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�Ø÷� ��÷ ��
üµÆû ý�û�µÆ÷�¢ ��Þ�

´¨� ����÷ Çþ�úµ�õ�÷ ÝÜä Â��Â� ¤¢

ø¢



: �� ÝþÀÖ�,Ý÷��Âúõ ¤À�,�¤¢�õ ö�ÂÚ÷ ý�úÞÈ� ø À�³¨ ý�û�õ¤�·þ� �ÞÜî ¥� ö�ªü÷�Æ÷� ø Ý�Ñä Â�±ã� §�� ��,´¨� ö�±�µÈ� ßþÂµú� ö�¤�ð¥ø ¤ ßþÂ�¢Â¨ ßþ� ¤¢ �î ö�ª¢��ø Ç¿�À�õ� ý�õÂð ø ¤�ªÂ¨ �ÔÏ�ä §�� ��Àþ�Âðüõ ´ä�¹ª �� ö�Èû��� ¤¢ §Â� ø ´¨� §¤¢�þÂê �î ö�ªï¤�� ý�û°Üì §�� ��ø.À�îüÞ÷ ÇîøÂê �ðÂû �î ö�ªæþ¤¢ü� ý�û´±½õ§�� ��



¢¤ø�üõÂ� ¢�þÂê ´ã�±Ï üõ�Þ� �õ� ¢Âî á�Âµ¡� �¤ ø� Àþ�� ,Àª�±÷ üþ�À¡ Âð�.´Æû üþ�À¡ �î"Âµóø'
.ÝµÆû ø ù¢�� ÇµÞØ� ��ú±õ ù¤��Þû �î �À¡ ¥� §�³¨ ��¢�µ¨� ��Þ�¥ ¥� �î ´¨� �µÆþ�ª ø �¥� ,�µê�þ ö�þ�� �õ�÷ö�þ�� ßþ� ©¤�Ú÷ ø ßþøÀ� ,¤�ð¢¤øÂ� ´þ��ä �� �î ö��î�ø Û�Ê½� �Àõ ñ�Ï ¤¢ ö�ªæþ¤¢ü� ��Þ�¥ ø üþ�Þ�û�¤ ÂÏ�¡ �� ü��¥ Â�õ ¥øÂú� Âµî¢ ý�ì� ���� ��þ�ä.Ý�îüõ ü÷�¢¤Àì ø ÂØÈ� �÷�Þ�Þ¬ ,Ýµ¡�õ� ö�Èþ� ¥� �»÷� ��Þ� ß��»ÞûÕÈä ÂÏ�¡ �� ��þ�ä ÂÆÞû ¥� ,À÷¢�� ßõ ë�Èõ ø �Þ�û�¤ üðÀ÷¥ Û��Âõ ��Þ� ¤¢ �î ��þ�ä ¤¢�õ ø ¤À� ¥� ß��»Þû¥� ø ���±½õ«�Ê¿� Ý÷�Âû��¡ ¥� ,¢¤�¢üõ �Ú÷ ùÀ÷¥ ßõ ¤¢ �¤ À�õ� ø ©�� �ø¤ ù¤��Þû �î Ç÷�þ�� ü� ´±½õ ø.�¤��Ú¨�³¨ ö�ªæþ¤¢ü� ý�û´þ�Þ� ÂÏ�¿� �®Â�Üä «�Ê¿� Ý÷�¤¢�Â�ø �úû¢ ©�� Û¬�� .´Æ�÷ ÂÔ÷ ø¢ �þ ÂÔ÷ ×þ ©�� Û¬�� ü÷�Æ÷� Âû ý��ãõ ø ý¢�õ ´Þ�Öþ£ ý�û�µ¡øÀ÷�¥� .À÷�ùÀþ�ðÂ� �¤ üÞÜãõ Ûçª �÷�Öª�ä ,ù¢Âî �û¤ �¤ ÂÚþ¢ ùbÀ�±þÂê ý�úÜçª �î ´¨� ý��µªÁð ¢�¡ ¥� ö�Æ÷� �ûÀ¬.�¤��Ú¨�³¨ �¢Â� ù¢�Ôµ¨� ÝÜä ù�¤ ¤¢ ö�÷� ÂÌ½õ ¤¢ �î üõÂµ½õ À���¨�,ÓþÂª üµã�¬ ù�ÚÈ÷�¢ ¥� ý¢�Þ½õ ù¢��õ�è ÀÞ½õ À�¨ Âµî¢ ���� ö�þ�ì� ,�Âµ½õ À���¨� ý�úª�� ×ªü���Öõ ¤¢ ,ö�¹÷¥ üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢ ¥� ö�þ¤��¨ �®¤ ÀÞ½õ Âµî¢ ���� ø ö��ÜÌÔ� À�ã¨ Âµî¢ ����.�¤��Ú¨�³¨ ��÷ ö�¤��ð¤�� ßþ� ���� ñÁ� ¥� .´¨� ù¢�� ÂþÀÖ� Û��ì ø Â�ÚÞÈ� ¤��Æ� �õ�÷ö�þ�� ßþ� ý¤ø�¢,Ýþ¢Âî ýÂ³¨ Ýû ¤��î ¤¢ �¤ ùÂÏ�¡ ¥� Â� ý�û�Ñ½ó �î ¢�Ä÷ ý�Üä ¥��úõ ø üõ�÷ ö��� �úÞ÷�¡ ��þ�ä ö�µ¨ø¢ ¥�.Ý�îüõ ý¤��Ú¨�³¨ �÷�Þ�Þ¬�õ�÷ö�þ�� ßþ� ¤¢ üµ¨�î Âð� .¢�ª âì�ø À�Ôõ Ç÷�¢ ö�¤�Àµ¨ø¢ ø ßê Ûû� ý�Â� �õ�÷ö�þ�� ßþ� �î �¤�øÀ�õ� ö�þ�� ¤¢.¢�ª �µÆþÂÚ÷ ö� �� �Þè� ùÀþ¢ �� ¢¤�¢ ö� ý��Þ� �î ¢¢ÂðüõÂ� ÝÜì °��¬ �� ¢�ªüõ ùÀû�Èõ
¤�ú�



ùÀ�Ø�ùÀ÷�õ ö�À�õ �� üã®�õ �ÖÜ� ×þ ýø¤ ��ä üÎ¡ ý�úûøÂð ý�Â� ý��ó�Þû ý¤�Àþ�� ��±�� �õ�÷ö�þ�� ßþ� éÀûø q ´±·õ ø ¼�½¬ ý�û¢Àä ý�Â� �î À�îüõ �ä¢� ý��ÖÜ� ß��� ýø¤ ý��ó�Þû ý¤�Àþ�� ��Ìì .´¨� üû��µõ�÷üã�±Ï üµ¿þÂÞû ,n
Hq(inc) : Hq(GLn(R),Z) −→ Hq(GLn+1(R),Z)ñ�Þª ´ª�Ú÷ inc : GLn(R) →֒ GLn+1(R) �¹�þ� ¤¢ .´¨� üþ�¨ø¢ q ≤ n − 1 ý�Â� ø �ª�� q ≤ n ý�Â�ø üÔ�Ï ý�û�ó�±÷¢ ö�»Þû üÞúõ ý�û¤���� ¥� ��Ìì ßþ� ��±�� ý�Â� .Àª��üõ A 7→

(
A 0

0 1

) �Î��® ��ßþ� ¤¢ �ä¢� ßþ� ��±�� Â¡� �Ü�Âõ .´¨� ùÀª ù¢�Ôµ¨� �Øþ ¤�ÞÈ�� �� ý�û�ÖÜ� ýø¤ ß�ê� ý�úûøÂð ý��ó�Þûßþ� �� ��±ª ý�þ�Ìì ø ��Ìì ßþ� .Àª��üõ ö� ��óø� ��±�� ¥� �ø�Ôµõ üä�÷ �� ø ´¨� Ǒ�ÂÖµ¨� ¥� ÛÖµÆõ �õ�÷ö�þ��ý�úØ��Ø� ÂÏ�¿� ß��»Þû ø À÷¤�¢ ö� �� Í±�Âõ ý�û�¡�ª ø K ýÂ±� �þÂÑ÷ ¤¢ �î ý¢�þ¥ ý�û¢Â�¤�î ÂÏ�¿�.À�ª��üõ ¤�¢¤�¡Â� ý�ùÄþø ´�Þû� ¥� ,�ú÷� ��±�� ¤¢ ùÀª ù¢Â� ¤�Ø�

¸��



´¨Âúê
¸�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ùÀ�Ø�´Èû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �õÀÖõ�úûøÂð ý��ó�Þû 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �û�ó�±÷¢ 1.19 . . . . . . . . . . . . . . . . . . . . . . . . . �ú÷� ýø¤ ý�úóøÀõ ø üûøÂð ý�û�ÖÜ� 2.112 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �úûøÂð ý��ó�Þû 3.119 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ý�ÖµÆõ À� 4.124 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . üÜ�� ý�úûøÂð ý��ó�Þû 5.1üÔ�Ï ý�û�ó�±÷¢ 226 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . üÔ�Ï ý�û�ó�±÷¢ 1.229 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . üÔ�Ï ý�û�ó�±÷¢ üþ�ÂÚÞû 2.2

Çª



32 . . . . . . . . . . . . . . . . . . . . . . . . . . ý¥�¨ÂµÜ�ê ×þ �� Í±�Âõ üÔ�Ï �ó�±÷¢ 3.234 . . . . . . . . . . . . . . . . . . . . . Óä�Ìõ �ó�±÷¢ ×þ �� �µÆ��ø üÔ�Ï ý�û�ó�±÷¢ 4.2ß�ê� ý�úûøÂð ý��ó�Þû 340 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �Øþ ¤�ÞÈ�� �� ý�û�ÖÜ� 1.343 . . . . . . . . . . . . . . . . . . . . . . �Øþ ¤�ÞÈ�� �� ý�û�ÖÜ� ü�Â® ùøÂð ý��ó�Þû 2.350 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ß�ê� ý�úûøÂð ý��ó�Þû 3.3��ä üÎ¡ ý�úûøÂð ý�Â� ý¤�Àþ�� ��Ìì 458 . . . . . . . . . . . . . . . . . . . . . . . . . . . . üã®�õ ý�û�ÖÜ� ýø¤ üÎ¡Â±� 1.463 . . . . . . . . . . . . . . . . . . . . . . . . . . . üÎ¡ ý�úûøÂð ýø¤ üÔ�Ï �ó�±÷¢ 2.470 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ý��ó�Þû ý¤�Àþ�� ��Ìì 3.477 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â��Âõ

´Ôû



�õÀÖõÂê .¢�¢ ´±Æ÷ ö���õÂ�¢ â��� �� ö��µ� Àþ�ª �¤ ��ä üÎ¡ ý�úûøÂð ý�Â� ý��ó�Þû ý¤�Àþ�� �ÜÿÆõ ý¢��ø ùÀþ�ö���õÂ�¢ ´ª�Ú÷ .À�ª�� F ýø¤ n× n ÂþÁ�§�Øãõ ý�úÆþÂ��õ �Þû �ä�Þ¹õ GLn(F ) ø ö�À�õ ×þ F À��î�î ,À�îüõ Ǒ�Ö ó� �¤ A 7→ detA �Î��® �� GLn(F )/SLn(F )
∼−−→ F ∗ üµ¿þÂØþ ,det : GLn(F ) −→ F ∗´ª�Ú÷ ,��� ´ª�Ú÷ §�Øãõ .Àª��üõ ×þ ö���õÂ�¢ �� n× n ý�úÆþÂ��õ �Þû �ä�Þ¹õ SLn(F )

F ∗ ∼−−→ GLn(F )/SLn(F ) (∗)� Î �� ® � � in : GLn(F ) −→ GLn+1(F ) ñ� Þ ª ´ ª� Ú ÷ .À ª� �ü õ a 7→

(
a 00 In−1 ) � Î �� ® � �.À�îüõ Ǒ�Öó� �¤ GLn(F )/SLn(F )

in−−→ GLn+1(F )/SLn+1(F ) üµ¿þÂÞû üã�±Ï ¤�Î� A 7→

(
A 00 1)Â�¹÷¥ ¤¢ �úµª�Ú÷ �Þû �î Àû¢üõ ö�È÷ (∗) üµ¿þÂØþ

F ∗ ≃ GL1(F )/SL1(F )
i1−−→ GL2(F )/SL2(F )

i2−−→ · · · −→ GLn(F )/SLn(F )
in−−→ · · · (∗∗)¤¢ .´¨� ��ä üÎ¡ ý�úûøÂð ý�Â� ý��ó�Þû ý¤�Àþ�� ��Ìì ¥� ü¬�¡ ´ó�� ´�ãì�ø ßþ� .À�ª��üõ ´¿þÂØþÀþ�� F ù�Ú÷� ,n = 2 Âð� �î À��î ����) SLn(F ) = [SLn(F ), SLn(F )] = [GLn(F ), GLn(F )] ö�� âì�ø��Ìì) ´¨� Âþ¥ �¤�¬ �� Z ¤¢ °��Â® �� GLn(F ) ñø� ý��ó�Þû ö�� ø (Àª�� �µª�¢ �Ìä ¤�ú� Ûì�À�,(À���±� �¤ ℄10[ â�Âõ ¥� 6.1.11

H1(GLn(F ),Z) ≃ GLn(F )/[GLn(F ), GLn(F )] ≃ GLn(F )/SLn(F ).¢�ªüõ �¹�µ÷ (∗∗) ¥� �î Ýþ¤�¢ �¤ Âþ¥ ý��ó�Þû ý¤�Àþ�� âì�ø ¤¢ Å�
H1(GL1(F ),Z) ∼−−→ H1(GL2(F ),Z) ∼−−→ · · · ∼−−→ H1(GLn(F ),Z) ∼−−→ · · ·ßþ�Úþ�� ��-n ý��ó�Þû �� �¤ ñø� ý��ó�Þû �þ ø ù��¿ó¢ �ÖÜ� ×þ �� �¤ F ö�À�õ Âð� �î ´¨� ßþ� ñ��¨ ñ��.À�þ�ð ý��ó�Þû ý¤�Àþ�� �ÜÿÆõ ,�ÜÿÆõ ßþ� �� ?¢Â�ðüõ ¢�¡ �� üÜØª �� ��� ý��ó�Þû ý¤�Àþ�� ,Ý��î�ÖÜ� ýø¤ n �±�Âõ ¥� ��ä üÎ¡ ùøÂð GLn(R) ö� ¤¢ �î Hl(GLn(R),Z) ý��ó�Þû ý�úûøÂð �ãó�Îõø ùÀ�»�� ¤��Æ� �ú÷� ï¤�� ù¥�À÷� ÂÏ�¡ �� �úûøÂð ßþ� �±¨�½õ �÷�Ô¨�µõ .´¨� Ýúõ ¤��Æ� ,Àª��üõ R üþ������´Èû



ý�ùÄþø ´�Þû� n �ø�Ôµõ Âþ¢�Öõ ý�Â� Hl(GLn(R),Z) ý�úûøÂð �Æþ�Öõ ßþ�Â���� .´¨� ßØÞõ Â�è ýÀ� ��.À�îüõ �À��ý�¥� �� Âð� ¢¤�¢ ý��ó�Þû ý¤�Àþ�� ´�¬�¡ G0 ⊆ G1 ⊆ · · · ⊆ Gn ⊆ · · · �úûøÂð ¥� Â�¹÷¥ ×þ Ý�þ�ðüõ.Àª�� üµ¿þÂØþ ×þ Hl(Gn,Z) −→ Hl(Gn+1,Z) ,ï¤�� üê�î ù¥�À÷� �� n ý�Â� ø l Âûßþ� ´�Þû� ÂÏ�¿� .Àª ���¤� ℄6[1ßÜþ�î �b Ü�¨�� ¤�� ß�óø� ��ä üÎ¡ ý�úûøÂð ý�Â� ý��ó�Þû ý¤�Àþ�� ùÀþ�ý¤�Àþ�� �ãó�Îõ ý�Â� �¤ ý¢�þ¥ ö�À�õ�ì�ä ßÜþ�î ý�û¤�î ,ùÀª ù¢Â� ¤�î �� ý�úØ��Ø� ýÀ�Þ�¤Àì ø ¸þ�µ÷���õ¥ ¤¢ ý¤��Æ� ���Öõ ßþ� ¥� Àã� .¢Âî °Ü� ÂÚþ¢ ×�¨�î ý�úûøÂð ø ��ä üÎ¡ ý�úûøÂð ý�Â� ý��ó�Þûø ßþÂµú� .¢�� Âµú� ý¤�Àþ�� �±�¤ �� Â�üÜî ý��¹�µ÷ ��±�� �ú÷� üÜ¬� éÀû �î Àª �µª�÷ ý��ó�Þû ý¤�Àþ�����Öõ ¥� .Àª��üõ ℄9[2ßó�î ¤¢ öø �� ÕÜãµõ ��ä üÎ¡ ý�úûøÂð ý��ó�Þû ý¤�Àþ�� ý�Â� ¸þ�µ÷ ßþÂ�üÜî�õ�÷ö�þ�� ßþ� ý��±õ �î À�ª��üõ ℄5[4ß�Ü¨�¨ ø �Ø÷ÂµÆ÷ ø ℄8[3ß�Ü¨�¨ ���Öõ ���õ¥ ßþ� ¤¢ Ýúõ ¤��Æ� ø °ó��ýø¤ ��ä üÎ¡ ý�úûøÂð ý�Â� ý��ó�Þû ý¤�Àþ�� ��±�� �õ�÷ö�þ�� ßþ� ¤¢ �õ üÜ¬� éÀû .´¨� ¤��µ¨� �ú÷� Â�.´¨� üû��µõ�÷ ùÀ÷�õ ö�À�õ �� üã®�õ ý�û�ÖÜ�Â ê .À ª� � ü û� � µ õ� ÷ ùÀ ÷� õ ö�À � õ � � ü ã ®� õ � Ö Ü � × þ R À � � î Â ê .ý¤�À þ� � � � Ì ìüµ¿þÂÞû Hq(inc) : Hq(GLn−1(R),Z) −→ Hq(GLn(R),Z) ø À�ª� � ´±·õ ¼�½¬ ¢�Àä� n ø q À� �îù�Ú÷� .Àª�� A 7→

(
A 00 1) �Î��® �� inc : GLn−1(R) −→ GLn(R) ñ�Þª â��� �Ü�¨�� ùÀª Ǒ�Öó� üã�±Ï.´¨� üþ�¨ø¢ Hq(inc) ,q ≤ n− 2 ý�Â� ø ´¨�ª�� Hq(inc) ,q ≤ n− 1 ý�Â�ßþ� Û�Ü½� ø �þ�¹� ø °¨��õ üÔ�Ï �ó�±÷¢ ×þ üêÂãõ §�¨� Â� ��Þãõ ý��ó�Þû ý¤�Àþ�� ý�þ�Ìì ��±��ø ý��ó�Þû Â±� ´¿¨ ¤��Æ� Ý�û�Ôõ ¥� üÔ�Ï ý�û�ó�±÷¢ �î ¢�ª ���� .Àª��üõ Ǒ�ÂÖµ¨� ¥� ù¢�Ôµ¨� ø üÔ�Ï �ó�±÷¢Â¡� �Ü�Âõ ÍÖê .Àª��üõ ℄5[ â�Âõ ¥� �µêÂðÂ� �õ�÷ö�þ�� ßþ� Ýúõ ý�úµÞÆì Â·î� .À�ª��üõ ýÂ±� ý��ó����ßþ� ¤¢ ©ø¤ ø¢ ßþ� °�îÂ� .Àª��üõ ℄4[ â�Âõ ¤¢ �µê¤ ¤�î �� ©ø¤ §�¨� Â� ,4 ÛÊê ¥� 3Ç¿� ü�ãþ ��±��

Quillen 1
Van der Kallen 2

Suslin 3
Nestrenko 4�÷



üä�÷ �� Âõ� ßþ� .Àª�� Ǒ�ÂÖµ¨� ¥� ù¢�Ôµ¨� öøÀ� ø Âµû���î ý¤�Àþ�� ��Ìì ��±�� �î ´¨� ùÀª ¶ä�� ,�õ�÷ö�þ��.´¨� ÀþÀ� ø °ó��.´¨� ùÀª Ý�Ñ�� ÛÊê ¤�ú� ¤¢ �õ�÷ö�þ�� ßþ��û�ó�±÷¢ ÓþÂã� �� �¤ ÛÊê ßþ� .Ýþ¥�¢Â�üõ �úûøÂð ý��ó�Þû ¥��÷ ¢¤�õ °ó�Îõ ø Ý�û�Ôõ �ãó�Îõ �� ñø� ÛÊê ¤¢ß��»Þû .Ý��îüõ üêÂãõ �¤ �úûøÂð ý��ó�Þû ø �û�ÖÜ� ßþ� ýø¤ ý�úóøÀõ ø üûøÂð ý�û�ÖÜ� �õ�¢� ¤¢ ø áøÂªÂ¡� ¤¢ ø Ýþ¥�¢Â�üõ �úûøÂð ý��ó�Þû �� ¯�±�¤� ¤¢ ö� �� ¯��Âõ ý�þ�Ìì ø Ý�ÖµÆõ À� ��úÔõ �� �¬�¡ ¤�Î�.Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ üÜ�� ý�úûøÂð ý��ó�Þû�þÂÑ÷ ¤¢ À�Þ�¤Àì ø À�Ôõ ý¤���� üÔ�Ï ý�û�ó�±÷¢ .´¨� ùÀª ù¢�¢ «�Êµ¡� üÔ�Ï ý�û�ó�±÷¢ �� �ø¢ ÛÊê�õ�¢� ¤¢ .Ý��îüõ üêÂãõ �¤ �ú÷� üþ�ÂÚÞû ø ñø� â�¤ üÔ�Ï ý�û�ó�±÷¢ �õ ÛÊê ßþ� ¤¢ .À�ª��üõ ý��ó�Þû Â±�×�¨�î üþ�ÂÚÞû ��Ìì ø üêÂãõ �¤ üÔ�õ Â�è �ó�±÷¢ ×þ ×�÷�÷�î ý¥�¨ÂµÜ�ê ¥� üÔ�Ï �ó�±÷¢ ×þ ´¡�¨ ©ø¤Ýúõ ��Ìì �úµ÷� ¤¢ .À÷�ªüõ ��±�� Óä�Ìõ �ó�±÷¢ ×þ �� �µÆ��ø üÔ�Ï ý�û�ó�±÷¢ ¢��ø Å³¨ .Ý��îüõ ö��� �¤.Ý��îüõ ��±�� �¤ 7Â ̈-6ÀÜ�ª�û/ 5öÀ��ó üÔ�Ï �ó�±÷¢ý�û�ÖÜ� �Àµ�� Å� .¢¥�¢Â�üõ �Øþ ¤�ÞÈ�� �� ý�û�ÖÜ� ýø¤ ß�ê� ý�úûøÂð ý��ó�Þû �ãó�Îõ �� ��¨ ÛÊê.Ýþ¥�¢Â�üõ «�¡ °��Â® �� �û�ÖÜ� ßþ� ü�Â® ùøÂð ý��ó�Þû ü¨¤Â� �� ø ¢Âî Ý�û��¡ üêÂãõ �¤ �Øþ ¤�ÞÈ�� ��ø � þ�Ìì .À�ª� �üõ ü¨�¨� ¤� �Æ� ß�ê� ý�úûøÂð ý��ó�Þû �ã ó�Îõ ý�Â � üÔ�Ï ý�û�ó� ± ÷¢ ø °ó�Îõ ßþ�.´¨� ¤�¢¤�¡Â� ý�ùÄþø ´�Þû� ¥� ¢�¡ ý¢�¡ �� ÛÊê ßþ� ¤¢ �µê¤ ¤�Ø� ý�úØ��Ø�ý�Â� ¥��÷ ¢¤�õ üÔ�Ï �ó�±÷¢ Å³¨ .¢�ªüõ áøÂª üã®�õ ý�û�ÖÜ� ýø¤ üÎ¡ Â±� �ãó�Îõ �� �¤�ú� ÛÊê��ä üÎ¡ ý�úûøÂð ý�Â� ý¤�Àþ�� ��Ìì Â¡� ¤¢ .Ý��îüõ ü¨¤Â� ������ �� ø üêÂãõ �¤ ý¤�Àþ�� ��Ìì ��±��.´¨� �õ�÷ö�þ�� ßþ� üþ�ú÷ éÀû �î Ý��îüõ ��±�� �¤ üû��µõ�÷ ùÀ÷�õ ö�À�õ �� üã®�õ ý�û�ÖÜ� ýø¤
N ø ñøÀõ ×þ M Âð� .Ý�û¢üõ �õ�÷ö�þ�� ßþ� ¤¢ ùÀª ù¢�Ôµ¨� ý�û¢�Þ÷ ¢¤�õ ¤¢ üû���î ¼�®�� �¹�þ� ¤¢
Z/n �� �¤ Z/nZ ùøÂð ß��»Þû .Ý�û¢üõ Çþ�Þ÷ m �� �¤ m+N ∈ M/N �Ìä �f �Þãõ �õ ,Àª�� ö� ñøÀõÂþ¥�¤ Âõ� ßþ� ø ´¨�¤ �þ ´¨� ²� ñøÀõ ,ñøÀõ ×þ �î Ý��îüÞ÷É¿Èõ �õ âì��õ ¥� ý¤��Æ� ¤¢ .Ý�û¢üõ Çþ�Þ÷

Lyndon 5
Hochschild 6

Serre 7ù¢



Âê �È�Þû ¢�ª Âî£ �Ø�þ� öøÀ�M ⊗RN ý¤�Æ÷�� �Â® ¤¢ �f ·õ .Ý��îüõ ¤��ð�ø üõ�Âð ùÀ�÷��¡É�¿È� ��¤¢ M ⊗R N �î À��î ���� .ùÂ�è ø ´¨� ²� ñøÀõ-R×þ N ø ´¨�¤ ñøÀõ-R×þ M �î ´¨� ßþ� Â�
G ùøÂð ö�� ,�õ�÷ö�þ�� ßþ� ¤¢ .´¨� ��÷ ñøÀõ-R×þ ,Àª�� üþ�¹��� R Âð� ø ´¨� ñøÀõ-Z ×þ üÜî ´ó��üóøÀõ-Z ¤�µ¡�¨ ÍÖêM ⊗ZGN ßþ�Â���� ø ´¨� üþ������ Â�è ZG üûøÂð �ÖÜ� Å� ,´¨� üÜ�� Â�è �f �Þãõ.Ý�û¢üõ Çþ�Þ÷∑n �� �¤ �Ìä n �� ö¤�Öµõ ùøÂð ß��»Þû .¢¤�¢

ù¢¥�þ



ñø� ÛÊê
�úûøÂð ý��ó�Þû

��±�� �þ ÂµÈ�� ������ öÀþ¢ ý�Â� .Ý��îüõ �ãó�Îõ ø üêÂãõ �¤ �úûøÂð ý��ó�Þû �¬�¡ ¤�Ï �� ÛÊê ßþ� ¤¢ �õ¥��÷ ¢¤�õ ø À�Ôõ Ý�û�Ôõ �î ´¨� ßþ� Â� üã¨ ÛÊê ßþ� ¤¢ .¢�ª á��¤ ℄10[ ø ℄7[ ,℄2[ â��Âõ �� �þ�Ìì üÌã�1 �� �¤ G üúþÀ� ÂÊ�ä ø ´¨� ù��¿ó¢ ùøÂð ×þ G ÛÊê ßþ� ��Þ� ¤¢ .¢¢Âð ö��� üÜ¬� á�®�õ ÂµÈ�� Ýúê ý�Â�.Ý�û¢üõ Çþ�Þ÷ 1G �þ�û�ó�±÷¢ 1.1ù¢�� ÷� ¡ × þ ,� ú óøÀ õ-R ¥� (ü óø� ÷ ýÂ � ¹ ÷¥) � ó� ± ÷¢ × þ .´ ¨� ¤�À Ø þ ý�� Ö Ü � R À � � î Â ê�� �Øþ¤�Î� Àª��üõ ∂Kn : Kn −→ Kn−1 ý�ú�µ¿þÂÞû-R ø Kn ý�úóøÀõ-R ¥� K• := {Kn, ∂
K
n }n∈Z.Ý�û¢üõ Çþ�Þ÷ Âþ¥ �¤�¬ �� �f �Þãõ �¤ ýÂ�¹÷¥ �ó�±÷¢ ßþ� .∂Kn ◦ ∂Kn+1 = 0 ,n Âû ý�¥�

K• : · · · −−−−→ Kn+1 ∂Kn+1−−−−→ Kn
∂Kn−−−−→ Kn−1 −−−−→ · · ·

∂n �� ��Þãõ �¤ ∂Kn Àþ��÷ Ç�� üõ�ú�� �î ü�¤�¬ ¤¢ .Ý�õ�÷üõK• �ó�±÷¢ ��-n Û�Æ÷�ÂÔþ¢ �¤ ∂Kn üµ¿þÂÞû�¤ Zn(K•) := ker(∂Kn ) ñøÀõ-R ø � ó� ± ÷¢ ¥Âõ-n �¤ Bn(K•) := im(∂K
n+1) ñøÀõ-R .Ý �û¢üõ Çþ�Þ ÷1



n Âû ý�¥� �� ñ�� .Bn(K•) ⊆ Zn(K•) �î ¢�ªüõ �¹�µ÷ ,∂Kn ◦ ∂Kn+1 = 0 �Î��¤ ¥� .Ý�õ�÷üõ �ó�±÷¢ ¤ø¢-n.Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ K• �ó�±÷¢ ��-n ý��ó�Þû
Hn(K•) := Zn(K•)/Bn(K•)¥� f• := {fn : Kn −→ Ln}n∈Z ùb¢��÷�¡ .Hn(K•) = 0 ,n Âû ý�¥� �� ù�ð Âû Ý�õ�÷üõ Õ�ì¢ �¤ K• �ó�±÷¢,fn−1 ◦ ∂Kn = ∂Ln ◦ fn ,n Âû ý�¥� �� ù�ðÂû Ý�õ�÷üõ L• �ó�±÷¢ �� K• �ó�±÷¢ ¥� ´¿þ¤ ×þ �¤ �ûüµ¿þÂÞû-R.¢�ª üþ������ Âþ¥ ¤�¢�Þ÷ ,n Âû ý�¥� �� ü�¤�±ä �� �þ

Kn

∂Kn
−−−−−→ Kn−1

|
|
↓
fn

|
|
↓
fn−1

Ln
∂Ln

−−−−−→ Ln−1.À�îüõ Ǒ�Öó� Âþ¥ �¤�¬ �� üµ¿þÂÞû ×þ ,n Âû ý�¥� �� ,f• : K• −→ L• ´¿þ¤
Hn(f•) : Hn(K•) −→ Hn(L•),À�ª�� ´¿þ¤ ø¢ g• : L• −→ M• ø f• : K• −→ L• Âð� �î ¢�ªüõ ùÀþ¢ ü÷�¨� �� .x 7→ fn(x) �Î��® ��ø ´¨� ´¿þ¤ ×þ g• ◦ f• := {gn ◦ fn : Kn −→Mn}n∈Z ù¢��÷�¡ ù�Ú÷�
Hn(g• ◦ f•) = Hn(g•) ◦Hn(f•)×þ âì�ø ¤¢ Hn Å� .Hn(idK•

) = idHn(K•) ù�Ú÷� ,Àª�� ü÷�Þû ´¿þ¤ idK•
: K• −→ K• Âð� ß��»Þûø¢ ¥� K•

f•−→ H•

g•−→ L• °�îÂ� .´¨� �úóøÀõ-R �µ¨¤ �� R ýø¤ ý�û�ó�±÷¢ �µ¨¤ ¥� ¢¤�Þû ö�Úã���.gn ◦ fn = 0 ,n Âû ý�¥� �� ù�ðÂû Ý�õ�÷ (�û�ó�±÷¢ ¥�) �ó�±÷¢ ×þ �¤ g• ø f• ´¿þ¤ù� �� î � ó� ± ÷¢ ,n Â û ý�¥� � � ù� ðÂ û Ý � õ� ÷ Õ � ì¢ �¤ 0 −→ K•

f•−→ H•

g•−→ L• −→ 0 � ó� ± ÷¢ö¢�� Õ�ì¢ �� üÏ�±�¤� �ó�±÷¢ ßþ� ö¢�� Õ�ì¢ À��î ���� .Àª�� Õ�ì¢ 0 −→ Kn
fn−→ Hn

gn−→ Ln −→ 0.¢¤�À÷ (L• �þ H•) K• ý�û�ó�±÷¢2



.Àª�� Õ�ì¢ 0 −→ K•

f•−→ H•

g•−→ L• −→ 0 �ó�±÷¢ À��îÂê (Õ�ì¢ À�Ü� �ó�±÷¢) 1.1.1 ��Ìì.Ýþ¤�¢ �¤ Âþ¥ Õ�ì¢ �ó�±÷¢ �Øþ¤�Î� ¢¤�¢ ¢��ø δn : Hn(L•) −→ Hn−1(K•) üµ¿þÂÞû ,n Âû ý�¥� �� ù�Ú÷�
· · · −→ Hn+1(L•)

δn+1−−−−−→ Hn(K•)
Hn(f•)−−−−−→ Hn(H•)

Hn(g•)−−−−−→ Hn(L•)
δn−−−−−→ Hn−1(K•) −→ · · ·Õ�ì¢ ý�ûÂÎ¨ �� �û�ó�±÷¢ ¥� Âþ¥ üþ�¹��� ¤�¢�Þ÷ ¥� �î ü�ãõ ßþÀ� ,´¨� üã�±Ï δn üµ¿þÂÞû ßþ�Â� ùø�ä0 −→K•

f•−→ H•
g•−→ L• −→ 0

k•
|
↓ h•

|
↓ l•

|
↓0 −→K ′

•

f ′
•−→ H ′

•

g′•−→ L′
• −→ 0.Ýþ¤ø�üõ ´¨À� �¤ Õ�ì¢ ý�ûÂÎ¨ �� Âþ¥ üþ�¹��� ¤�¢�Þ÷

· · · −→ Hn+1(L•)
δn+1
−−−−→ Hn(K•)−→ Hn(H•)−→ Hn(L•)

δn−−→ Hn−1(K•) −→ · · ·
|
|
↓

|
|
↓

|
|
↓

|
|
↓

|
|
↓

· · · −→ Hn+1(L′
•)

δ′n+1−−−−→ Hn(K
′
•)−→ Hn(H ′

•)−→ Hn(L
′
•)

δ′n
−−−→ Hn−1(K ′

•) −→ · · ·

� .À��î �ã��Âõ ℄10[ â�Âõ ¥� 1.3.1 ��Ìì �� .ö�ûÂ�ù� Ú ÷� .À ª� � ñøÀ õ-R × þ M ø � ú óøÀ õ-R ¥� � ó� ± ÷¢ × þ K• À � � î Â ê 2.1.1 ñ�·õ.´¨� �úóøÀõ-Z ¥� �ó�±÷¢ ×þ K• ⊗M := {Kn ⊗RM,∂Kn ⊗ idM}n∈Z

K• ⊗M : · · · −→ Kn+1 ⊗RM

∂Kn+1 ⊗ idM
−−−−−−−−−−−→ Kn ⊗RM

∂Kn ⊗ idM
−−−−−−−−−−→ Kn−1 ⊗RM −→ · · ·

△ .Àª��üõ ��÷ �úóøÀõ-R ¥� �ó�±÷¢ ×þ K• ⊗M ù�Ú÷� ,Àª�� üþ������ R Âð�.À�ª�� �úóøÀõ-R ¥� üÔ�õ Â�è �ó�±÷¢ ø¢ C• ø F• À��î Âê 3.1.1 ñ�·õ
F• : · · · −→ F2 ∂F2

−→ F1 ∂F1
−→ F0 −→ 0

C• : · · · −→ C2 ∂C2
−→ C1 ∂C1

−→ C0 −→ 0,Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ D• := F• ⊗ C• Óä�Ìõ �ó�±÷¢
D• : · · · −→ D2 ∂D2

−→ D1 ∂D1
−→ D0 −→ 03



,n Âû ý�¥� �� �î
Dn :=

⊕

i+j=n

Fi ⊗R Cj , ∂Dn := (∂Fi ⊗ idCj
+ (−1)iidFi

⊗ ∂Cj )i+j=n.À�îüõ ÛÞä Âþ¥ �¤�¬ �� fi ⊗ cj ∈ Fi ⊗R Cj ýø¤ ∂Dn ü�¤�±ä ��
∂Dn (fi ⊗ cj) = ∂Fi (fi) ⊗ cj + (−1)ifi ⊗ ∂Cj (cj) ∈ Fi−1 ⊗R Cj ⊕ Fi ⊗R Cj−1

△ .´¨� �ó�±÷¢ ×þ âì�ø ¤¢ D• Å� .∂Dn−1 ◦ ∂Dn = 0 �î ¢�ªüõ ùÀþ¢ ü÷�¨� ��.´¨� Âþ¥ �¤�¬ �� �úóøÀõ-R ¥� Õ�ì¢ �ó�±÷¢ ×þ ,M ñøÀõ-R ¥� (²�) Û�Ü½� ×þ 4.1.1 ÓþÂã�
F•

ε
−→ M : · · · −→ F1 ∂1

−→ F0 ε
−→ M −→ 0.Ý�õ�÷üõ (ýÂþ�Ê�) ¢�¥� �¤ Û�Ü½� ,À�ª�� (ýÂþ�Ê�) ¢�¥� �û-Fi �bÞû Âð�.¢¤�¢ (ýÂþ�Ê�) ¢�¥� Û�Ü½� ×þ ,M ñøÀõ-R Âû 5.1.1 ��Ìì

� .À��î �ã��Âõ ℄10[ â�Âõ ¥� 2.2.5 Ýó �� .ö�ûÂ��ó�±÷¢ .Àª�� üú��÷ �ä�Þ¹õ ×þ X À��î Âê 6.1.1 ñ�·õ
C•(X) : · · · −→ Cn(X)

∂n
−→ Cn−1(X)

∂n−1
−→ · · · −→ C0(X) −→ 0Â¬��ä ¥� �ûüþ��-(n+ 1) �Þû Í¨�� ùÀª À�ó�� ¢�¥� üÜ�� ùøÂð �¤ Cn(X) :Ý��îüõ ÓþÂã� �¤�¬ ßþ� �� �¤�Î��® �� �¤ ∂n : Cn(X) −→ Cn−1(X) Û�Æ÷�ÂÔþ¢ â��� ø X

∂n(x0, . . . , xn) :=

n∑

i=0(−1)i(x0, . . . , x̂i, . . . , xn)ü�ãþ ,´¨� �ó�±÷¢ ×þ C•(X) �î Ý��îüõ ´��� .´¨� ÂÊ�ä ßþ� éÁ� ü�ãõ �� x̂i �¹�þ� ¤¢ .Ý��îüõ ÓþÂã�.¢�ªüõ �±¨�½õ Âþ¥ �¤�Ê� C•(X) ý��ó�Þû ß��»Þû ø ∂n−1 ◦ ∂n = 0 ,n Âû ý�¥� ��
Hn(C•(X)) ≃





Z n = 0 Âð�0 n 6= 0 Âð�4



,Ýþ¤�¢ ∂n ÓþÂã� ���� �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (x0, . . . , xn) ∈ Cn(X) ÂÊ�ä ,C•(X) ö¢�� �ó�±÷¢ ��±�� ý�Â�
∂n(x0, . . . , xn) =

n∑

i=0(−1)i(x0, . . . , x̂i, . . . , xn)Ýþ¤�¢ (x0, . . . , x̂i, . . . , xn) ÂÊ�ä ýø¤ ∂n−1 ö¢�¢ Â�� �� ø
∂n−1(x0, . . . , x̂i, . . . , xn) = (x̂0, . . . , x̂i, . . . , xn) + · · ·

+(−1)i−1(x0, . . . , x̂i−1, x̂i, . . . , xn)

+(−1)i(x0, . . . , x̂i, x̂i+1, . . . , xn) + · · ·

+(−1)n−1(x0, . . . , x̂i, . . . , x̂n)ß�õ�-(k−1) ,xk ö�� ´¨� (−1)k−1 ,(x0, . . . , x̂i, . . . , x̂k, . . . , xn) ´õ�ä k ≥ i+1 üµìø �î À��î ����Å� .´¨� x0, . . . , x̂i, . . . , xk, . . . , xn ´Æ�ó ¤¢ �ÜÞ�
∂n−1(x0, . . . , x̂i, . . . , xn) =

∑i−1
j=0(−1)j(x0, . . . , x̂j , . . . , x̂i, . . . , xn)

+
∑n
k=i+1(−1)k−1(x0, . . . , x̂i, . . . , x̂k, . . . , xn)¤�±Øþ :¢�ªüõ Âû�Ò ∂n−1 ◦ ∂n(x0, . . . , xn) ÍÆ� ¤¢ ¤��ø¢ (x0, . . . , x̂i, . . . , x̂j , . . . , xn) �î À��î ���� ñ��ö� ´õ�ä üóø� ÍÆ� ¤¢ .∂n−1(x0, . . . , x̂j , . . . , xn) ÍÆ� ¤¢ ¤� ±Ø þ ø ∂n−1(x0, . . . , x̂i, . . . , xn) ÍÆ� ¤¢ßþ�Â���� ø À��îüõ éÁ� �¤ ÂÚþÀØþ �û�ÜÞ� ßþ� .´¨� (−1)i+j−1 ö� ´õ�ä üõø¢ ÍÆ� ¤¢ ø ´¨� (−1)i+j.∂n−1 ◦ ∂n = 0�Î ��® � � C0(X)

∂0−→ C−1(X) â �� � ø C−1(X) := Z À � � î Â ê ,C•(X) ý�� ó� Þ û � ± ¨�½ õ ý�Â ��ó�±÷¢ �î Ý��î ´��� Ý�û��¡üõ .∂0 ◦ ∂1 = 0 �î ¢�ªüõ ùÀþ¢ ü÷�¨� �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤∑ni(xi) 7→
∑
ni�¤ α :=

∑
m(x0, . . . , xn) ∈ ker(∂n) ÂÊ�ä .´¨� Õ�ì¢ · · · −→ C1(X)

∂1
−→ C0(X)

∂0
−→ C−1(X) −→ 0Å� .ÀþÂ�Ú� ÂÑ÷ ¤¢0 = ∂n(α) =

∑
m∂n(x0, . . . , xn) =

∑ n∑

i=0(−1)im(x0, . . . , x̂i, . . . , xn) (∗)Ýþ¤�¢ ,(∗) Â���� ù�Ú÷� ,x ∈ X Âð� ñ��
∑ n∑

i=0(−1)im(x0, . . . , x̂i, . . . , xn, x) = 0 (∗∗)5



Ýþ¤�¢ (∗∗) �� ���� �� ù�Ú÷� ,β :=
∑
m(x0, . . . , xn, x) ∈ Cn+1(X) Âð�

∂n+1(β) =
∑
m∂n+1(x0, . . . , xn, x)

=
∑
m
(∑n

i=0(−1)i(x0, . . . , x̂i, . . . , xn, x) + (−1)n+1(x0, . . . , xn))
=
∑∑n

i=0(−1)im(x0, . . . , x̂i, . . . , xn, x) + (−1)n+1∑m(x0, . . . , xn)
= (−1)n+1α �¹�µ÷ ¤¢

∂n+1((−1)n+1β) = (−1)n+1∂n+1(β) = (−1)n+1(−1)n+1α = α,n = 0 Âð� .Hn(C•(X)) = 0 ù�Ú ÷� , n 6= 0 Âð� ñ�� .im(∂n+1) = ker(∂n) �Á ó ø α ∈ im(∂n+1) Å�Å� ,´¨� Õ�ì¢ C1(X)
∂1
−→ C0(X)

∂0
−→ Z −→ 0 �ó�± ÷¢ ö�� �õ� .H0(C•(X)) = C0(X)/im(∂1) ù�Ú÷�.H0(C•(X)) ≃ Z

△ .´¨� �úóøÀõ-Z ¥� ,Z ¥� ¢�¥� Û�Ü½� ×þ C•(X)
∂0
−→ Z �î Ýþ¢Âî ´��� âì�ø ¤¢ �õ ßþ�Â����ù�ðÂû Ý�þ�ð ��� ü����Þû �¤ f• : C• −→ D• ´¿þ¤ .À�ª�� �ó�±÷¢ ø¢ D• ø C• À��î«Âê 7.1.1 ÓþÂã�.fn = Sn−1 ◦ ∂Cn + ∂Dn+1 ◦ Sn �Øþ¤�Î� Àª�� �µª�¢ ¢��ø Sn : Cn −→ Dn+1 üµ¿þÂÞû ,n Âû ý�¥� ��× þ f• − g• ù� ðÂ û ,f• ∼ g• Ý � Æ þ� ÷ü õ ø ,Ý � �� ð �� �� Þ û �¤ g• ø f• : C• −→ D• ´ ¿ þ¤ ø¢� Ø þ¤� Î � À ª� � � µ ª�¢ ¢� �ø Sn : Cn −→ Dn+1 üµ¿ þÂ Þ û ,n Â û ý�¥� � � ü � ã þ ,À ª� � �� � ü �� �� Þ û.Ý���ð g• �� f• ¥� ü����Þû ×þ �¤ {Sn}n∈Z ù¢��÷�¡ .fn − gn = Sn−1 ◦ ∂Cn + ∂Dn+1 ◦ Sný�ú � µ¿ þ¤ Â ð� ,C• ∼ D• Ý �Æ þ� ÷üõ ø ,Ý � �� ð ü �� �� Þû ¥¤�Ýû �¤ D• ø C• � ó� ± ÷¢ ø¢ 8.1.1 ÓþÂã�.f• ◦ g• ∼ idD•

ø g• ◦ f• ∼ idC•
�Øþ¤�Î� À�ª�� �µª�¢ ¢��ø g• : D• −→ C• ø f• : C• −→ D•.Hn(f•) = 0 ,n Âû ý�¥� �� ù�Ú÷� .Àª�� ��� ü����Þû f• : C• −→ D• ´¿þ¤ À��î Âê 9.1.1 Ýóüµ¿þÂÞû n Âû ý�¥� �� ,7.1.1 ÓþÂã� �� ���� � � ,´¨� ��� ü����Þû f• : C• −→ D• ö�� .ö�ûÂ�6



�Øþ¤�Î� ¢¤�¢ ¢��ø Sn : Cn −→ Dn+1
fn = Sn−1 ◦ ∂Cn + ∂Dn+1 ◦ Sn.À�îüõ Ǒ�Öó� �¤ x 7→ fn(x) �Î��® �� Hn(f•) : Hn(C•) −→ Hn(D•) üµ¿þÂÞû ,f• ´¿þ¤ �î À��î ����Ýþ¤�¢ �Áó .∂Cn (x) = 0 ù�Ú÷� ,x ∈ Hn(C•) Âð� ñ��

fn(x) = Sn−1 ◦ ∂Cn (x) + ∂Dn+1 ◦ Sn(x) = ∂Dn+1(Sn(x)) ∈ im(∂Dn+1) = Bn(D•)

� .Hn(f•)(x) = fn(x) = 0 ßþ�Â����,n Â û ý�¥� � � ù� Ú ÷� .À � ª� � �� �� Þ û g• ø f• : C• −→ D• ý� ú µ ¿ þ¤ À � � î Â ê 10.1.1 �¹�µ÷.Hn(C•) ≃ Hn(D•) ù�Ú÷� ,C• ∼ D• Âð� ß��»Þû .Hn(f•) = Hn(g•) : Hn(C•) −→ Hn(D•),n Âû ý�¥� � � 9.1.1 Û±ì Ýó � � ���� � � �Á ó .´¨� ��� ü�� ��Þû f• − g• Å� ,f• ∼ g• ö�� .ö�ûÂ �,7.1.1 ÓþÂã � � � ��� � � � ù�Ú ÷� ,C• ∼ D• Â ð� ñ�� .Hn(f•) = Hn(g•) �¹� µ ÷ ¤¢ .Hn(f• − g•) = 0.f• ◦ g• ∼ idD•
ø g• ◦ f• ∼ idC•

� Ø þ¤� Î � À ÷¤�¢ ¢� �ø g• : D• −→ C• ø f• : C• −→ D• ý�ú µ¿ þ¤ö� � .Hn(f• ◦ g•) = Hn(idD•
) ø Hn(g• ◦ f•) = Hn(idC•

) �� ± �� ß � Þ û ñø� ´ Þ Æ ì Â �� � � � ¹ � µ ÷ ¤¢ßþ�Â���� .Hn(f•) ◦Hn(g•) = idHn(D•) ø Hn(g•) ◦Hn(f•) = idHn(C•) Å� ,´¨� ö�Úã��� ×þ ý��ó�Þû
� Hn(C•) ≃ Hn(D•)ø � ú óøÀ õ-R ¥� ü µ ¿ þÂ Þ û × þ f : M −→ N À � � î Â ê (� Æ þ� Ö õ � � Ì ì) 11.1.1 ��Ìì´¿ þ¤ × þ , Q•

µ
−→ N ù�� ¿ ó¢ Û � Ü ½ � Â û ý�Â � ù� Ú ÷� .À ª� � M ¥� ýÂ þ�Ê � Û � Ü ½ � × þ P•

ε
−→M�ó�± ÷¢ ,P• ¥� ¤�Ñ�õ �¹�þ� ¤¢) .µ ◦ f0 = f ◦ ε ü�ãþ ,Àû¢üõ ©ÂµÆð �¤ f �î ¢¤�¢ ¢��ø f• : P• −→ Q•.´¨� �µØþ ü����Þû À� ¤¢ ´¿þ¤ ßþ� ,ßþ� Â� ùø�ä (.Àª��üõ · · · ∂P3−→ P2 ∂P2

−→ P1 ∂P1
−→ P0−→ 0

� .À��î �ã��Âõ ℄10[ â�Âõ ¥� 2.2.6 ��Ìì �� .ö�ûÂ�
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´¨�¤ ñøÀõ-R ¥� ýÂþ�Ê� Û�Ü½� ×þ F•
ε

−→M ø ²� ñøÀõ-R×þ N À��îÂê 12.1.1 ÓþÂã�Ý��îüõ ÓþÂã� .Àª��M
TorRn (M,N) := Hn(F• ⊗R N).Àª��üõ · · · −→ F2 ∂2

−→ F1 ∂1
−→ F0 −→ 0 ýÂþ�Ê� �ó�±÷¢ F• �¹�þ� ¤¢ �î.´¨� F•

ε
−→M ýÂþ�Ê� Û�Ü½� ��¿µ÷� ¥� ÛÖµÆõ TorRn (M,N) ùøÂð 13.1.1 ��Ììø Àª� � F•

ǫ
−→M ýÂþ�Ê� Û� Ü½ � ¥� Â �è � � ýÂ þ�Ê� Û� Ü½ � ×þ Q•

µ
−→M À� � î Âê .ö�ûÂ �ø f• : F• −→ Q• ý�úµ¿þ¤ ,11.1.1 �Æþ�Öõ ��Ìì ¥� ù¢�Ôµ¨� �� .f := idM : M −→ M �î À��î Âê.À�µÆû üþ������ Âþ¥ ý�û¤�¢�Þ÷ �Øþ¤�Î� À÷¤�¢ ¢��ø g• : Q• −→ F•

F•

ǫ
−−−−→ M −→ 0

f•
|
|
↓

|
|
↓
idM

Q•
µ

−−−−→ M −→ 0 ,

Q•

µ
−−−−→ M −→ 0

g•
|
|
↓

|
|
↓
idM

F•
ǫ

−−−−→ M −→ 0.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ üþ������ ý�û¤�¢�Þ÷ ñ��
F•

ǫ
−−−−→ M −→ 0

g• ◦ f•
,

idF•

|
|
↓

|
|
↓
idM

F•
ǫ

−−−−→ M −→ 0 ,

Q•

µ
−−−−→ M −→ 0

f• ◦ g•
,

idQ•

|
|
↓

|
|
↓
idM

Q•
µ

−−−−→ M −→ 0
g•◦f• ∼ idF•

Å� ,À�µÆû �µØþ ü����Þû À� ¤¢ g•◦f• ø f•◦ g• ý�úµ¿þ¤ ,11.1.1 �Æþ�Öõ ��Ìì ¥� ù¢�Ôµ¨� ��
(g• ⊗ idN ) ◦ (f• ⊗ idN ) ∼ idF•⊗N Ýþ¤�¢ ,��� Í��ø ¤ ¤¢ idN ý¤�Æ÷�� �Â® �� ßþ�Â���� .f• ◦ g• ∼ idQ•

ø,10.1.1 �¹ � µ ÷ Â �� � � ñ� � .Q• ⊗R N ∼ F• ⊗R N �¹ � µ ÷ ¤¢ .(f• ⊗ idN ) ◦ (g• ⊗ idN ) ∼ idQ•⊗N ø
� .´¨� ýÂþ�Ê� Û�Ü½� ��¿µ÷� ¥� ÛÖµÆõ TorRn (M,N) ÓþÂã� ßþ�Â���� .Hn(Q• ⊗RN) ≃ Hn(F• ⊗RN)Å� ,´¨� ´¨�¤ Õ�ì¢ ý¤�Æ÷�� �Â® ö�� .À�ª�� ��� ö�»ÞûM ø N À��î Âê 14.1.1 ñ�·õ

F1 ⊗R N

∂F1 ⊗ idN
−−−−→ F0 ⊗R N

ε⊗ idN
−−−−→ M ⊗R N −→ 08



△ .TorR0 (M,N) = H0(F• ⊗R N) = (F0 ⊗R N)/im(∂F1 ⊗ idN ) ≃M ⊗R N ßþ�Â���� .´¨� Õ�ì¢�ú÷� ýø¤ ý�úóøÀõ ø üûøÂð ý�û�ÖÜ� 2.1ÛÞä ø Àª��üõ G Â¬��ä �b Ü�¨�� ùÀª À�ó�� ¢�¥� üÜ�� ùøÂð ,ZG üûøÂð �b ÖÜ� .Àª�� ùøÂð ×þ G À��îÂê�î À��î ���� .∑ngg ·
∑
nhh :=

∑∑
ngnhgh ü�ãþ ,¢�ªüõ ÓþÂã� üã�±Ï �¤�¬ �� ZG ýø¤ �Â®×þ ,ZG ýø¤ (´¨�¤) ²� ñøÀõ ×þ .À�ª� �üõ ¢�¥� ñøÀõ-Z ö���ä �� ZG ý�Â� � þ� � ×þ ,G Â¬��äüãÞ� üÜ�� ùøÂð ×þ �¤�¬ �� ö���üõ �¤ ²� ñøÀõ-G×þ ¤�µ¡�¨ .¢�ªüõ ùÀ�õ�÷ (´¨�¤) ²� ñøÀõ-G

G ÛÞä Âð�M ñøÀõ-G×þ ¤¢ .¢¤�¢ üÈ¿� ´�¬�¡ âÞ� ýø¤ ø À�îüõ ÛÞä ö� ýø¤ ²� ¥� G �î Àþ¢ñøÀõ-G×þ �¤ M ù�Ú÷� ,gm = m Ý�ª�� �µª�¢ m ∈M Âû ø g ∈ G Âû ý�¥� �� ü�ãþ ,Àª�� üúþÀ�M ýø¤.´¨� üúþÀ� ñøÀõ-G×þ Z �î Ý��îüõ Âê �È�Þû �õ�÷ ö�þ�� ßþ� ¤¢ .Ý�õ�÷üõ üúþÀ�ýø¤ ²� ñøÀõ ×þ N ø ´¨�¤ ñøÀõ ×þ M �î ¢�ªüõ ÓþÂã� üµìøM ⊗R N ý¤�Æ÷�� �ÂÌÜ¬���µª�¢ ���� .Ýþ¤�¢ ¥��÷ ZG �b ÖÜ� ýø¤ �úóøÀõ-G ý¤�Æ÷�� �ÂÌÜ¬�� �� �õ .À�ª�� RíÂµÈõ �ÖÜ� ×þ�� Ý�÷���üõ �¤ M ²� ñøÀõ -G Âû ,m ∈ M ø g ∈ G �î m · g := g−1mÓþÂã� �� üã�±Ï ¤�Î� �î À�ª��ý¤�Æ÷�� �ÂÌÜ¬�� Ý�÷���üõ ��� ¤¢ ùÀª ÓþÂã� ¤�µ¡�¨ �� .ÅØäÂ� ø Ý��î ÛþÀ±� ´¨�¤ ñøÀõ-G×þßþ� ¤¢ .Ý�û¢üõ Çþ�Þ÷M ⊗GN �� �Â÷� ��Þãõ �î Ý��î ÓþÂã� �¤ N øM ²� ý�úóøÀõ-G ý�Â�M ⊗ZGN.Ý��îüõ ñ�±÷¢ �¤ Âþ¥ �Î��¤ �ÂÌÜ¬��
gm⊗ gn = mg−1 ⊗ gn = m⊗ g−1gn = m⊗ n (1.1).Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤MG øMG .Àª�� ñøÀõ-G×þ M À��î Âê 1.2.1 ÓþÂã�

MG := {m ∈M | gm = m, g ∈ G}

MG := M/〈gm−m | g ∈ G,m ∈M〉.À�µÆû üúþÀ� ñøÀõ-G ø¢ Âû MG øMG �î ¢�ªüõ ùÀþ¢ ü÷�¨� ��9


