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Î¨��üä¤�¥ �õ�Êãõ�Þ�û�¤ ¢�µ¨�ý¤À�� §�±ä Âµî¢¤ø�Èõ ¢�µ¨�ü÷�ª�î Âì�� ÀÞ½õ À�¨ Âµî¢88 ßÞú�



�� ÝþÀÖ�;À÷�ùÀ�È¿� ¤�÷ �¤ ��üðÀ÷¥ ö�Þ¨� ùÀ÷¥øÂê Âúõ ö�Æ� �î �î ö�÷�À÷À�¨�Âú÷ ßõ ýÀ�õ��÷ ¤�� ý�û°ª ¤¢ üðÀ�È¡¤¢ ¥� �î üèøÂêÂ� ýù¤�µ¨ ø¢.´¨� ßµÆ÷��� ßµ¨��¡ �î À�µ¡�õ� �Âõ ñ�Þî Â�Æõ Ý¡ ø º�� ¤¢ ø:Âúõ �Þû Ýþ�Â� ö�ª¢��ø ø ´¨� ¸÷¤ �Þû ö�Èþ�Â� ��üðÀ÷¥ �î ü÷�Æîý�ûÕê� ´ã¨ø �î ø� ;´¨� ´ì�À¬ ø ý¤��µ¨� æþ¤¢ü� ��úÔõ �î ��þ�ä ¤À�.¢�ªüõ ßªø¤ ©À�Ü� ý�ûù�Ú÷ ¥� �Þû Ýþø¤ Ç��ý�ûüª�¿ó¢ �î ø� .´¨� üðÀ÷¥ ¤�ª ý�Þ÷ ��Þ� ý���þ� �î Ý÷��Âúõ ¤¢�õ.ÝµÆû ©�üÚÈ�Þû ý�ûüÆ���ó¢ ø ¥øÂþ¢ ý�ûÕþ�È� ö�þÀõ �¤ �¥øÂõ�



ü÷�¢¤Àì§�³¨ ".´Þã÷ Àþ�õ ©¤À÷� ÂØª �� ø ´¨� ´�Âì °��õ Çµä�Ï �î Û� ø �ä �¤ ý�À¡ ´�õ'�î - ���®�þ¤ üÚ÷�Úþ ø ¢��ø ý�ûù¤��ð ��Â� ¤¢ �¤ ©�üÚ÷�Úþ ø ¢��ø �î �¤ �÷�Úþ ¢��ø ö� �¤��ðüõ©�üðÀ�� ö�µ¨� Â� Â¨ ù¤��Þû ´Þã÷ ßþ� ý�÷�ÂØª �� ø Ýµê�þ¤¢ üµ¨¤¢�� - ´¨ø� Â�Ñ÷ü� ´ÖÜ¡.Ýþ�¨üõ�Âõ �î �¤�¢üõ ÝþÀÖ� ,��þ�ä ¤¢�õ ø �¤��ð¤�� ¤À� ,Ý�ðÀ÷¥ ï¤�� ÝÜãõ ø¢ �� �¤ ¢�¡ ö�Âîü� §�³¨.À÷À�È¿� ßõ �� �¤ Çþ�¡ Ç÷�¢ �÷�À�Þ�ø�¿¨ �î �¤ ü÷�ð¤�� Ý÷�À� ¤Àì ø �¥�õ��� ù¤��Þû À�µ¡�õ��¤� �¤ ö�Èþ� ýùÀ÷¥ ¤� ý�ûüþ�Þ�û�¤ ø �¤��Ú¨�³¨ ý¤À�� §�±ä Âµî¢ ý�ì� ���� �À�Þ�¤� ¢�µ¨� ¥�.Ýú÷üõö�Èþ� üÈ�õ ï¤�� ø Àúã� ��� Âû ¥� Ç�� �î ü÷�ª�î Âì��ÀÞ½õ À�¨ Âµî¢ ý�ì� ���� �÷�¥ Âê ¢�µ¨� ¥�.�¤�¢ �¤ ÂØÈ� ñ�Þî Ýþ�µ¨üõ �¤ý�û´±½õ �î ö�÷� .�¤�¢üõ ÝþÀÖ� ö�ª¤��ð¤�� ÂÆÞû ø ��þ�ä ý�Þä �� �¤ ¢�¡ ýùÄþø ÂØÈ� ,�õ�.¢Âî Ýû��¿÷ ©�õ�Âê �ðÂû �¤ ö�ªæþ¤¢ü�,Ý¨� ì¤� � ,¢�Ä ÷ýÂì� � ,ü� �Æ� ,üþ�Ô¬ ,¤� �ýøÂÆ¡ ,©øÂ�¨ ,ü�Âè :�ûÝ ÷�¡ �� þ�ä ö� µ¨ø¢ ¥�.Ý�îüõ ÂØÈ� ��÷ ÂêÀû�¹õ ø ü÷�Þþ� ,ù¢�¥ü¨�ì�üä¤�¥ �õ�Êãõ1388 ßÞú�



ø ü��µÈ�þ� ÅþÀÞû ý�û�Â®
ýÂÜúî ý�û���Þ¡ùÀ�Ø�×þ üþ�û���Þ¡ ß��� ¢�ªüõ ´��� ýÂÜúî �f¢øÀ� ý�û���Þ¡ üêÂãõ ¥� Å� ,�õ�÷ ö�þ�� ßþ� ¤¢�� ´¿� À�î� ýÂÜúî �f¢øÀ� ý�û���Þ¡ ,ö� ¥� Å� .À÷ÂþÁ�üõ ö¤�Öµõ¢�� �fõ�Þ� ��� �� üµ�õÂû ë�Êµó�ý�÷��µ¨� �î (M; g) ýù¢ÂÈê ü÷�Þþ¤ ý�û���Þ¡ ,�õ�¢� ¤¢ .À÷�ªüõ ýÀ�� ù¢¤ ß�ãõ�÷ (�fõ��ó�) ×þÂµõ×þ (M; g) �î Àþ�üõ ´¨¢�� Ýúõ ý�¹�µ÷ ßþ� ø ùÀª �ãó�Îõ ´¨� ü��µÈ�þ� ÅþÀÞû �ûö� ü÷�Þþ¤�î ý�ù¢ÂÈê ýÀã�-5 ü÷�Þþ¤ ý�û���Þ¡ ,ö�þ�� ¤¢ .´¨� ´±·õ ý¢Àä üðÀ�Þ¡ �� ü��µÈ�þ� ý���Þ¡.À÷�ªüõ ýÀ�� ù¢¤ ¢¤�¢ ÕÜã� �øÂû - ýÂð ýÀ�� ù¢¤ ¥�W1 +W4 ýù¢¤ �� �ûö� ü÷�Þþ¤ ý�÷��µ¨�,üµ�õÂû ë�Êµó� ,À�î� ýÂÜúî �f¢øÀ� ý�û���Þ¡ ,ýÂÜúî �f¢øÀ� ý�û���Þ¡ : ýÀ�Üî ý�ûù��ø�øÂû - ýÂð ýÀ�� ù¢¤ ,ü��µÈ�þ� ÅþÀÞû ý�û×þÂµõ
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�õÀÖõ
¯�±�¤� ¤¢ Àª ���¤� 1ýÂð Í¨�� 1971 ñ�¨ ¤¢ �î Ó�ã® üõ�÷�ó�û ��úÔõ �� ýÂÜúî �f¢øÀ� �¨À�ûý�û¢ ¤¢ ø ù¢�� ÂÒ��µõ U(n) Ó�ã® üõ�÷�ó�û �� ýÂÜúî �f¢øÀ� ý�û���Þ¡ ,âì�ø ¤¢ .℄14[ ´¨�ý�ûù¢¤ ¥� üØþ ö���ä �� �û���Þ¡ ßþ� .℄12, 10, 9[ À÷Àª �ãó�Îõ ýÀ� ¤�Ï�� ýÂð Í¨�� ¢�µÔûßþ� �� Â�¡� ñ�±ì� .À÷�ªüõ Âû�Ò 2�øÂû - ýÂð ýÀ�� ù¢¤ ¤¢ üµ�õÂû �f±þÂÖ� ý�û���Þ¡ ý�÷�ð 16ë�Êµó� ×þ ýÂÜúî �f¢øÀ� ý���Þ¡ Âû .´¨� ýÂÑ÷ ×þ��ê ¤¢ �ûö� ¢Â�¤�î Û�ó¢ �� ÂµÈ�� �û���Þ¡���� ¢¤�õ ýÂÑ÷ ×þ��ê ¤¢ �fÂ�¡� �ûë�Êµó� á�÷ ßþ� �î ¢ÂþÁ�üõ ö¤�Öµõ¢�� �fõ�Þ� ��� �� üµ�õÂû�û�ó�»û��¨ ¥� ý�ù¢¤ üóøÀõ ý�Ìê ý�¨À�û ,��£��Â�� �þÂÑ÷ ¤¢ ,ñ�·õ ö���ä �� .´¨� �µêÂð ¤�Âìý¥��õ 3ý�û¤���³¨� ¢��ø ,ùø�ä�� .℄8[ ¢�ªüõ �ãó�Îõ ö¤�Öµõ¢�� �fõ�Þ� ��� �� üì�Êµó� ý�Ü�¨ø��ý�¤�¢ ö�ÞÆþ¤ ý�þÂÑ÷ ¤¢ ß�³¨� ü÷�Þþ¤ ý���Þ¡ ×þ Â� ö¤�Öµõ¢�� �fõ�Þ� ��� �� üì�Êµó� �� ÂÒ��µõ.℄26[ ´¨� ¯�±�¤� ¤¢ ü÷�ÞÆþ¤ ý�ûö�µ�ó�¨ ü¡Â� �� �î �Â� ´¨� ´�Þû�ÛÊê ¤¢ ¢¥�¢Â�üõ ℄6[ â�Âõ ¼þÂÈ� �� �î ñø� Ç¿� .´¨� Ç¿� ø¢ Ûõ�ª Â®�� ý�õ�÷ ö�þ��ß��� �î ¢�ªüõ ´��� ,ýÂÜúî �f¢øÀ� ý�û���Þ¡ üêÂãõ ¥� Àã� Ç¿� ßþ� ¤¢ .¢�ªüõ ���¤� �ø¢1Gray2Gray-Hervella3spinor 1



�f¢øÀ� ý�û���Þ¡ ,ö� ¥� Å� .À÷ÂþÁ�üõ ö¤�Öµõ¢�� �fõ�Þ� ��� �� üµ�õÂû ë�Êµó� ×þ üþ�û���Þ¡ý���Þ¡ º�û ¢�ªüõ ´��� ,ùÄþ�� .À÷�ªüõ ýÀ�� ù¢¤ ß�ãõ�÷ (�fõ��ó�) ×þÂµõ �� ´¿� À�î� ýÂÜúî.¢¤�À÷ ¢��ø ß�ãõ ´±·õ ×þÂµõ �� ´¿� ýÂÜúî�±ª �f¢øÀ�¤�Âì ü¨¤Â� ¢¤�õ ýÂÜúî �f¢øÀ� ý�û���Þ¡ ø ü��µÈ�þ� ÅþÀÞû ý�û×þÂµõ �ø¢ Ç¿� ¤¢ý�ãó�Îõ ¥� Àã� .¢�ªüõ ���¤� ��¨ ÛÊê ¤¢ ø ù¢�� ℄20[ â�Âõ ¼þÂÈ� Ç¿� ßþ� °ó�Îõ .À÷Â�ðüõ���¤� üµ�õÂû �f±þÂÖ� ý�û���Þ¡ ¥� �øÂû - ýÂð ýÀ�� ù¢¤ ,ý��÷��µ¨� ü��µÈ�þ� ÅþÀÞû ý�û×þÂµõý�÷��µ¨� �î (M; g) ýù¢ÂÈê ýÀã��5 ü÷�Þþ¤ ý�û���Þ¡ ýÀ�� ù¢¤ �� ÛÊê ßþ� °ó�Îõ .¢�ªüõ�øÂû - ýÂð ýÀ�� ù¢¤ ¥� W1 +W4 ýù¢¤ �� ÕÜãµõ üµ�õÂû �f ± þÂÖ � ¤� µ¡�¨ ×þ �ûö� ü÷�Þþ¤.À¨¤üõ ö�þ�� �� ,¢ÂþÁ�üõ
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1 ÛÊê
�û¥��÷ Ç��

üêÂãõ ¥� Å� ñø� Ç¿� ¤¢ .´¨� ùÀª Ýû�Âê ¶½� �� ¢ø¤ø ý�Â� �¥� ý�û¥��÷ Ç�� ÛÊê ßþ� ¤¢1.1.1 ý��Ìì ¤¢ .¢�ªüõ ù¤�ª� Ýúõ ý��Ìì ø¢ �� ýÂÜúî �f±þÂÖ� ý�û���Þ¡ ø ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ý��Ìì ¤¢ ø ¢¢Âðüõ ���¤� ¢ÂþÁ³� ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ ×þ ý����Þ¡ �î ßþ� ý�Â� üê�î ø �¥� ¯ÂªüêÂãõ �� �ø¢ Ç¿� ¤¢ .¢�ªüõ ö��� ý¤�µ¡�¨ ß��� ýÂþÁ� ñ�ÂÚµ÷� ý�Â� üê�î ø �¥� ¯Âª 2.1.1Ýû�Âê 3 ÛÊê ý�û��Ìì ��±�� ý�Â� �¥� ��õÀÖõ ,ö� �� ¯��Âõ ý�û��Ìì ü¡Â� ø üõ�÷�ó�û ùøÂð.¢¢Âðüõ
üµ�õÂû �f±þÂÖ� ¤�µ¡�¨ 1.1(P;M; �;G) üþ�� ¤�ú� ×þ üÜ¬� é�î ×þ ¥� ¤�Ñ�õ (93 ý�½Ô¬ ℄18[) 1.1.1 ÓþÂã��î ´¨� üó ùøÂð ×þ G ø 1 ë�Âçµ¨� ×þ � : P �!M ,¤��Þû ý�û ���Þ¡M ø P ö� ¤¢ �î ´¨�1submersion 3



:�î À�îüõ ÛÞä ý��÷�ð �� P Â� ´¨�¤ ¥�,�(ug) = �(u) Ýþ¤�¢ u 2 P ø g 2 G Âû ý�Â� (i)ü÷�¨Â��ø ø x ¥� U üÚþ�ÆÞû x 2M Âû ý�¥� �� (ii) : ��1(U) �! U �G; (u) = (�(u); '(u)):À�î üõ ëÀ¬ ß�þ�� ¯Âª ¤¢ �î ´¨� ¤��Þû ´ª�Ú÷ ×þ ' ö� ¤¢ �î ¢¤�¢ ¢��ø'(ug) = '(u)g; 8u 2 ��1(U); g 2 G:
ù�ð ö� Àª�� üó ùøÂð ×þ G ø ¤��Þû ý���Þ¡ ×þ M Âð� (94 ý�½Ô¬ ℄18[) 1.1.1 ñ�·õ.À�þ�ðüõ üúþÀ� üÜ¬� é�î �¤ ö� �î ´¨� üÜ¬� é�î ×þ (M �G;M;Pr1; G)¤�Âì x 2 M ý�Â� ,Àª�� ¤��Þû ý���Þ¡ ×þ M À��î Âê (94 ý�½Ô¬ ℄18[) 2.1.1 ñ�·õÀ�û¢FxM = ffe1; : : : ; engj .´¨� TxM ý�Â� °�Âõ �þ�� ×þ feigni=1g øFM := [x2M FxM:GL(n;R) üó ùøÂ ð ´¨�¤ ÛÞä ù� ð ö� ,e = (e1; : : : ; en) 2 FM ø A = (aij) 2 GL(n;R) Â ð��¤�¬ ßþ� ¤¢ .uj = Pni=1 aijei ö�¤¢ �î ´¨� eA = (u1; : : : ; un) �¤�¬ � � FM ý�� �Þ¡Â �4



�� ´¨� üÜ¬� é�î ×þ (FM;M; �;GL(n;R))� : FM �!MFxM 3 e 7�! x:
üÜ¬� é�î ø¢ (Q;M; �;H) ø (P;M; �;G) À��î Âê (97 ý�½Ô¬ ℄18[) 2.1.1 ÓþÂã�f2 : H ! G üó ý�úûøÂð üµ¿þÂØ� ø f1 : Q! P ¤��Þû ýùÀ�÷�È÷ ¥� H �� G ¥� Çû�î ×þ .Àª���� �� ß�þ�� ¤�¢�Þ÷ ùø�ä �� ø f1(uh) = f1(u)f2(h) ,u 2 U ø h 2 H Âû ý�Â� �î ´¨� ùÀª Û�ØÈ�.Àª�� üþ��Q f1�! P� # # �M �! M1M× þ G ,¤�� Þ û ý� � � Þ ¡ × þ M À � � î Â ê (100 ý� ½ Ô ¬ ℄18[) 3.1.1 ÓþÂã�f : (BG(M);M; �jBG(M); G) �! ø FM é� î Â þ¥ × þ BG(M) ,GL(n;R) ü ó ùøÂ ð Â þ¥M ý� � � Þ ¡ Â � ¤� µ ¡� ¨�G×þ �¤ BG(M) ù� ðö� .À ª� � Ç û� î × þ (FM;M; �;GL(n;R)).À�õ�÷üõM ù�ðÂû À�þ�ð ÂþÁ� ñ�ÂÚµ÷� �¤ M Â� BG(M) ¤�µ¡�¨�G (105 ý�½Ô¬ ℄18[) 4.1.1 ÓþÂã�.f ��xi (x)gni=1 2 BG(M) ,x 2 UÂû ý�Â� �î Àª�� fU; (x1; : : : ; xn)g À�÷�õ üÆÜÏ� ý�¤�¢5



ö�À�õ ×þ M Â � ÍÜµ¿õ �f ± þÂÖ � ¤� µ¡�¨ ×þ ¥� ¤�Ñ�õ (151 ý�½Ô¬ ℄18[) 5.1.1 ÓþÂã��f ±þÂÖ� ¤�µ¡�¨ ×þ �� ù�ÂÞû M ý���Þ¡ .J2 = �Id �î ´¨� J À�÷�õ M Â� (1;1) á�÷ ý¤�Æ÷��.À�õ�÷ ÍÜµ¿õ �f±þÂÖ� ý���Þ¡ ×þ �¤ ÍÜµ¿õJx : TxM �! TxM ,x 2M Âû ý�Â� .Àª�� ÍÜµ¿õ �f±þÂÖ� ý���Þ¡×þ (M;J) À��î Âê :�µØ÷Âû ý�Â� ,Àª�� ÍÜµ¿õ �f±þÂÖ� ý���Þ¡ ×þ (M;J) À��î Âê .Jx2 = �Id �î ´¨� üÎ¡ ÛþÀ±� ×þý¤�¢Â� ý�Ìê ×þ �� ¢�ªüõ ÓþÂã� ß�þ�� ¤¢ �î ü�Â® �� TxM üÖ�Ö� ý¤�¢Â� ý�Ìê x 2 Ma+ ib 2 C ø v 2 TxM À��î Âê .¢�ª üõ ÛþÀ±� ÍÜµ¿õ(a+ ib)v := av + bJx(v):
,ß��»Þû .Àª� � ¤��Þû ý���Þ¡ ×þ M2n À��î Âê (153 ý�½Ô¬ ℄18[) 1.1.1 ��ÌìÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ ×þ M .ÀþÂ�ð ÂÑ÷ ¤¢ Gl(2n;R) öø¤¢ üã�±Ï üµ¿þÂØ� ×þ �� �¤ Gl(n; C ).¢ÂþÁ³� ¤�µ¡�¨�GL(n; C ) ×þ Âð� �ú�� ø Âð� ¢ÂþÁ�üõ.À÷ÂþÁ�üõ ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ �î À�µÆû üþ�ûùÂî �ú�� S6 ø S2 (℄13[) 1.1.1 ù¤��ðø é¤øÀ ¨� û × þ�� ó� �� � ý�Ì ê × þ M À � � î Â ê (154 ý�½ Ô¬ ℄18[) 6.1.1 ÓþÂã�x À�÷�õ ö� ý�ÎÖ÷ Âû ù�ðÂû ´¨� ýÀã��n ÍÜµ¿õ ý���Þ¡×þ M Ý�þ�ð .Àª�� �ø¢ á�÷ ý�¤�Þªü÷�Æ÷�Þû � : U �! �(U) � C n Âð� .Àª�� ö�Æ÷�Þû C n ¥� ý¥�� �� �î Àª�� �µª�¢ U üÚþ�ÆÞû ×þÍÜµ¿õ ý���Þ¡ ¥� �ÈÖ÷ ø¢ (V;  ) ø (U; �)À��î Âê .À�þ�ð M ý�ÈÖ÷ ×þ �¤ (U; �) ù�Ú÷� Àª�� Æ ��1 ø � Æ  �1 ,U \ V 6= ; Âð� �þ U \ V = ; ù�ð Âû ´¨� ¤�ð¥�¨ �ÈÖ÷ ø¢ ßþ� Ý�þ�ð .Àª�� M6



f(U; �)g À�÷�õ M ý�û�ÈÖ÷ ¥� ý�ù¢��÷�¡ M Â� ÍÜµ¿õ ¤�µ¡�¨ ×þ ¥� ¤�Ñ�õ .À�ª�� ×�ê¤�õ�ó�û�î ´¨�;M = SU (1;Àª�� ¤�ð¥�¨ M ý�ÈÖ÷ ø¢ Âû (2.Àª�� ß�È�� f(U; �)g (3ýÀã��2n üÖ�Ö� ý���Þ¡ ×þ �� �¤ ö� ö���üõ Àª�� ýÀã��n ÍÜµ¿õ ý���Þ¡×þ M Âð��� üÖ�Ö� ý�ÈÖ÷ ×þ (z1; : : : ; zn) ÍÜµ¿õ ý�û�Ôó�bõ �� M ¥� (U; �) ý�ÈÖ÷ Âû âì�ø ¤¢ .¢Âî ÛþÀ±�.1 � j � n Âû ý�Â� zj = xj + iyj ö� ¤¢ �î Àª�� üõ (x1; : : : ; xn; y1; : : : ; yn) ý�û�Ôó�bõÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ ×þ üã�±Ï ¤�Ï �� ÍÜµ¿õ ý���Þ¡ Âû (154 ý�½Ô¬ ℄18[) 2.1.1 ù¤��ð.¢ÂþÁ�üõßþ� ¤¢ .Àª�� M ÍÜµ¿õ ý���Þ¡ ¥� ù��¿ó¢ ý�ÈÖ÷ ×þ (U; (z1; : : : ; zn)) À��î Âê : ��± ��ö� ¤¢ �î ´¨� üÖ�Ö� ý���Þ¡×þ ö���ä �� M ¥� ý��ÈÖ÷ (U; (x1; : : : ; xn; y1; : : : ; yn)) �¤�¬:Ý��î üõ ÓþÂã� ß��� üã®�õ �¤�¬ �� �¤ J ¤�Æ÷�� .zj = xj + iyjJ( ��xi ) = ��yi øJ( ��yi ) = � ��xi :(V; (w1; : : : ; wn)) À��î Âê .´¨� (U; (x; y)) ý�ÈÖ÷ ��¿µ÷� ¥� ÛÖµÆõ J ÓþÂã� Ý�û¢ üõ ö�È÷�� ÂÒ��µõ üÖ�Ö� ý�ÈÖ÷ (V; (u1; : : : ; un; v1; : : : ; vn)) ø U \ V 6= ; �î Àª�� M ¥� ýÂÚþ¢ ý�ÈÖ÷7



:Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ J 0 .Àª�� ö�J 0( ��ui ) = ��viJ 0( ��vi ) = � ��ui :Ýþ¤�¢ ,1 � i; j � n ,i; j Âû ý�Â� À�µÆû ×�ê¤�õ�ó�û �ûwi ö���uj�yi = ��vj�xi ; �uj�xi = �vj�yi : (1.1.1)ß��»Þû��xi = nXj=1��uj�xi ��uj + �vj�xi ��vj� ø��yi = nXj=1��uj�yi ��uj + �vj�yi ��vj�:Ýþ¤�¢ 1.1.1 ý�Î��¤ �� ���� �� ßþ�Â����J 0� ��xi� = J 0 nXj=1��uj�xi ��uj + �vj�xi ��vj�!= nXj=1��uj�xi ��vj � �vj�xi ��uj�= nXj=1��uj�yi ��uj + �vj�yi ��vj�= ��yi= J� ��xi�: ,���Èõ¤�Ï ��J 0� ��yi� = J� ��yi�8



� .´¨� M ýø¤ ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ ×þ J Å� ,J2 = �Id ��®ø ��ö���ä �� ù�ðÂû À�þ�ð ÂþÁ� ñ�ÂÚµ÷� �¤ J ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ (155 ý�½Ô¬ ℄18[) 7.1.1 ÓþÂã�.Àª�� ÂþÁ� ñ�ÂÚµ÷� ¤�µ¡�¨�GL(n; C ) ×þÂþÁ� ñ�ÂÚµ÷� ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ ×þ M2n ¤��Þû ý���Þ¡ (155 ý�½Ô¬ ℄18[) 3.1.1 ù¤��ð.¢ÂþÁ³� ÍÜµ¿õ ¤�µ¡�¨ ×þ Âð� �ú�� ø Âð� ¢¤�¢.Àª� � ÍÜµ¿õ �f ± þÂÖ � ý���Þ¡ ×þ (M:J) À��î Âê (156 ý�½Ô¬ ℄18[) 8.1.1 ÓþÂã�ÓþÂã� ß��� ,X;Y 2 �(M) Âû ý�Â� �î ´¨� (1;2) á�÷ ¤�Æ÷�� ×þ M Â� 2§�ú�¹�÷ ¤�Æ÷��¢�ªüõNJ(X;Y ) = [JX; JY ℄� J [JX; Y ℄� J [X;JY ℄� [X;Y ℄;
.NJ � 0 Âð� �ú�� ø Âð� ´¨� ÂþÁ� ñ�ÂÚµ÷� J ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ (℄23[) 2.1.1 ��Ììù� ðÂ û À � õ� ÷ M Â � Í Ü µ¿ õ �f ± þÂ Ö � ë�Ê µ ó� × þ �¤ r (156 ý�½Ô¬ ℄18[) 9.1.1 ÓþÂã�.rJ = 0ù� ðö� .À ª� � M Â � ö¤� Ö µ õ ë� Ê µ ó� × þ r À � � î Â ê (156 ý�½ Ô¬ ℄18[) 1.1.1 ÝóNJ(X;Y ) = (rJXJ)Y � (rJY J)X + J((rY J)X � (rXJ)Y ):ÍÜµ¿õ �f ± þÂ Ö � ë�Êµ ó� ×þ ÍÜµ¿õ �f ± þÂ Ö � ý�� �Þ¡ Âû (157 ý�½Ô¬ ℄18[) 4.1.1 ù¤��ð.Àª��üõ 14NJ ö� ��� �î ¢ÂþÁ�üõ2Nijenhuis 9



ýø¤ (1;2) á�÷ ¥� Q ý¤�Æ÷�� ö�À�õ Â�� .Àª�� M ýø¤ ö¤�Öµõ ë�Êµó� ×þ r À��î Âê : ��±��¢�ªüõ ÓþÂã� ß��� X;Y 2 �(M) ÂûQ(X;Y ) = 14n�rJY J�X + J�(rY J)X�+ 2J�(rXJ)Y �o;ÀþÂ�ð ÂÑ÷ ¤¢ M Â� �¤ ß�þ�� ë�Êµó�rXY = rXY �Q(X;Y ):.´¨� ÍÜµ¿õ �f±þÂÖ� ë�Êµó� ×þ r Ý�û¢ üõ ö�È÷ �Àµ��Q(X;JY )� JQ(X;Y ) = 12J((rXJ)(JY )) + 12(rXJ)Y = (rXJ)Y: ßþ�Â����rXJY = rXJY �Q(X;JY )= (rXJ)Y + J(rXY )�Q(X;JY )= (rXJ)Y + J(rXY )� JQ(X;Y )� (rXJ)Y= J(rXY )� JQ(X;Y )= J(rXY ):Ýþ¤�¢ ,rXY �rYX � [X;Y ℄ = T (X;Y ) = 0 �� ���� �� Àª�� r ë�Êµó� ��� T Âð�T (X;Y ) = rXY �rYX � [X;Y ℄= rXY �rYX � [X;Y ℄�Q(X;Y ) +Q(Y;X)= �Q(X;Y ) +Q(Y;X)10



Àþ¢ ö���üõ ü÷�¨� ��T (X;Y ) = 14NJ(X;Y ): �Âð� ´¨� ÂþÁ� ñ�ÂÚµ÷�M ý���Þ¡ Â� J ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ (159 ý�½Ô¬ ℄18[) 1.1.1 �¹�µ÷.¢ÂþÁ³� ö¤�Öµõ ÍÜµ¿õ �f±þÂÖ� ë�Êµó� ×þ M Âð� �ú�� ø4.1.1 ýù¤��ð ¤¢ ùÀª �µ¡�¨ ë�Êµó� ø NJ = 0 ,2.1.1��Ìì Â���� ,Àª�� ÂþÁ� ñ�ÂÚµ÷� J Âð� : ��±��.´¨� ÂÑ÷ ¢¤�õ ë�Êµó�r ø Q Âð� .rJ = 0Å� ;Àª�� M Â� ö¤�Öµõ ÍÜµ¿õ �f±þÂÖ� ë�Êµó� ×þ r À��î Âê ,ÅØäÂ��¹�µ÷ ¤¢ ø Q = 0 ù�ðö� Àª�� 4.1.1 ýù¤��ð ¤¢ ùÀª ÓþÂã� ë�Êµó� ø ý¤�Æ÷�� ö�À�õ °��Â� ��� .NJ = 4T = 4T = 0 ,´¨� ö¤�Öµõ r ö�� ßþ�Â���� .r = r.Àª�� ÍÜµ¿õ �f ±þÂÖ� ý���Þ¡ ×þ (M;J) À��î Âê (161 ý�½Ô¬ ℄18[) 10.1.1 ÓþÂã�,X;Y 2 �(M) Âû ý�Â� ù�ðÂû À�þ�ð üµ�õÂû ×þÂµõ ×þ �¤ g ü÷�Þþ¤�±ª ×þÂµõg(JX; JY ) = g(X;Y ):ý���Þ¡ ×þ M �î ü�¤�¬¤¢ ø À�õ� ÷ üµ�õÂû �f ± þÂÖ � ý���Þ¡ ×þ �¤ (M;J; g) �¤�¬ ßþ� ¤¢.À�þ�ð üµ�õÂû ý���Þ¡ ×þ �¤ ö� Àª�� ÍÜµ¿õ.¢ÂþÁ�üõ üµ�õÂû ü÷�Þþ¤ ×þÂµõ ×þ ÍÜµ¿õ �f±þÂÖ� ý���Þ¡ Âû 5.1.1 ù¤��ðù�ðö� ,Àª�� M Â� ü÷�Þþ¤ ×þÂµõ ×þ h À��î Âê : ��±��g(X;Y ) = h(X;Y ) + h(JX; JY );� .´¨� M Â� üµ�õÂû ü÷�Þþ¤ ×þÂµõ ×þ11



ö� Â� ë�Êµó� ×þ r ø üµ�õÂû �f±þÂÖ� ý���Þ¡×þ (M;J; g) À��î Âê (℄29[) 11.1.1 ÓþÂã�ù�ðÂû À�þ�ð üµ�õÂû ë�Êµó� ×þ �¤ r .Àª��rg = 0;rJ = 0:×þ �¤ r .Àª� � ö� ��� T ø (M; g) ý���Þ¡ Â� ë�Êµ ó� ×þ r À��î Âê 12.1.1 ÓþÂã�X;Y;Z 2 �(M) Âû ý�Â� ù�ðÂû À�þ�ð ö¤�Öµõ¢�� �fõ�Þ� ��� �� ë�Êµó�g(T (X;Y ); Z) = �g(T (X;Z); Y ):
.À ª� � ü µ � õÂ û �f ± þÂ Ö � ýÀ ã ��2n ý� � � Þ ¡ × þ (M;J; g) À � � î Â ê (℄7[) 3.1.1 ��Ìì§�ú �¹ � ÷ ¤� Æ ÷� � Â ð� � ú � � ø Â ð� ¢Â þÁ �ü õ ö¤� Ö µ õ¢� � �f õ� Þ � �� � � � ü µ � õÂ û ë�Ê µ ó� × þ M.Àª�� �Âê�3×þ N(X;Y;Z) = g(N(X;Y ); Z).Àª�� üµ�õÂû �f±þÂÖ� ¤�µ¡�¨ ×þ (M;J; g) À��î Âê (163 ý�½Ô¬ ℄18[) 13.1.1 ÓþÂã�¢�ªüõ ÓþÂã� ß��� 
 �Âê�2 ,X;Y 2 �(M) Âû ý�Â�
(X;Y ) = g(X;JY ): .À�þ�ð (M;J; g) ýÂÜúî �Âê �¤ 
ý�Â� .Àª�� üµ�õÂû �f±þÂÖ� ý���Þ¡ ×þ (M;J; g) À��î Âê (163 ý�½Ô¬ ℄18[) 6.1.1 ù¤��ðÝþ¤�¢ X;Y;Z 2 �(M) Âû2g�(DXJ)Y;Z� = 3d
(X;JY;Z)� 3d
(X;Y;Z) + g�NJ(Y;Z); JX�:

12



.Àª� � üµ�õÂû �f ± þÂÖ � ¤� µ¡�¨ ×þ (M;J; g) À��î Âê (164 ý�½Ô¬ ℄18[) 2.1.1 �¹�µ÷:À÷¥ ¤� Ýû ß�þ�� ý�û¯Âª.´¨� ÍÜµ¿õ �f±þÂÖ� ë�Êµó� ×þ g �� �µÆ��ø D ý�µþ��� - ý�ó ë�Êµó� (1.d
 = 0 ø NJ = 0 (2ü�ãþ ,´¨� ÂþÁ� ñ�ÂÚµ÷� J 1.1.1 ý�¹�µ÷ Õ±Ï ,´¨� ö¤�Öµõ D ö�� .DJ = 0 À��î Âê : ��±��X;Y;Z 2 �(M) Âû ý�Â� .d
 = 0 Ý�û¢üõ ö�È÷ DJ = 0 ø Dg = 0 �� ���� �� ñ�� .NJ � 0Ýþ¤�¢D
(X;Y;Z) = (DZ
)(X;Y )= DZ
(X;Y )� 
(DZX;Y )� 
(X;DZY )= Zg(X;JY )� g(X;JDZY )� g(DZX;JY )= g(X;DZJY )� g(X;JDZY )= g(X; (DZJ))= 0; ßþ�Â���� ,D
 = 0Å�d
(X;Y;Z) = D
(X;Y;Z)�D
(Y;Z;X) +D
(Z;X; Y ) = 0:� .´¨� ¼®�ø 6.1.1 ýù¤��ð �� ���� �� ù¤��ð ÅØäß�þ�� ý�û¯Âª ù�Ú÷� ,Àª�� üµ�õÂû ý���Þ¡ ×þ M Âð� (164 ý�½Ô¬ ℄18[) 3.1.1 �¹�µ÷:À÷¥ ¤�Ýû13



.´¨� ÍÜµ¿õ �f±þÂÖ� ë�Êµó� ×þ g �� �µÆ��ø ý�µþ�»�ý�ó ë�Êµó� (1.d
 = 0 ü�ãþ ,´¨� �µÆ� 
 ýÂÜúî �Âê (2ñ�ÂÚµ÷� ö� ÍÜµ¿õ �f±þÂÖ� ¤�µ¡�¨ 3.1.1 ýù¤��ð Õ±Ï ,´¨� ÍÜµ¿õ ý���Þ¡ ×þ M ö�� : ��±��� .´¨� ��Þ� ��±�� 2.1.1 ý�¹�µ÷ �� .NJ = 0 �Áó ,´¨� ÂþÁ��î Àª�� üµ�õÂû �f±þÂÖ� ¤�µ¡�¨ ×þ (M;J; g) À��î Âê (165 ý�½Ô¬ ℄18[) 14.1.1 ÓþÂã�M �î üµó�� ¤¢ ;À�õ�÷ ýÂÜúî �f±þÂÖ� ý���Þ¡ ×þ �¤ M �¤�¬ßþ� ¤¢ ,´¨� �µÆ� ö� ýÂÜúî �Âê.À�þ�ð ýÂÜúî ý���Þ¡ ×þ �¤ ö� Àª�� üµ�õÂûö¤�Öµõ¢�� �fõ�Þ� ��� �� üµ�õÂû ë�Êµó� Àª�±÷ ýÂÜúî �î ýÂÜúî �f±þÂÖ� ý���Þ¡ ×þ 7.1.1 ù¤��ð.¢ÂþÁ�üÞ÷�µª�¢ ¢��ø (M;J; g) üµ�õÂû �f±þÂÖ� ý���Þ¡ ýø¤ üì�Êµó� ß��� À��î Âê ÓÜ¡ ö�ûÂ� �� : ��±��Àþ¢ ö���üõ ü÷�¨��� .´¨� ö¤�Öµõ¢�� g �� ´±Æ÷M §�ú�¹�÷ ¤�Æ÷�� 3.1.1 ��Ìì Õ±Ï .Àª���3g(NJ (JX; Y ); Z) = d
(X;JY; JZ) � d
(X;Y;Z) + d
(JX; JY; Z) + d
(JX; Y; JZ):��Ìì Âê �� �î ´¨� ÂþÁ� ñ�ÂÚµ÷� J ü�ãþ ,NJ = 0 ßþ�Â���� ,d
 = 0 ,´¨� ýÂÜúî �f±þÂÖ� M ö��� .´¨� Ëì��� ¤¢¥��÷ ¢¤�õ ý�ûÓþÂã� ü¡Â� ,�Àµ�� .Ý��îüõ ü¨¤Â� TM ý���Þ¡ Â� �¤ ýÂÜúî ¤�µ¡�¨ ×þ ñ��.Ýþ¥�¢Â�üõ á�®�õ Û¬� �� ö� ¥� Å� ù¢Âî ���¤� �¤ö�À�õ ×þ X ø §�Þõ é�î � : TM !M À��î Âê (120 ý�½Ô¬ ℄18[) 15.1.1 ÓþÂã�ý�Â� �î ´¨� XV 2 �(TM) ý¤�¢Â� ö�À�õ TM �� X ý¢�Þä â�êÂ� ¥� ¤�Ñ�õ .Àª�� M Â� ý¤�¢Â�14


