬ ßþ� ¤¢ .À�ª�� �ûýÂ±µ¿þ¤ ,�ûö� ß�� ý�ûüµ¿þÂÞû.À�û¢üõ Çþ�Þ÷ (R�mod �þ)



8 ýÂ±� Ý�û�Ôõ 1.1
C2 ý¤�Ú��î �� C1 ý¤�Ú��î ¥� ℄¢¤�Þû¢��[ ¢¤øÝû ö�Úã��� ×þ �¤ T :ö�Úã��� 11.1.1 ÓþÂã�Âû ý�¥� �� ø Àª�� ¢���õ T (A) 2 C2 À�÷�õ üþ�µØþ Ǒüª ,A 2 C1 Ǒüª Âû ý�¥� �� ù�ðÂû ,À�õ�÷üõÀ�÷�õ üþ�µØþ ýÂ±µ¿þ¤ , � 2 Hom(A;B) ýÂ±µ¿þ¤[T (�) 2 Hom(T (B); T (A))℄; T (�) 2 Hom(T (A); T (B)):À�ª�� ¤�ÂìÂ� Âþ¥ ñ�¬� �Øþ¤�Ï�� Àª�� ¢���õýÂ±µ¿þ¤ ×þ T (I) : T (A)! T (A) ù�ðö� ,Àª�� C1 ¤¢ ü÷�Þû ýÂ±µ¿þ¤ ×þ I : A! A Âð� (1).Àª�� C2 ¤¢ ü÷�Þû, T (��) = T (�)T (�) ù� ðö� ,À ª� � ùÀ ª Ó þÂ ã � �� ø À � ª� � ýÂ ± µ ¿ þ¤ � ø � Â ð� (2).[T (��) = T (�)T (�)℄
,ö� ý�ûýÂ±µ¿þ¤ ø ¢�¥� ý�ûùøÂð ,ö� ý��ª� �î Àª�� ý¤�Ú��î ×þ C Ý��î ­Âê 2.1.1 ñ�·õý�ûýÂ±µ¿þ¤ ø �û�ä�Þ¹õ ,ö� ý��ª� �î Àª�� ý¤�Ú��î ×þ S Ý��î ­Âê ß��»Þû .À�ª�� �ûüµ¿þÂÞûüõ ÂÑ÷ ¤¢ A �Ü�¨�� ùÀª À�ó�� ¢�¥� ùøÂð Çþ�Þ÷ �¤ F (A) ø S ¤¢ ý��ä�Þ¹õ �¤ A .À�ª�� â���� ,ö�Ý��î ­Âê ,À÷�S ¤¢ (üþ�û�ä�Þ¹õ=) üþ��ª� B ø A ö� ¤¢ �î � : A ! B â��� Âû ý�¥� �� . ÝþÂ�ð�� � ´ª�Ú÷ â�¨�� �� �î Àª�� F (B) �� F (A) ¢�¥� ùøÂð ¥� üµ¿þÂÞû Çþ�Þ÷ F (�) : F (A) ! F (B).´¨� C �� S ¥� ¢¤�Þû ö�Úã��� ×þ F �¤�¬ ßþ� ¤¢ .Àþ�üõ ´¨¢�� üã�±Ï ©ø¤
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ý�ù¢��÷�¡ fMigi2I Âð� :�ûñøÀõ Ý�ÖµÆõ âÞ¹Ü¬�� ø Ý�ÖµÆõ �ÂÌÜ¬�� 12.1.1 ÓþÂã�´õ�ä �� �¤ 8i 2 I ; mi 2 Mi �î fmigi2I À�÷�õ üþ�ûù¢��÷�¡ ��Þ� �ä�Þ¹õ .À�ª�� �ûñøÀõ -R ¥��î ¢�ªüõ ñøÀõ -R×þYi2IMi ,ö� ýø¤ Âó�Ø¨� �Â® ø âÞ� ÓþÂã� �� �î Ý�û¢üõ Çþ�Þ÷Yi2IMi.À�õ�÷ fMigi2I ý�ûñøÀõ -R Ý�ÖµÆõ �ÂÌÜ¬�� �¤ ö�(1) fmigi2I + fm0igi2I = fmi +m0igi2I(2) rfmigi2I = fr:migi2I¥� üû��µõ ¢�Àã� Ǒ�� �� ö� ¤¢ �î fmigi2I �¤�¬ �� Â¬��ä ¥� ÛØÈµõYi2IMi ¥� ý��ä�Þ¹õ Âþ¥�¤ ö� �î ´¨�Yi2IMi ¥� ñøÀõÂ þ¥ ×þ �i2IMi .Ý �û¢üõ ö�È÷ �i2IMi � � �¤ À ÷ÂÔ¬ üÚÞû ,�ûmi.À�õ�÷ fMigi2I ý�ûñøÀõ Ý�ÖµÆõ âÞ¹Ü¬��
,Àª� � �ûñøÀõ üµ¿þÂÞû ×þ f : A ! B Ý��î ­Âê :CoIm f ø CoKer f 13.1.1 ÓþÂã�. CoImf = AKerf ; CoKerf = BImf :ù�ðö�
� � � fn�1�! Mn�1 fn�! Mn fn+1�! À � ÷� õ � ûñøÀ õ -R � ó� ± ÷¢ :Õ � ì¢ � ó� ± ÷¢ 14.1.1 ÓþÂã�,n Âû ý�¥� �� ù�ðÂû ,Ý�õ�÷üõ Õ�ì¢, À�µÆû üµ¿þÂÞû-R, �û fi �Ø�þ�� �¤ Mn+1 ! � � �Im(fn) = Ker(fn+1)

ù�ðÂû Ý�þ�ð üþ�¹��� �¤ â���� ¥� Âþ¥ �¤�¬ �� ��Âð�þ¢ ×þ :üþ�¹��� ��Âð�þ¢ 15.1.1 ÓþÂã�
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gf = hk

(1)
ñ�ùÀþ� ù¥�� ×þ ýø¤ üû��µõ À�ó�� �� ý�ûñøÀõ ¤�µ¡�¨ ¢¤�õ ¤¢ ü¨�¨� ý��Ìì ö��� �� �õ�¢� ¤¢.Ýþ¥�¢Â�üõ üÜ¬�´¿þÂØþ üû��µõ À�ó�� �� ñøÀõ -D Âû ù�ðö� ,Àª�� PID ×þ D Âð� (1¤�µ¡�¨) 1.1.1 ��Ìì.¢�ªüõ �þ�¹� Âþ¥ �Âê �� �µØþ ¤�Ï �� ü�ãþ .ý¤ø¢ ý�ûñøÀõ -D ¥� üÞ�ÖµÆõ âÞ� �� ´¨�(1) D� � (�mi=1D=diD)D �¤Àõ PID ×þ ýø¤ M �¤Àõ ñøÀõ Âû ���Èõ ¤�Ï�� ,dijdi+1 �Øþ¤�Ï�� � 2 Z ø di 2 D ý�Â�:¢�ªüõ �þ�¹� Âþ¥ �Âê �� �µØþ ¤�Ï��(2) (�ni=1D(�i))� ��mj=1(D=djD)(
j)�´îÂ� -�×þ ùÀ�û¢ö�È÷ D(�) ø �i ø 
j 2 Z ø dj jdj+1 �î À�µÆû ü�ÚÞû Â¬��ä dj 2 D ö� ¤¢ �î.Àª��üõ ��� �� ��¤¢ ¤¢ (�� shift)

.℄30[ ¤¢ 575« 1.1 ��Ìì �� ¢�ª á��¤ :��±��stru
ture1
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´¨� ý��ä�Þ¹õ ,�÷�ð À�� �ä�Þ¹õ ×þ ,ý¢�úª ¤�Ï �� :2�÷�ðÀ�� �ä�Þ¹õ 16.1.1 ÓþÂã�.fa; a; b; 
g À�÷�õ .À�ª�� ùÀª ¤�ÂØ� ¤��À�� ´¨� ßØÞõ ö� Â¬��ä �îø Àª��üõ Â¬��ä �ä�Þ¹õ S ö� ¤¢ �î ´¨� (S; �) �ø¥ ×þ �÷�ðÀ�� ý�ä�Þ¹õ ×þ ,üÞ¨¤ ¤�Ï ��.Àû¢üõ ´±Æ÷ �¤ ö� üÚ÷�ðÀ�� �Ìä Âû �� �î ´¨� üµª�Ú÷ ,� : S ! Ns! �(s) = maxfnj(s; n) 2 (S; �); n 2 Ng: À��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �û�ä�Þ¹õ ý¤�ÿ� ÕþÂÏ ¥� �¤ �÷�ðÀ�� ý�ä�Þ¹õ ×þ °Üè�(S; �) = f(s; �(s))js 2 Sg.f(a;2); (b;1); (
;1)g :Ýþ¤�¢ fa; a; b; 
g �ä�Þ¹õ ý�Â� ñ�·õ ö���ä ��.1 � i � �(s) ø s 2 S Âð� ÍÖê ø Âð� (s; i) 2 (S; �)
�µª�¢ ,1 � i � n ý�¥� �� Âð� u <� v Ý�þ�ðüõ , u; v 2 Nn ý�Â� :<� ý�Î��¤ 17.1.1 ÓþÂã�.ui � vi Ý�ª��ü����±ª °��Â� ×þ <� �Î��¤ ù�ðö� ,S � Nn ö� ¤¢ �î Àª�� �÷�ðÀ�� �ä�Þ¹õ×þ (S; �) Ý��î ­Âê.Àª��üõ (S; �) ýø¤©�üÚ÷�ðÀ�� �� ÂÊ�ä Âû �Âþ¥ ,¢¤�À÷ �¤ ü÷¤�Ö�¢�� ´�¬�¡ üóø ´¨� �¤�¢ �¤ ýÀã� ø ü���¥�� ´�¬�¡ ü�ãþ.¢�ªüõÉ¿Èõ
ÛØª � � �Â®Û¬�� × þ x1; : : : ; xn ¥� ý�� Ü Þ �× � × þ :ý�� Ü Þ �× � 18.1.1 ÓþÂã�ö� ¤¢ �î Ý�û¢üõ ö�È÷ xv � � �¤ ë�ê ý��ÜÞ� ×� .vi 2 N S0 ö� ¤¢ �î Àª��üõ xv11 :xv22 : : : : :xvnn.v = (v1; : : : ; vn) 2 Nnmultiset2
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¤¢ °þ�Â® �� ø x1; : : : ; xn ¥� f ý��ÜÞ� À�� ×þ :ùÂ�çµõ À�� ý��ÜÞ� À�� 19.1.1 ÓþÂã�.V 2 Nn ,CV 2 K �î f =XV CV xV ÛØª �� ´¨�ûý��ÜÞ�×� ¥� üû��µõ üÎ¡ °�îÂ� ×þ ,K ö�À�õ.Ý�û¢üõ ö�È÷ K[x1; : : : ; xn℄ �� �¤ �ûý��ÜÞ�À�� ��Þ� ý�ä�Þ¹õ �õ:¢¤�¢ ÂÔ¬�÷ °þÂ® ø¢ ý��ÜÞ� À�� ßþ� :5x1x22 � 7x31 2 K[x1; x2℄ ñ�·õ ö���ä ��C(1;2) = 5 ; C(3;0) = �7
¥� °�îÂ� ×þ �� �î ´¨� R �ÖÜ� ×þ �¤Àõ -n �ÖÜ� ×þ :�¤Àõ -n �ÖÜ� 20.1.1 ÓþÂã�:´¨� Âþ¥ ´�¬�¡ ý�¤�¢ �Â® �Øþ¤�Ï�� R ' �VRV ; V 2 Nn ü�ãþ ,´¨� ùÀª �ú¹õ üÜ�� ý�ûùøÂð.RU :RV � RU+V�î ,An = K[x1; : : : ; xn℄ .Àª��üõ K ö�À�õ ýø¤ �ûý��ÜÞ�À�� �ÖÜ� �¤Àõ -n ý�û�ÖÜ� ñ�·õ ×þö� ¤¢AV = KxV ; V 2 Nný��ÜÞ�À�� �î ¤�Î÷�Þû .À�Èî Âþ�Ê� �� N2 ¼�½¬ �Ø±ª ýø¤ �¤ A2 �¤Àõ -2 �ÖÜ� ö���üõ´¨� ��¤¢ ×þ ùÀ�û¢ ö�È÷ �ó�Üð Âû ,Âþ¥ ÛØª ¤¢ .´¨� ùÀª ù¢�¢ ö�È÷ Âþ¥ ÛØª ¤¢ 5x1x22 � 7x31ø (1;2) ý�û��¤¢ ¤¢ ÂÔ¬ Â�è ÂÊ�ä ø¢ ¤�îÁõ ý��ÜÞ�À�� .Àª��üõ K ö�À�õ ¥� ýÂÊ�ä Ûõ�ª �î.¢¤�¢ (3;0)

(2) 5x1x22 � 7x31



13 ýÂ±� ý��ó���� Ý�û�Ôõ 2.1
×þ ,R �¤Àõ -n �Ö Ü� ×þ ýø¤ �¤Àõ -n ñøÀõ ×þ :�¤Àõ -n ñøÀõ 21.1.1 ÓþÂã�¤�µ¡�¨ ×þ ù�ÂÞû �� ´¨� ùÀª �ú¹õ M ' �VMV ; V 2 Nn °�îÂ� ×þ �� �î ´¨� M üÜ�� ùøÂð:Âþ¥ ÛØª �� üóøÀõ -RRU :MV �MU+V

ýÂ±� ý��ó���� Ý�û�Ôõ 2.1
À�÷�õ K ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð ù�ÂÞû �� K �ä�Þ¹õ×þ :1 üî¢�¨ âÞµ¹õ 1.2.1 ÓþÂã��Øþ¤�Ï�� ,À�õ�÷ üî¢�¨ âÞµ¹õ ×þ �¤ , S(1) 8V 2 K; fV g 2 S(2) � � � 2 S ) � 2 S
.À�õ�÷ K §��¤ �¤ fV g �ä�Þ¹õ. Ý�û¢ üõ Çþ�Þ÷ K �þ (K;S) �� ¤�Êµ¡� �� �¤ üî¢�¨ âÞµ¹õ ×þ

.j�j = k + 1 ù�ðÂû À�õ�÷ k Àã� ¥� í¢�¨ -k ×þ �¤ � 2 S :í¢�¨ -k 2.2.1 ÓþÂã�Simpli
ial Complex1
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.À�õ�÷ � ��øÝû ×þ �¤ � ø � ��ø ×þ �¤ � ù�ðö� ,� � � 2 S Âð� :��øÝû ø ��ø 3.2.1 ÓþÂã�
.Àª� � í¢�¨ -k ×þ � = fV0; : : : ; Vkg Ý � � î ­Âê :í¢�¨ -k ×þ ´ú� 4.2.1 ÓþÂã�:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� � ùÀª °�Âõ §��¤ �ä�Þ¹õ ýø¤ " � " ý¥¤�Ýû �Î��¤(V0; : : : ; Vk) � (V�(0); : : : ; V�(k)), sign � = 1 �î Àª�� üµÈÚþ�� �.Ý�û¢ üõ ö�È÷ [�℄ �� �¤ ¤�¢ ´ú� í¢�¨ ×þ.¢¤�¢ ��÷ � ´ú�×þ , ý¥¤�Ýû §�î Âû
ý�Â� �û´ÈÚþ�� ¢�Àã� ñ�� ,Àª�� í¢�¨ -2×þ � = fV0; V1; V2g Ý��î ­Âê Âð� 1.2.1 ñ�·õ.´¨� 3! �� Â��Â� f0;1;2gS3 = fid; (0 1); (0 2); (1 2); (0 1 2); (0 2 1)g¢Âê ý�û´ÈÚþ�� (1 2) ø (0 2); (0 1) ø À�µÆû �ø¥ ý�û´ÈÚþ�� id ø (0 1 2); (0 2 1) �õ�.À�ª��üõ. �3 = (0 2 1) ø �2 = (0 1 2) , �1 = id À��î ­Âê .Ý��îüõÉ¿Èõ �¤ � ´ú� ø¢ ñ��(1) [�℄ = [(V0; V1; V2)℄ = n(V�1(0); V�1(1); V�1(2)); (V�2(0); V�2(1); V�2(2)); (V�3(0); V�3(1); V�3(2)o= f(V0; V1; V2); (V1; V2; V0); (V2; V0; V1)g(2) [�℄ = [(V1; V0; V2)℄ = n(V�1(1); V�1(0); V�1(2)); (V�2(1); V�2(0); V�2(2)); (V�3(1); V�3(0); V�3(2)o= f(V1; V0; V2); (V2; V1; V0); (V0; V2; V1)g. ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ RN ¤¢ ¯�Ö÷ ¥� fa0; : : : ; ang �ä�Þ¹õ ×þ :ü��ê� ÛÖµÆõ 5.2.1 ÓþÂã�nXi=0 ti = 0; nXi=0 tiai = 0 ��¢�ãõ , ti 2 R Âó�Ø¨� Âû ý�Â� ù�ð Âû ¢¤�¢ ��÷ ü��ê� ÛÖµÆõ , �ä�Þ¹õ ßþ�


