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{x� ∗ x� ∗ ... ∗ xn|x�, ..., xn ∈ A, n ∈ N}
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�	 ���(� �.�$ L���� �� �� ��8�=�?�� |

9($ �	 �n+�� �f�f1 ��
$� �$#(,� R\{�} h�i� ��#�$ �	 5?������� �8�= Z� J
�	

9($ �	 H �=� 
������� �8�= ��' Z� G '� H ��)�� �$#(,� ��' 5
�	��� �8�= T� 

5H ≤ G ?�@�#���� J
�	G �8�=��'Z�H �=� 5
�� 9�3�) �8�=Z�GL8� O��)8�
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Z(G) = {y ∈ G|xy = yx, x ∈ G�� L�'� �	}
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'�H L����8�=��' I�() ���!� 5
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5
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�	 �� �� x−�y−�xy �.�$ -�#+ 4�� �� Jx, y ∈ G 8 
�	 �8�= Z� G 
��� \�< |

5?������� y 8 x �+��$ �=�,	�� ?������ ���� [x, y] -�#+

5?������� ���� G′ �	 8 �
���� G W!�� �8�=��' �� ���=�,	�� 2�#) �
 
�&#) �8�=��'

�8�= 4��!=�7	 G
G′ 4���	��	 5G′ ⊆ N ��]�F 
�	 �*	F G

N
8 G '� �&���� �8�=��' N �=�

5:�� G �*	F �!(@U ���6
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�	 ����8�= '� L�����#��6 {Gi |� ≤ i ≤ n} 
��� \�< |

G = G� ×G� × ...×Gn

����6 T�}*+�1 �� �F �� 
�	��� �8�= Z� J G �$#(,� J��' O��)8� 9($ �	

5?������� Gn, ..., G�

(x�, x�, ..., xn)(y�, y�, ..., yn) = (x�y�, x�y�, ..., xnyn)

(x�, x�, ..., xn), (y�, y�, ..., yn) ∈ G �� L�'� �	

K ∼= G
H
8 H ∼= G

K
?���� 
�	 �#6 K 8 H L����8�=��' ?�f!@� T�}*+�1 G �=�

-�#+ 4�� �� 5
�	 �G	�) θ : X → F 8 �$#(,� Z� X J�8�= Z� F 
��� \�< |

Z� α : X → G �	�) �� 8 G 
���� �8�= �� L�'� �	 ��=�� ?��#= ��'F X �	 �� (F, θ)
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�3��#c��	 
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5
�	 ��'F L���$#(,� �	 ��=�� ?��#= ��'F �8�= Z� �� F �8�= 5
�	 ��'F X �	 (F, θ)

5:�� ��'F �8�= Z� :S��(� ��#.) �8�= �� �� :�� �
 ���� ���� p0q ��

O	 8 ��'F �*	F ��8�= F
F ′ o� J:�� �*	F ��8�= F

F ′ ?������� 
�	 ��'F ��8�= F �=�

5:�� T�)
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�� :<�= I�,�� ���F ��!6�� 4��G) 8 ����8�= 4�� L8� �n*!S� -�G&�Y� oQ� 8 
�
 �<�G� pgq

��#�$ �	 �� �*	F�n L����8�= �
!	� 9.< 4�� �� 5�#��� ���� B���� pX JK JHq �	 ��#(� ��#�$ �	

�&�#!� �
$ �� L�'� �	 G �=� h�i� ��#�$ �	q ���� �<�G� �*	F L����= '� ���
	 ��; �(�(G)

'� �6�	 ����	 �	 oQ� 8 p5:�� �*	F ��8�= JG ��]�F 
�	 �*	F�m Jm = i, i + �, i + �

5?�'������� ����8�= 4�� �	 �#	�� t��!�
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P�Q� � R�S6 C
O
C

?���� x, y ∈ G �� L�'� �	 8 n [��+ �
$ �� L�'� �	 ��]�F J
�	 �*	F �8�= Z� G �=�

�Y	� �	 ϕn : G → G :�]� Jn ∈ Z �� L�'� �	 h��G� �#c �	 �� (xy)n = xnyn

5p�#��� :	�� ����F �	 ��f!�� �	q :�� �!S���8�� Z� ϕn(x) = xn

�Y	� �	 ϕn : G → G :�]� �� L�#c �	 
�	 [��+ L�
$ n 8 �8�= Z� G �=�

`*Y� 4�� �� J
�	 �*	F �8�=Z�G �� ���
� ��87& ��]�F J
�	 �!S���8��Z� ϕn(x) = xn

5?������ ����	 
G	 L���h�i� �� ��

�	 Z� �	�#) �(� �$#(,� ��#�$ �	 �� S� �$#(,� 8 S = {�, �, �} 
��� \�< O?
O
C
O
C P�Q�

9�3�) �8�= Z� �	�#) `���) 9($ �	 S� -�#+ 4�� �� 5
����	 �m� �� S �	 S '� �#� 8 Z�

4���	��	 5 |S�| = � �� :�� �*	F��; ��8�= S� 5?������� S� :����� �8�= ���F �� 
�����

n = � L�'� �	 8 α, β ∈ S� �� L�'� �	 -�#+ 4�� �� 5α� = e ?���� α ∈ S� �� L�'� �	

5?����

(αβ)� = e = α�β�

7�� ϕ�� 4��a(� 5:�� �!S���8�� Z� ϕ�(α) = α� �Y	� �	 ϕ� : S� → S�:�]� ��G�

4���	��	 x�� = x��x = x "?���� x ∈ S� �� L��	 ���' 5:�� �!S���8��

(xy)�� = (xy)��(xy) = (xy) = x��y��



Ag �����n ��� !�	" �# ���
��G� 
�	 s, t 2�#) �
 
�&#) �8�= G 
��� \�< 5?������ ��#) L���� h�i� �	 �#���

5s� = t� = (st)� �3��#c �	 G = 〈s, t〉

���' 5G =< z, t|z� = t� = e, tzt−� = z−� > :<�= �,�!� ��#)��� z = st� \�< �	

s� = t� = stst ⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s� = tst ∗

t = sts ∗∗

t� = stst ∗ ∗ ∗
t� = z� ?������ ����

t� = t�t� ∗
=(stssts)t� = stsst(st�) = (sts)stz

∗∗
=(tst)z

∗
= s�z

���' s� = z�

s� ∗
= tst

∗∗
=(sts)st = sts�t ∗

= st(tst)t = st�st� = zz = z�

4���	��	

t� = s�z = z�z = z�.

t� = z� = e ?������ :	�� h�1

t� = z� = (st�)� = st�st�st� ⇒ t� = st�st�st� → t� = st�st�s

o� s� = t� ?���� \�< �	 ��	

s� = t� = st�st�s
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?���� �z :(� '� sZ� 8 :��� :(� '� sZ� �N1 �	

s = t�st� = s�st� = s�t� ⇒ s�t� = e

5t� = z� = eo� 5s�t� = t� = eo� s� = t� �#z

z−� = z� = s� o� z� = e �#z 4��a(�

z−� = s� ∗
= tst = t(stt)t−� = tst�t−� = tzt−�

zt� = st� = �#z 8 〈s, t〉 ≤ 〈z, t〉 v# 8 �	 5G = 〈s, t〉 = 〈z, t〉 ?������ ���� h�1

4���	��	 〈z, t〉 ≤ 〈s, t〉o� se = s

G = 〈s, t〉 = 〈z, t〉

:�� �*	F ��; 8 :�� �� ��)�� '� �8�= Z� G ��� ����	 ��#)��� �=��� �	 -�#+ 4�� ��

�!S��(� Z� x �→ x� �Y	� �	 ϕ : G → G :�]� ?������ ���� 5 tzt−� = z−� �#z

(zαtβ)� = ?��� ���� :�� �<�� 5∀x, y ∈ G (xy)� = x�y� ?��� ���� 
��	 ��G� 5:��

5(zα)�(tβ)�

ϕ v# 8 �	 ��]�F 
�	 β = � �=� 5:�� � �� �, �, � ��
$� '� �3� β o� t� = � �#z

?���� β = � �=� 5:�� �!S��(�

(zαt)� = zαtzαtzαtzαtzαtzαtzαt

= zαz−αttzαtzαtzαtzαtzαt ^tz = z−�t �#z_

= t�zαtzαtzαtzαtzαt
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= zαt�zαtzαtzαtzαt

= t�tzαtzαtzαt = t�zαtzαtzαt

= zαtzαtzαt ^t� = e �#z_

= ttzαt = t�zαt = zαt�

(zα)�t� ^z� = e 8 t� = e �#z_

5(zαt)� = (zα)�t� �
 :	�� o�


�	 β = � �=� h�1

(zαt�)� = zαt�zαt�zαt�zαt�zαt�zαt�zαt�

= z�αt�zαt�zαt�zαt�zαt�zαt� ^tz = z−�t �#z_

= zαt�zαt�zαt�zαt� = z�αt�zαt�zαt� ^t� = � �#z_

= z�αt�zαt� = zαt� = (zα)�(t�)�

(t�)� = t�� = t��t� = t� ���'

�!S��(� ϕ� 4���	��	 5(zαt�)� = (zα)�(t�)� �#��� :	�� β = � L��	 `�)�) 4�(� �	

5t� = t�t−� = t−� ���' :@�� ���
	 :�]� 4�� 5:��


�F��� :�� �	 �*	F�n L����8�= ��#�$ :�) �*	F L����8�= '� �(�(G) Jh�i� 4�� �	 ��#) �	

":�� ��' -�#+ �	 %��G) 4�� 5
�	��� ���
	 ��; ��
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���� �*	F�n JG �8�= 5
�	 [��+ �
$ Z� n 8 �8�= Z� G 
��� \�< OC
O
C
O
C R�S6

�#c �	 �� 
�	 �!S���8�� Z� ϕn(x) = xn �Y	� �	 ϕn : G → G :�]� ��=�� �#���

5(xy)n = xnyn ?��	 �!�� x, y ∈ G �� L�'� �	 h��G�

�*	F�e �8�= Z� S� J A�5�0�5�0 h�i� �	��	 8 :�� �*	F�n Jn ∈ Z �� L�'� �	 �*	F �8�= ��

5:�� �*	F−� , � �8�= �� 4��a(� 5:��

5
��	��� �*	F�n �� 
����� O��(���� ����8�= '� L����� �	 �� �� A�5�0�5�0 h�i� �� �# ��#)

5?������ ���	 �� ��' %��G) :@S� ����8�= '� ��� 4�� ��� L��	

8 n :�i� [��+ �
$ Z� L�'� �� L�#c �	 
�	 �8�= Z� G 
��� \�< OD
O
C
O
C R�S6

8 :�� ���(� L���� G ?��#��� -�#+ 4�� �� 5
�	 ���U�	 xn = e �Y	�� x ∈ G �� L�'� �	

L�#c �	 m :�i� [��+ �
$ 4��!3z#� '� :@)���$ J?������ ���� exp G �	 �� �� G ���(�

5xm = e ?��	 �!�� x ∈ G �� L�'� �	 ��

5:�� ���(� L���� G ����!� �8�= �� 8 :�� ��
	�) J���(� L���� �8�= �� %��G) �	 ��#) �	

L���� G �8�= Z� �=� 4��a(� 5
����� ��$ �� G ��)�� exp G JG ����!� �8�= �� L�'� �	

��#) 5
����� ��$ ��exp G �
$ Jo(x) ��G� x ��)�� Jx ∈ G �� L�'� �	 ��]�F 
�	 ���(�

���' _ :�� �*	F G ��]�F exp G = � �=� 8 G = {e} ��]�F exp G = � �=� �� �#

�N& (xy)−� = xy 4���	��	 x = x−� �� �#��� �,�!� x� = e �Y	�� '� x, y ∈ G �� L��	

h�i� �� ^xy = yx o� x = x−�, y = y−� �#z 4���	��	 (xy)−� = (xy) = y−�x−�


