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���9 �! 7�.4 V� B�4.� .s
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1 -./0�1
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J U�
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[/Z! �'= �� "��.1 Y'&!�
 �! 7�.4 V� H -./0�1 2�34 �� �� {ϕj}j∈J  ��/
� -��@ B�� ��

 ( 2��u  W '&#�W 0 < A ≤ B < ∞
A‖f‖2 ≤

∑
j∈J

|〈f, ϕj〉|2 ≤ B‖f‖2 ∀f ∈ H

�J U� �3= V� v�P �W  ( ���.4 Y'&��� �! 7�.4 2w�W � B���� 2�1 ��.( o�9.9  W �� B � A

V� {ϕj}j∈J '�&( t.4 Y��# �! "'�!�
 5�6� 7�.4 '1� [�� U� �� ��� ���W 7�.4 [�@��
 ( 2��u  W {cj}j∈J ∈ �2(J) ���� ��g� f ∈ H .1 2�.W -��@ B�� �� Y'#�W H 2�.W 7�.4
w��8! ?�4 _
W o��.D B��.W�&W [
�
  ��� V� �0( [��P �� 7�.4 V� ��` f =

∑
j∈J cjϕj

�
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J �� ���
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��� �W�� ���
W
7�.4  �.s
 U� �R0�^! 2�1 7��89 z�.��� Q2�.W��( 2�1 "U�P y.�
� [Lg  W Y��# �! "��R���

Y".�p � :�1 7�.4 �T��4<�1�34 .�U U� �1 7�.4 � �1 7�.4  /# 	�Z! 2�.W Y[�� "'# ��L&��� �1

Y[�� "'#  �4.� q$�r� q$)r�q$lr Fg�.! U�  !�
 ����� B�� o��G!

=�4�)> ��?& � �> ���� EU7
Y[�� .��� ���'g -./0�1 2�34 V� H cE4 B�� .��9.� ��

 =���!.�U ���9 "���
�� Λ '�&( t.4 � '#�W H ��  ��/
� V� {fj}j∈J '�&( t.4 U7UEU7V��I

-��@ B���� YSF =

∑
i∈F fi '�1� ��.6 F ∈ Λ .1 2�U�  W Y'#�W J U� �L9�
 � �1�&�! 2�1

'&
��
 �! � '&��� �! s ∈ H  W �.>�1 �� ∑
j∈J fj 2.� Y[�� H �� ��9 V� {SF}F∈Λ

�&8� Y'#�W s ∈ H  W �.>�1 H �� {SF}F∈Λ ��9 "��.1 Qs = ∑
j∈J fj

∀ε > 0 ∃G ∈ Λ ∀F ∈ Λ
(
F ⊇ G =⇒ ‖SF − s‖ < ε

)
Y'#�W �.>�1 H �3= V�  W 2.� K���J '�'�9 .1 "��.1 '&��� �! k�.�!�
 2�.>�1 �� 2.�

f ∈ H .1 2�U�  W "��.1 Q'&!�
 �! H -./0�1 2�34 ��  ��� V� �� {ej}j∈J  ��/
� UEUEU7 V��I

f =

∑
j∈J cjej  ( 2��u  W '&#�W ��g�! {cj}j∈J 2��e� .��e�� o��.D

2��
9 "��.1 Q'&!�
 �! c!�(  ��/
� V� H -./0�1 2�34�� �� {ϕj}j∈J  ��/
� U8UEU7 V��I

2�1.��e��  ��/
� f ∈ H .1 2�U�  W .>�� -��/=  W Y'#�W ��.6.W Span{ϕj}j∈J = H

 ( 2��u  W '#�W  �#�� ��g� {cj}j∈J
f =

∑
j∈J

cjϕj

��� ��� H ���� 	
�� 

 H �� {ej}∞j=1 ����� �������� �� ���� ������� 

 UGUEU7 �)?B
� ���������� {cj}∞j=1 	����� �� ���� 	� 	� ���� 	�  !�� ��"�� K ��#�� ���$ � % ��� �&'(�

)*!�� 	+!�� m < n ,�! �� m,n ∈ N �� ���� 	�∥∥ m∑
j=1

cjej
∥∥ ≤ K

∥∥ n∑
j=1

cjej
∥∥. :�Y�<
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-��@  W ����e� _
W 2���� f ∈ H .1 -��@ B�� �� '#�W  ��� V� {ej}∞j=1 '�&( t.4 -�����
B��.W�&W '#�W �! f =

∑∞
j=1 cjej

sup
n∈N

∥∥ n∑
j=1

cjej
∥∥ < ∞.

"�>
J '�&( d�.89 |||f ||| = supn∈N ‖
∑n

j=1 cjej‖  GW�D �W �� |||.||| : H −→ R FW�9 .��
�
��1 .>0�= �&8� |||f ||| ≤ ‖f‖ 7���� f ∈ H .1 2�U�  W � [�� H 2�� �.
 V� |||.|||
[#�>
  �36  W �&W Y[��#�� �  ����� � V�  W V� .>0�= V� I : (H, |||.|||) −→ (H, ‖.‖)
 ( 2��u  W K > 0 ���� ��g� �&8� [��  ����� f�e8! 2���� .>0�= B��  ( ��# �!  ���
 U�W
[W�b '8W  W B�� U� � "��^�� n ∈ N '�&( t.4 	�P Y|||f ||| ≤ K‖f‖ 7���� f ∈ H .1 2�U�  W

7����  ���
 �� |||f ||| ≤ K‖f‖ 7���� ��` f =
∑n

j=1 cjej � '#�W
sup
m<n

∥∥ m∑
j=1

cjej
∥∥ ≤ K

∥∥ n∑
j=1

cjej
∥∥.

m < n .1 2�U�  W ��# �!  ���
 B�� U�∥∥ m∑
j=1

cjej
∥∥ ≤ K

∥∥ n∑
j=1

cjej
∥∥.

:�Y�< k.# ��  ( '#�W .R@�
 2�1���.W U� c!�(  ��/
� V� {ej}∞j=1 '�&( t.4 Se8��W 2�.W
 W "�>
J ∑∞

j=1 cjej = 0 .�� 7�1� ���
 '��W '#�W H 2�.W  ��� V� {ej}∞j=1  e
J 2�.W Y'&( ?'@
2�U�  W -��@ B�� �� ∑∞

j=1 cjej = 0 '�&( t.4 	�P Ycj = 0 ��# �!  ���
 j ∈ N .1 2�U�
��# �!  ���
 :�Y�< k.# U� n ≥ j .1 � j ∈ N .1

|cj|‖ej‖ ≤ K
∥∥ n∑

i=1

ciei
∥∥.

Ycj = 0  ���
 �� |cj| = 0 ��# �!  ���
 n → ∞ ���� c�! �W
�  �� 	+��*� H ���� {ej}∞j=1 	
�� 	� ,���� {cj}∞j=1 .�
�/ .0� ��� 
1��( UMUEU7 �W).�

-�2�� �3��� H = H∗ 4���� ��5%� 4��'% 	� �� �&�6 4��( .�
Y[�� %Y�Y�  �36 7�H�
!  ���
 B�� -�����

X
����� ���� 8U7
∑

j∈J cjej ce#  W �.>�1 2.� .1 .�� Y'#�WH2�.W  ��� V� {ej}j∈J '�&( t.4 U7U8U7V��I

Y'&!�
 �! k�.�!�
  ��� V� �� {ej}j∈J "�>
J '#�W I�
 k�.�!�
 2�.>�1
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�� 

 {ej}∞j=1 	����� UEU8U7 D*
- !�� H ���� 	
�� 

 {eσ(j)}∞j=1

Y��#  8g�.! [14] Fg.!  W -�����
- '���1� �
� ��� ���9� :��� ;
���  !�� H �� 	����� 

 {fj}∞j=1  *'� <�2 U8U8U7 �)?B

-��� ,��7��� ���8=� ∑∞
j=1 fj ��� >?@

-��� ��8=� H �� ∑∞
j=1 fσ(j) ��� N �� σ �78
�" �� ���� 	� >A@

�� ���� 	� 	� ���� 	� ���� ��"� Aε ⊆ N .��'+� 	%�=B� �
� 

 ε > 0 �� ���� 	� >C@
‖∑j∈B fj‖ < ε ��8�6 Aε ∩B = ∅ ��� B ⊆ N .��'+� 	%�=B��
�

"��R��� d0� ��1.W U� :�< ⇒ :$< -�/b� 2�.W Y[�� ��.6.W d�.89  W �&W :�< ⇒ :�< -�����
2�U�  W  ( 2��u  W [4�� ���9 �! ε > 0 -��@ B�� �� Q'#�/
 ��.6.W '�&( t.4 Y7�&( �!
 ( 2��u  W ��# �! [4�� BA ⊆ N �1�&�!  =���! V� A ⊆ N �1�&�!  =���!.�U .1
 W � B1 = B{1} ���� ��g� A1 = {1} 2�U�  W 	�P Y∥∥∑j∈BA

fj
∥∥ ≥ ε � A ∩ BA = ∅

{Bj}∞j=1  ��/
� '
�� B��  !��� �W � B2 = BA2 ���� ��g� A2 = {1, 2, · · · ,maxB1} 2�U�
	�P Y[�� ��.6.W maxBj < minBj+1  GW�� j ≥ 1 .1 2�U�  W  ( 2��u  W ��# �! [4��
Bj = 7�#�W  �#�� j ≥ 1 .1 2�U�  W  ( 2��u  W '�.�>W .s
 �� ��&` �� N U� σ [�>��g

��# �!  ���
 B�� U� {σ(rj), σ(rj+1), · · · , σ(sj)}
ε ≤ ∥∥ ∑

j∈Bj

fj
∥∥ =

∥∥ sj∑
j=rj

fσ(j)
∥∥

Y���� ∑∞
j=1 fσ(j) ���.>�1 �W C6�&9 B��  (

[W�b '8W  W B�� U� � "��^�� I�
 ε > 0 � N U� "��^�� [�>��g V� σ '�&( t.4 :�< ⇒ :�<
k.# ��  ( 2��u  W ���� ��g� Aε ⊆ N �1�&�!  =���!.�U t.4  W �&W -��@ B�� �� Q'&#�W
� σ(j) �∈ Aε "�>
J j ≥ Nε .��  ( 2��u  W '#�W Nε > 0 '�&( t.4 Y'&( �! ?'@  �36
� B = {σ(j) : r ≤ j ≤ s} '�1� ��.6 Nε ≤ r < s 2�U�  W 	�P Yj �∈ Aε � σ−1(j) �∈ Aε

t.4  W �&W B ∩ Aε = C ∩ Aε = ∅ � '
� �1�&�! C � B -��@ B�� �� C = {j : r ≤ j ≤ s}
7����∥∥ s∑

j=r

fσ(j)
∥∥ =

∥∥∑
j∈B

fj
∥∥ < ε , ‖

s∑
j=r

fj‖ = ‖
∑
j∈C

fj‖ < ε



l c
W 2�1  ��/
� Y%Y�

� y =
∑∞

j=1 fσ(j) � x =
∑∞

j=1 fj '�1� ��.6 ��&(�
K = {j : 1 ≤ j ≤ Nε : σ(j) < Nε}

�
L = {σ(j) : 1 ≤ j ≤ Nε, σ(j) > Nε}

 ���
 �� K ∩ Aε = ∅ � L ∩ Aε = ∅ -��@ B�� ��∥∥ Nε∑
j=1

fj −
Nε∑
j=1

fσ(j)
∥∥ =

∥∥∑
j∈K

fj −
∑
j∈L

fj
∥∥ < 2ε

Y'1� �!  ���
 �� (1) B��  ( ‖x− y‖ ≤ 4ε '1� �! ���
  (

R0' ��> �*�4� GU7
[/Z! �H�HP �'= "��.1 '&��� �! c
W  ��/
� V� �� H �� {fj}j∈J  ��/
� V� U7UGU7 V��I


7�#�W  �#�� f ∈ H .1 2�U�  W  ( 2��u  W '#�W ��g�! B > 0 [W�b�∑
j∈J

| < f, fj > |2 ≤ B‖f‖2 :�Y�<
�! {fj}j∈J  ��/
� 2�.W c
W ��.( V��� '&( �! ?'@ :�Y�< 2��
!�
 ��  ( B > 0 [W�b �'=

Y'&���
�� �D� 	����� 

 {fj}j∈J :��� ;
���  !�� H �� 	����� 

 {fj}j∈J  *'� <�2 UEUGU7 �)?B
T ({cj}j∈J) =

∑
j∈J cjfj 	0��/ �� T : �2(J) −→ H �!�8���� �&'(���� ��� E �D� 4���

‖T‖ ≤ √
B �  !�� ��� 4��� F
�1( G�� �8H=% 



{cj}j∈J ∈ �2(J) '�&( t.4 '#�WB c
W ��.( �W c
W  ��/
� V� {fj}j∈J '�&( t.4 �'�W� -�����
.1 2�U�  W Y[�� �.>�1 ∑

j∈J cjfj �&8� [�� d�.89 y�� T ({cj}j∈J) ��� ���
 '��W �'�W�
7���� I ⊆ J �1�&�!  =���!.�U

‖
∑
j∈I

cjfj‖ = sup
‖g‖=1

|〈
∑
j∈I

cjfj, g〉| ≤ sup
‖g‖=1

∑
j∈I

|cj〈fj, g〉|

≤
(∑

j∈I
|cj|2

)1
2 sup

‖g‖=1

(∑
j∈I

|〈fj, g〉|2
)1
2

≤
√
B
(∑

j∈I
|cj|2

)1
2
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���
 w�W -�/��A! ��&(� Y[�� C �� �.>�1 ∑
j∈J |cj|2j∈J  ���
 �� {cj}j∈J ∈ �2(J) ��`

B��.W�&W Y[�� �.>�1 B��.W�&W � [�� H �� �#�( ��9 V� {∑
j∈I cjfj

}
I∈Λ

��9  ( '1� �!
��` [�� �G� T {�D�  W [�� d�.89 y�� T ({cj}j∈J)

‖T ({cj}j∈J)‖ ≤
√
B‖{cj}j∈J‖

‖T‖ =
√
B � [�� ��� ��.( T  ���
 ��

��� ���I.� ���� MU7
V� �� {ej}j∈J  ��/
� -��@ B���� '#�W H ��  ��/
� V� {ej}j∈J '�&( t.4 U7UMU7 V��I


[#�
 ����W i, j ∈ N .1 2�U�  W "��.1 '&��� �! H ��  e� '!�8�! "�>���
< ei, ej >= δij :$Y�<

{gj}j∈J  ��/
� -��@ B�� �� '&#�W H ��  ��/
� �� {gj}j∈J � {fi}i∈J '�&( t.4 UEUMU7V��I

i, j ∈ J .1 2�U�  W "��.1 '&��� �! {fj}j∈J 2�.W '!�8�! [Rg  ��/
� V� ��

< fi, gj >=

{
1 i = j
0 i �= j

:%Y�<

- '+D� I��1� �
� ��� ���9� {ej}∞j=1 	�
  ��1+� ��8+�� �� ���� U8UMU7 �)?B
[��  e� '!�8�!  ��� V� {ej}∞j=1 :�<

[�� ��.6.W f =
∑∞

j=1〈f, ej〉ej "����1 f ∈ H 2�U�  W :�<
< f, g >=

∑∞
j=1 < f, ej >< ej, g > [#�
 ���9 �! f, g ∈ H .1 2�U�  W :$<

[�� ��.6.W ‖f‖2 = ∑∞
j=1 | < f, ej > |2 "����1 f ∈ H .1 2�U�  W :%<

span{ej}∞j=1 = H :l<
f = 0 "�>
J '#�W ��.6.W < f, ej >= 0  GW�� j ∈ N .1 2�U�  W� f ∈ H .�� :+<

B���� '#�W f ∈ H 2�.W  e� '!�8�!  ��� V� {ej}∞j=1 .�� f ∈ H '�&( t.4 :�< ⇒ :�< -�����
"��^�� k ∈ N '�&( t.4 	�P f =

∑∞
j=1 cjej  ( 2��u  W ������g� {cj}∞j=1 o��.D -��@



,  e� '!�8�!  ��� YlY�

�&8� f =
∑∞

j=1 < f, ej > ej B��.W�&W < f, ek >=
∑∞

j=1 cjδjk = ck 7���� -��@ B�� ��
��# �!  ���
 :�<

 ���
�� f =
∑∞

j=1 < f, ej > ej 7���� t.4  W �&W f, g ∈ H '�&( t.4 :�< ⇒ :$<
< f, g >=<

∞∑
j=1

< f, ej > ej, g >=
∞∑
j=1

< f, ej >< ej, g >

�.�U [�� :$< U� �@�� [��P :%<
‖f‖2 =< f, f >=

∞∑
j=1

< f, ej >< ej, f >=
∞∑
j=1

| < f, ej > |2

[W�b 	�P H = W ⊕ W⊥ 7���� -��@ B�� �� W = span{ej}∞j=1 '�&( t.4 :%< ⇒ :l<
��` < f, ek >= 0 7���� k ∈ N .1 2�U�  W  ���
�� f ∈ W⊥ '�&( t.4 W⊥ = {0} 7�&( �!

7����
‖f‖2 =

∞∑
k=1

| < f, ek > |2 = 0

H = span{ek}∞k=1 �� H = W B��.W�&W f = 0 ��� ‖f‖ = 0 B��.W�&W ‖f‖2 = 0  ���
 ��
7�#�W  �#�� k ∈ N .1 2�U�  W  ( 2��u  W '#�W  �#�� ��g� f ∈ H '�&( t.4 :l< ⇒ :%<
B�� � H �= span{ek}∞k=1 B��.W�&W f �∈ span{ek}∞k=1 -��@ B�� �� f �= 0 ��� < f, ek >= 0

��# �! [W�b :+< B��.W�&W [�� t.4 v��
n ∈ N .1 2�U�  W Y[�� c
W  ��/
� V� {ej}∞j=1 7�1� �! ���
 f ∈ H '�&( t.4 :+< ⇒ :�<

7����
‖f −

∞∑
j=1

< f, ej > ej‖2 = ‖f‖2 −
n∑

j=1

| < f, ej > |2

 ���
 ��
‖f‖2 −

n∑
j=1

| < f, ej > |2 ≥ 0

n∑
j=1

| < f, ej > |2 ≤ ‖f‖

∞∑
j=1

| < f, ej > |2 ≤ ‖f‖

B��.W�&W Y[�� �.>�1 ∑∞
j=1 | < f, ej > |2 2.�  ���
�� [�� c
W  ��/
� V� {ej}∞j=1 B��.W�&W

7���� k ∈ N .1 2�U�  W 	�P Y[�� �.>�1 g =
∑∞

j=1 < f, ej > ej 2.�
< f − g, ek >=< f, ek > − < g, ek >=< f, ek > − < f, ek >= 0
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f =
∑∞

j=1 < f, ej > ej B��.W�&W f = g S� f − g = 0 B��.W�&W < f − g, ek >= 0  ���
 ��
[�� �G� cH�
! {ej}∞j=1 7�&( �! [W�b [�� H 2�.W  ��� V� {ej}∞j=1 ��# [W�b  e
J 2�.W

7���� j ∈ N .1 2�U�  W -��@ B�� �� ∑∞
j=1 cjej = 0 '�&( t.4

0 =< 0, ej >=<

∞∑
k=1

ckek, ej >=
∞∑
k=1

ck < ek, ej >= ck

Y[�� H 2�.W  ��� V�  ���
 �� [�� �G� cH�
! {ej}∞j=1 B��.W�&W
f ∈ H �� ���� 	� :��� ;
���  !�� H ���� 	�
  ��1+� 	
�� 

 {ej}∞j=1 ��� UGUMU7 �W).�
	
�� ��� ���D� 46 4���� 	
�� J�K�� ��� ,��7��� ���8=� f =

∑∞
j=1 < f, ej > ej LD�

- !�� .� {ej}∞j=1

Y��# |�g� [14] Fg.!  W -�����
-��� 	�
  ��1+� 	
�� 

 ����� :��H*� �
M� .
� " ��52�� UMUMU7 �)?B

Y��# |�g� [14] Fg.!  W -�����
 �J��  �HW� V� �J  �J�� B�!�� j  ( '#�W �2(N) ��  ��/
� V� {ej}∞j=1 '�&( t.4 UPUMU7 Y�Z�
 ��� �� �J  ( [�� �2(N) 2�.W  e� '!�8�!  ��� V� {ej}∞j=1 -��@ B�� �� '&#�W .R@ .>�� 2�1
Y'&1� �! ���
 {δj}∞j=1 -��@  W �� "'
����  ��� w��8!  ( '&��� �! �2(N) "'
����  e�'!�8�!

Y��# |�g� [14] Fg.!  W -�����

[�� ���� PU7
��  ( {Tej}∞j=1  ��/
� V� U� [�� -��/= H -./0�1 2�34 2�.W S��  ��� V� U7UPU7 V��I

�� � ��� ��.(� �G� .>0�= V� T : H −→ H � [�� H 2�.W  e� '!�8�!  ��� V� {ej}∞j=1 �J

Y[�� ����
H ���� ,��7��� 	
�� 

 ��� �&'(���� ��� H ���� N
� 	
�� 

 {fj}∞j=1 	����� UEUPU7 D*

�  !��
0 < inf

j∈N
‖fj‖ ≤ sup

j∈N
‖fj‖ < ∞

Y��# |�g� [14] Fg.!  W -�����
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��+�
 	����� 

 :��� ;
� ��  !�� H ���� N
� 	
�� 

 {fj}∞j=1  *'� <�2 U8UPU7 �)?B
)
��� f ∈ H �� ���� 	� 	� ���� 	� ���� ��"� H �� {gj}∞j=1

f =
∞∑
j=1

< f, gj > fj :lY�<
��" 	����� �� {gj}∞j=1 � {fj}∞j=1 � ��� H ���� N
� 	
�� 

 9*� {gj}∞j=1 	����� ;*'O=�

-��� ,��7� �� ���8=� >P-?@ ��� f ∈ H �� ���� 	� ��Q% 	��  '+D� 	�
 ��1+�
Y��# |�g� [14] Fg.!  W -�����

=�4�)> ��>�?& � �> D��& \U7
.�� Y[�� H 2�.W 7�.4 V� H -./0�1 2�34 �� .@�&= U� {fj}∞j=1  ��/
� V� U7U\U7 V��I

 �#�� f ∈ H .1 2�U�  W  ( 2��u  W '&#�W  �#�� ��g� 0 < A ≤ B < ∞ [/Z! 2�1 [W�b

7�#�W
A‖f‖2 ≤

∞∑
j=1

| < f, fj > |2 ≤ B‖f‖2

 &�LW 2w�W ��.( Y'&�
�
 ��e� ��'=� B�� '&��� �! 7�.4 2w�W � B���� 2�1 ��.( �� B � A ��'=�
[�� -��/= 7�.4  &�LW B���� ��.( � 7�.4 2w�W 2�1 ��.( ���9 2�� ����R&�� U� [�� -��/= 7�.4
2�1 ��.( ���1 F6�� ��  &�LW 2�1 ��.( '�&(  g�9 Y7�.4 B���� 2�1 ��.( ���9 2�� ����.��� U�

Y'&!�
 �! I�
 7�.4
"��^�� .E&= 7�.4 V� �� .�� :; A = B "��.1 '&!�
 �!  &�� �W 7�.4 V� �� {fj}∞j=1 :d��
.��  ( '1� �! ���
 d�.89 Y'&��� �! 5�6� 7�.4 V� �� �J 'W��W  �9�� �J ���W 7�.4 [�@��
7���� U��
 o0p� �! span{fj}∞j=1 = H "�>
J '#�W H -./0�1 2�34 2�.W 7�.4 V� {fj}∞j=1

�� H 2�.W 7�.4 V� c�e�9 '&
��9 ��
 �L
J Y7�.�>W .s
 �� �� '&�
�
 c!�( H ��  ( ���1  ��/
�
 0���  W "'# '���9 �G�  �
W 2�34 2�.W 7�.4 V� c�e�9 ;�� �0�� '&
��9 �! �L
J �!� Y'&1'W

Y'&1'W �� ��#.@�&=
"��.1 [�� 7�.4  ��/
� V� {fj}∞j=1 Y'#�W H ��  ��/
� V� {fj}∞j=1 '�&( t.4 UEU\U7 V��I


Y'#�W span{fj}∞j=1 2�.W 7�.4 V� �J
 0���  W Y'#�W H -./0�1 2�34 2�.W  e� '!�8�!  ��� V� {ej}∞j=1 '�&( t.4 U8U\U7 Y�Z�
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7���� �! {ej}∞j=1 �� �3= .1 ��.e9 ��W��
{fj}∞j=1 = {e1, e1, e2, e2, . . . , ej, ej, . . .}

7���� �! ��# ��.e9 e1 _H4 .�� Y[�� A = 2 7�.4 ��.( �W  &�� �W 7�.4 V�  (
{fj}∞j=1 = {e1, e1, e2, e3, e4, . . .}

Y[�� B = 2 � A = 1 2�1 ��.( �W 7�.4 V�  (
'�&( t.4 UGU\U7 Y�Z�

{fj}∞j=1 = {e1, 1√
2
e2,

1√
2
e2,

1√
3
e3,

1√
3
e3,

1√
3
e3, . . .}

 W -��@ B�� �� ��# �! ��.e9 ��W j ��'89  W 1√
j
ej ���.W .1  ( [�� ���  ��/
� {fj}∞j=1 �&8�

7���� f ∈ H .1 2�U�
∞∑
j=1

| < f, fj > |2 =
∞∑
j=1

j| < f,
1√
j
ej > |2 =

∞∑
j=1

| < f, ej > |2 = ‖f‖2

Y[�� A = 1 7�.4 ��.( �W H 2�.W  &�� �W 7�.4 V� {fj}∞j=1 B��.W�&W
 =���! .�U V� J � N � '#�W H 2�.W  e� '!�8�!  ��� V� {ej}∞j=1 '�&( t.4 UMU\U7 Y�Z�
7�.4 V� '
��9 ��
  ���
 �� � [
�
 c!�( H �� {ej}∞j=1  ��/
� -��@ B�� �� '#�W N U� ".��

V� B�� B��.W�&W '#�W �! span{ej}j∈I 2�34 2�.W 7�.4 V� {ej}∞j=1  ��/
� ��g� B�� �W Y'#�W

Y[�� 7�.4  ��/
�
F = {fj}∞j=1 7�.4 .1 ��` '#�W H 2�.W 7�.4 V� F = {fj}∞j=1 '�&( t.4 UPU\U7 V��I


.>0�= �Y%Y�  �36  W�&W  ���
 �� [�� H -./0�1 2�34 �� c
W  ��/
� V�
TF : �2(N) −→ H

TF({cj}∞j=1) =
∞∑
j=1

cjfj

q�%r �� �Y�Y� 7�  W �&W Y'&��� �! 7�.4 K�� .>0�= �� TF .>0�= '#�W �! ��� ��.( .>0�= V�
��# �!  \��� .�U -��@  W �J �6�A�� .>0�=

T �
F : H −→ �2(N) , T �

Ff = {〈f, fj〉}j∈N
[�'W 7�.4 .>0�= TF � T �

F 2�1.>0�= ��.( o�(.9  0���  W Y'&!�
 �! I�
  �I�9 .>0�= �� T �
F

Y'�J �!
SF : H −→ H , SFf = TFT ∗

Ff =
∞∑
j=1

〈f, fj〉fj
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.��� f�e8! � ��� ��.( � �G� .>0�= V� SF 7�.4 .>0�=  ( [�� "'# [W�b q�%r Fg.! ��
� Y[�� ?�A����� �

AIH ≤ SF ≤ BIH ,
1

B
IH ≤ S−1

F ≤ 1

A
IH

���� R*S� )
�2 

 F ����&'(���� ��� H ���� N
� 	
�� 

 F = {fj}j∈J 	����� U\U\U7 D*
��� 	����� {S−1

F fj}j∈J � {fj}j∈J ��8�6  !�� H ���� R*S� )
�2 

 F ��� ��Q% 	� - !�� H
- '+D�  ��1+� T��

Y��# |�g� q�%r  W -�����



ERS&
=�4�)> ��>�?& � @ �> A�B FgC �> D��&Fg

=�4�)> ��>�?& � D��&Fg 7UE
2�1�34.�U U� "���
�� V� {Vj}j∈J � .��� ���'g -./0�1 2�1�34 K � H cE4 B�� .��9.� ��

Y'
.�� �! .s
 �� ��� ��.( � �G� 2�1.>0�= ���9 "���
�� �� L(H,K) � '&�
1 K  �
W
-��@ B�� �� Λj ∈ L(H, Vj) '�&( t.4 j ∈ J .1 2�U�  W :q$�r  W �&W< U7U7UE V��I

{Vj}j∈J  W [/

 H 2�.W 7�.4� g V�  @�� ��u  W ��  �4�� 7��89 7�.4 V� �� Λ = {Λj}j∈J
.1 2�U�  W  ( 2��u  W '&#�W ��g�! 0 < A ≤ B < ∞ [/Z! �H�HP ��'=� "��.1 '&��� �!

'#�W ��.6.W .�U  GW�� f ∈ H
A‖f‖2 ≤

∑
j∈J

‖Λjf‖2 ≤ B‖f‖2

 &�� �W 7�.4�g V� �� Λ Y'&!�
 �! 7�.4�g 2w�W � B���� 2�1 ��.( o�9.9  W �� B � A ��'=�
�� �J B}&j�1 A = B = 1 "��.1 '&!�
 �! 	������ 7�.4� g V� �� �J � A = B "��.1 '&!�
 �!
Y��.W B�W U� ���W 7�.4 � g [�@�� Λ  ��/
� U� �3= .1 v�P �W "��.1 '&~�� 5�6� 7�.4� g V�
 �#�� j ∈ J .1 2�U�  W .�� Y'#�W  �#�� ���W 7�.4� g 2�.W �� �3= c6�'P {Λj}j∈J  ��/
� ��

Y'&!�
 �! K  W [/

 H 2�.W 7�.4� g V� {Λj}j∈J "�>
J Vj = K 7}#�W
Y'&( �! '���9 7�.4� g V� 7�.4 .1 UEU7UE Y�Z�

�� '#�W H 2�.W 7�.4 V� {fj}j∈J � '#�W .��� ���'g -./0�1 2�34 V� H '�&( t.4 -�����
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f ∈ H .1 2�U�  W  ( 2��u  W '
��� ��g� 0 < A ≤ B < ∞ [/Z! � �H�HP ��'=�  ���

A‖f‖2 ≤

∑
j∈J

| < f, fj > |2 ≤ B‖f‖2 :�Y�<

� ‖Λjf‖2 = | < f, fj > |2 -��@ B�� �� Λjf =< f, fj > �'�1� ��.6 j ∈ J .1 2�U�  W .��
 ���
 ��∑

j∈J
‖Λjf‖2 =

∑
j∈J

| < f, fj > |2 :�Y�<
��# �!  ���
 :�Y�< � :�Y�< _W��� U� ��&(�

A‖f‖2 ≤
∑
j∈J

‖Λjf‖2 ≤ B‖f‖2

 W "'# '���9 7�.4� g �� w�W 7�.4� g Y[�� C  W [/

 H 2�.W 7�.4� g V� {Λj}j∈J  ���
 ��
Y[�� 7�.4 V� 7��89 7�.4 g .1  ( '1� �! ���
 	�Z! B�� '&��� �! {fj}j∈J 7�.4  0���

���� 	� ���  !�� {Vj}j∈J 	� ��D� H ���� )
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