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�¤ Ý÷��¥ �� ùÀ� �¤Àì ßõ �� Ýþ�À¡ Å� .¢�� �À¡ �ÞÜî ö� ,¢�� �ÞÜî ,¢�±÷ º�û ¥�è� ¤¢
ü÷�þ�� �� �¤ ¢�¡ ¥�è� �î Åþ��� Â�¡ üµª�÷Â¨ �Âõ ø ´¨�� üðÀ�� �b µÆþ�ª �î Ýþ�ÈÚ� �÷�Ú÷�

.ü÷� ö�û��¡ �� �î ôÂ�ð ¤�î �� üû�¤ ¤¢ �¤ ô��ÈþÀ÷� ø ÛÖä ø Ýû¢ À÷��� üû��¡üõ �� �î
¤¢ �¤ ö�Æ÷� �î Ý�î ¤ø�� ø Ýª�� ö�Æ÷� �¤Àì �ø� ¤¢ Ýª�� �µª�¢ ´þ�Öó �� ùÀ� ü�¤Àì ßõ ��
ÀÊÖõ �� À�î üÏ ÕÈä �� �¤ ñ�Þî Â�Æõ �î �¤ ö� �� ø ´Æ�÷ üã÷�õ º�û �ø� �� öÀ�¨¤ ù�¤

.À÷�¨¤ üû��¡
ü÷� �Âúõ ø üõÂð ø ö�¤� � �ø�ÂÏ �î ü÷�Æ÷� ,Ýª� � ö�Æ÷� �¤ ö�Æ÷� �î ùÀ� ö�Þþ� ßõ ��
�� ´õÂ� ß�Þû �� ø ýÀþÂê� ø� ´õÂ� �� �¤ ù�õ ¤�÷ ø ö�Þ¨� ý�À�Ü� ,�� üó�¥ ,À�ª¤�¡
ö�ÆØþ �� �¤ Ý�÷��Âúõ ©¤�� ø Àª�� ��ãõü� Ýþ�Â� ö¢�� ¤�¡ ø Ûð ,ö�¤�� �»Þû �î ùÀ� ¢�þ ßõ
�� �¤ ßõ �î üµîÂ� .Ýª�� ´îÂ� ¤¢ ø ö�ø¤ ù¤��Þû À�ª¤�¡ ö�Æ� ø Ýþ�Þ÷ ´þ�ûùÀþÂê� ¤�·÷
�Áó ö¢�� ø ßµê¤ �Ñ½ó �Ñ½ó ¥� ,öÀ�¨¤ ¥� ÂÔ¨ ßþ� ¤¢ ø À÷�¨Â� �ûù¤�µ¨ ßþÂ� ´¨¢ ¤ø¢
,¥�øÂ� ¤¢ ùÀ÷Â� ö� ý��ãõ �î üðÀ÷¥ .Ý�î üðÀ÷¥ �¤ üðÀ÷¥ ,¢��ø ý���Â¨ �� �¤ ô¢ Âû ø ôÂ±�

.´¨�À¡ �� ¢�¡ ¥� ø �ø� �� ÕÞä ¥� öÀ�¨¤ ø ù�Ú� ¤¢ À�ª¤�¡ öÀõ�Â� ,¢�� ¤¢  Â¨ Ûð
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ø
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��õÀÖõ
�Ø�þ� �� ���� �� .¢¢Âðüõ ýÂÆî Û�Æ÷�ÂÔþ¢ �ó�bÆõ ×þ �� Â¹�õ ×�÷�Øõ ø ×þÃ�ê Û��Æõ ¥� ý¤��Æ�
Û� �� �Áó ,Àª��üõ ßØÞõ Â�è âì��õ ý�ù¤�� ¤¢ ø ùÀ�»�� ¤��Æ� üÜî ´ó�� ¤¢ Û��Æõ ßþ� ý¤�ÿ� Û�
üãì�ø ���� �� À÷��µ� �î °¨��õ ý¢Àä Û�ù�¤ ×þ ö��õ ßþ� ¤¢ ø Ýþ¤ø�üõ ýø¤ Û��Æõ ßþ� ý¢Àä
�þÃ¹� ý�û©ø¤ ,ü��¢�ãõ ß��� Û� ´ú� .¢Â�ðüõ ¤�Âì ¤�î ¤�µ¨¢ ¤¢ ,Àª�� ×þ¢Ã÷ ö�Øõ� À� ��
,üû ü��Â��ç� ¤�ÂØ� ©ø¤ ´ì¢ �î Àþ¢ Ý�û��¡ ö�þ�� ¤¢ .ÝþÂ�üõ ¤�Ø� �¤ üû ü��Â��ç� ¤�ÂØ� ø ö��õø¢�

.Àª��üõ ö��õø¢� �þÃ¹� ©ø¤ ¥� Âµú� �û´ó�� ÂµÈ�� ¤¢
ý�úÜÊê ¤¢ �î Ýþ¥�¢Â�üõ ü��õÀÖõ ý�þ�Ìì ø ��óø� Ý�û�Ôõ ø Óþ¤�ã� ���¤� �� �õ��÷�þ�� ñø� ÛÊê ¤¢

.´¨� ¥��÷ ¢¤�õ ýÀã�
.Ý � � îüõ ö� � � �¤ ö� ¥� ü��ú��¬� ø Ý þ¥�¢Â �üõ ö� � õø¢� � þÃ¹� ©ø¤ ü¨¤Â � � � ôø¢ ÛÊê ¤¢
Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ,©ø¤ ßþ� ¥� ù¢�Ôµ¨� �� ,ö�þ�� ¤¢ ø Ý��îüõ ü¨¤Â� �¤ ©ø¤ ü��ÂÚÞû ß��»Þû

.Ý���Þ÷üõ Û� �¤ ýÂÆî
.Ý��îüõ ü¨¤Â� �¤ ©ø¤ ßþ� ü��ÂÚÞû ø ù¢Âî üêÂãõ �¤ üû ü��Â��ç� ¤�ÂØ� ©ø¤ ô�¨ ÛÊê ¤¢

.Ý�û¢üõ ¤�Âì ���� ¢¤�õ ýÂÆî ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ Û� ¤¢ �¤ ©ø¤ ßþ� ¢Â�¤�î ß��»Þû
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1 ÛÊê

ü��õÀÖõ Ý�û�Ôõ ø ÇûøÄ� ���È��
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3 ü��õÀÖõ Ý�û�Ôõ ø ÇûøÄ� ���È�� 1 ÛÊê

ü��õÀÖõ Óþ¤�ã� 1.1

.Ý��îüõ ö��� ÛÊê ßþ� ¤¢ ´¨� ¥��÷ �õ��÷�þ�� ßþ� ¤¢ �î üÔþ¤�ã� ø Ý�û�Ôõ

:¥� ´Æ�¤�±ä r á�ãª ø z ÃîÂõ �� �µÆ� ý�ð 1.0.1 ÓþÂã�

B(z, r) = {x : ‖x− z‖ ≤ r}

ö�� üµ�� � Âð� ,À�þ�ð ­�±Ö÷� ´ª�Ú÷ B(z, r) ý�ð ¤¢ �¤ T : X → X ´ª�Ú÷ 2.0.1 ÓþÂã�
:�Øþ¤�Î� Àª�� ¢���õ 0 ≤ θ < 1

‖Tx1 − Tx2‖ ≤ θ‖x1 − x2‖, ∀x1, x2 ∈ B(z, r).

.À�þ�ð ­�±Ö÷� °þÂ® �¤ θ ö� ¤¢ �î

¢Àä ×þ x Âû �� Âð� Ý�õ�÷ ¤�ÀõÂ÷ üÎ¡ ý�Ìê ×þ �¤ X ÍÜµ¿õ ý¤�¢Â� ý�Ìê 3.0.1 ÓþÂã�
:�î Àª�� ùÀª ¯��Âõ ö��� x ôÂ÷ ô�÷ �� ‖x‖ À�÷�õ üÔ�õ�÷ üÖ�Ö�

.‖x + y‖ ≤ ‖x‖+ ‖y‖ ¢�ª �¹�µ÷ X ¤¢ y ø x Âû ý�¥� �� (1

.‖αx‖ = |α|‖x‖ ù�Ú÷� Àª�� Âó�Ø¨� α ø x ∈ X Âð� (2

.x = 0 Âð� �ú�� ø Âð� ‖x‖ = 0 (3

Í¨�� ùÀª ÓþÂã� Âµõ �� ø ù¢�� ¤�ÀõÂ÷ ù�ðÂû À�þ�ð  �÷�� ý�Ìê �¤ X ý¤�¢Â� ý�Ìê 4.0.1 ÓþÂã�
.Àª�� ô�� ,ôÂ÷

À�þ�ð T ´��� �ÎÖ÷ �¤ x ∈ X ù�Ú÷� Àª�� X ý¤�¢Â� ý�Ìê ýø¤ ÂÚÜÞä ×þ T Âð� 5.0.1 ÓþÂã�
.Tx = x ù�ðÂû



4 ü��õÀÖõ Ý�û�Ôõ ø ÇûøÄ� ���È�� 1 ÛÊê

:À��î ­Âê ( ­�±Ö÷� ´ª�Ú÷ ��Ìì ) 1.1 ��Ìì

.´¨�  �÷�� ý�Ìê X (1

.T : X → X (2

.´¨� 0 ≤ θ < 1 ­�±Ö÷� °þÂ® �� ­�±Ö÷� ´ª�Ú÷ B̄(x0, r) ý�ð ¤¢ T (3

. 1
1−θ‖x1 − x0‖ = r0 ≤ r (4

:ù�Ú÷�

.´¨� B̄(x0, r) öø¤¢ x̃ ¢ÂÔ� ÂÊ½�õ ´��� �ÎÖ÷ ý�¤�¢ T (1

.´¨�ÂÚÞû x̃ ´��� �ÎÖ÷ �� n = 1, 2, · · · ,xn = Txn−1 �ó�±÷¢ (2

.‖xn − x̃‖ < θnr0 (3

:Ýþ¤�¢ n = 0, 1, · · · Âû ý�¥� �� (1 .��±��

‖xn+1 − xn‖ = ‖Txn − Txn−1‖

≤ θ‖xn − xn−1‖ = θ‖Txn−1 − Txn−2‖

≤ θ2‖xn−1 − xn−2} ≤ · · · ≤ θn‖x1 − x0‖

≤ θn(1− θ)r0

´ª�÷ ö���üõ n = 0, 1, · · · Âû ý�¥� �� ßþ�Â����

‖xn+1 − xn‖ ≤ θn(1− θ)r0



5 ü��õÀÖõ Ý�û�Ôõ ø ÇûøÄ� ���È�� 1 ÛÊê

´ª�÷ ö���üõ n Âû ý�¥� �� ß��»Þû (2

‖xn − x0‖ ≤ (1− θn)r0, (1.1)

(1.1) À��î ­Âê .´¨� ¤�ÂìÂ� �ÜÿÆõ (4 ­Âê Õ±Ï n = 1 ý�¥� �� �ÂÖµ¨� ý�Àµ�� :�ÂÖµ¨� �� ��±��
.´¨� ¤�ÂìÂ� Ã�÷ n + 1 ý�Â� Ý��îüõ ´��� .Àª�� ¤�ÂìÂ� n ý�¥� ��

‖xn+1 − x0‖ = ‖xn+1 − xn + xn − x0‖ ≤ ‖xn+1 − xn‖+ ‖xn − x0‖

≤ θn(1− θ)r0 + (1− θn)r0 = (1− θn+1)r0.

´ª�÷ ö���üõ (1.1) �Î��¤ ¥� (3

‖xn − x0‖ ≤ (1− θn)r0 ≤ r0

�Áó
xn ∈ B̄(x0, r).

Àª�� ù��¿ó¢ ´±·õ ¢Àä ×þ ε À��î ­Âê .´¨� üª�î �ó�±÷¢ ×þ {xn} �ó�±÷¢ Ý��îüõ ´��� (4

‖xn+k − xn‖

= ‖xn+k − xn+k−1 − xn+k−2 + · · ·+ xn+1 − xn‖

≤ ‖xn+k − xn+k−1‖+ ‖xn+k−1 − xn+k−2‖+ · · ·+ ‖xn+1 − xn‖

≤ (1− θ)r0[θn+k−1 + θn+k−2 + · · ·+ θn]

≤ (1− θ)θnr0[1 + θ + · · ·+ θk−1] ≤ (1− θ)θnr0

(
1

1− θ

)
≤ θnr0

�� ßþ�Â���� .´¨� (θ < 1 ´±Æ÷ ¤Àì �� ü¨À�û ýÂ¨) lim
k→∞

[
1 + θ + · · ·+ θk−1

]
=

1
1− θ

�Âþ¥
n ≥ N ý�¥� �� ø N = log

ε
r0
θ +1 ��¿µ÷�

‖xn+k − xn‖ < θnr0 < ε



6 ü��õÀÖõ Ý�û�Ôõ ø ÇûøÄ� ���È�� 1 ÛÊê

ýÂ�ðÀ� �� .´¨� �ÂÚÞû x̃ ∈ X �� ßþ�Â���� ´¨�  �÷�� �Ìê ö�� ø ´¨� üª�î {xn} �ó�±÷¢ Å� (5
´ª�÷ ö���üõ xn = Txn−1 �ó�±÷¢ ß�êÂÏ ¥�

T x̃ = x̃

Ýþ¤�¢ (3 �Ü�Âõ ¥� (6
‖xn − x0‖ ≤ (1− θn)r0

Ýþ¤�¢ �Î��¤ ßþ� ß�êÂÏ ¥� ýÂ�ðÀ� ��

‖x̃− x0‖ ≤ r0

x̃ ∈ B̄(x0, r0) ßþ�Â����
Ýþ¤�¢ (4 �Ü�Âõ ¥�(7

‖xk+n − xn‖ ≤ θnr0

ßþ�Â���� lim
k→∞

xn+k = x̃ ö�� ø
‖x̃− xn‖ ≤ θnr0.

´��� .Àª�� B̄(x, r) ý�ð ¤¢ x̂ ø x̃ ýÀ� �ÎÖ÷ ø¢ ý�¤�¢ {xn} �ó�±÷¢ À��î ­Âê :üþ�µØþ ��±��
.À�µÆû Â��Â� Ýû �� �ÎÖ÷ ø¢ ßþ� Ý��îüõ

‖x̃− x̂‖ = ‖T x̃− T x̂‖ ≤ θ‖x̃− x̂‖ < ‖x̃− x̂‖

¥ .x̃ = x̂ �Ø�þ� ÂÚõ ´Æ�÷ ßØÞõ �Î��¤ ßþ�

ÛÖµÆõ Â�çµõ À�� �þ ×þ �� ´±Æ÷ Ç��ÖµÈõ ø �µÆ��ø Â�çµõ ×þ Ûõ�ª �î ý��ó¢�ãõ 1.1.1 ÓþÂã�
¤¢ �î ´¨� üã��� ßµê�þ ,Û�Æ÷�ÂÔþ¢ �ó¢�ãõ Û� ¥� éÀû .¢�ªüõ ùÀ�õ�÷ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ,Àª��

.À�î ëÀ¬ �ó¢�ãõ
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ñ�ÂÚµ÷� �ó¢�ãõ 2.1 ��Ìì

u(x) = f(x) +
∫ x

a
F (x, t, u(t))dt. (2.1)

À��î ­Âê .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

ü�ãþ ,À�î ëÀ¬ ô�¨ �Ôó�bõ �� ´±Æ÷ Åµ�ª²�ó ¯Âª ¤¢ ø ¤�À÷�Âî ø ÂþÁ³ó�ÂÚµ÷� F (1

|F (x, t, z)− F (x, t, z′)| ≤ L|z − z′|,

.´¨� Åµ�ª²�ó ´��� L ∈ (0, 1) ö� ¤¢ �î

.´¨� ¤�À÷�Âî ø ÂþÁ³ó�ÂÚµ÷� [a, b] ýø¤ f (2

.¢¤�¢ ¢ÂÔ� ÂÊ½�õ ���� (2.1) �ó¢�ãõ �¤�Ê�þ� ¤¢

¥ .[1] �� À��î á��¤ .��±��

����÷ ¤¢ S Û�ÎµÆõ .Àª�� R2 ý�Ìê ¥� üú�Â�è ø À�±Þû ,¥�� ����÷ ×þ D À��î ­Âê 3.1 ��Ìì
Ý��îüõ ÓþÂã� Âþ¥ �¤�Ê� �¤ D

S = {(t, x) : |t− τ | ≤ a, |x− ξ| ≤ b}.

.À�îüõ ëÀ¬ Åµ�ª²�ó ¯Âª ¤¢ ø ´¨� �µ¨��� D ����÷ ¤¢ f(t, x) â���
:ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Âþ¥ ù¥��

| t− τ | ≤ c,

ö� ¤¢ �î
c = min{a, b/M}, M = max

(t,x)∈S
|f(t, x)|.
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üó��µõ ý�û°þÂÖ� �¤�Ê�þ� ¤¢

yn+1(t) = y0(t) +
∫ x

τ
f(s, yn(s))ds, n = 0, 1, · · ·

´¡���Øþ ý�ÂÚÞû y′ = f(x, y) �ÜÿÆõ ���� �ú�� �� ø ´¨� �µ¨��� ø �µª�¢ ¢��ø ë�ê ù¥�� ¤¢
.Àª��üõ

¥ .[2] �� À��î á��¤ .��±��

�õ�ð â��� 2.1

.Àû¢üõ Ý�Þã� ýÂÆî ý�ú÷��� �� üµ� ù��¿ó¢ �±�Âõ ×þ ¥� ÕµÈõ �� �¤ üó�Þãõ ÕµÈõ ô�úÔõ �õ�ð â���
Í¨�� ¤�� ß�µÆ¿÷ â��� ßþ� .¢¤�¢ ö� «��¡ ø �õ�ð â��� ¤¢ �Èþ¤ ýÂÆî Û�Æ÷�ÂÔþ¢ ��¢�ãõ Çþ�À��

.Àª üêÂãõ ¼�½¬ Â�è ¢�Àä� Ûþ¤�µî�ê ÓþÂã� ¤�Ñ�õ �� ÂÜþø�
¢�ªüõ ÓþÂã� Âþ¥ ÛØª �� �õ�ð â��� �¤�Ê�þ� ¤¢ z 6= 0,−1,−2, · · · À��î ­Âê

Γ(z) = lim
n→∞

1× 2× · · · × n

z(z + 1)(z + 2) · · · (z + n)
nz (3.1)

Ýþ¤�¢ �õ�ð â��� ¥� ÓþÂã� ßþ� Õ±Ï

Γ(z + 1) = lim
n→∞

n!
(z + 1)(z + 2) · · · (z + n + 1)

nz+1

= lim
n→∞

zn

z + n + 1
· n!
z(z + 1)(z + 2) · · · (z + n)

nz

= zΓ(z)

�Î��¤ �¹�µ÷ ¤¢

Γ(z + 1) = zΓ(z) (4.1)
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��Â¿µ¨� (4.1) ¥� �¤ üã�±Ï ¢�Àä� üó�Þãõ ý�û Ûþ¤�µî�ê ö���üõ Γ(1) �±¨�½õ �� .¢�ªüõ Û¬��
.¢�Þ÷

Γ(1) = lim
n→∞

n!
1× 2× · · · × n(n + 1)

n1 = 1

Γ(2) = 1Γ(1) = 1

Γ(3) = 2Γ(2) = 1× 2 = 2! (5.1)
...

Γ(n + 1) = 1× 2× 3× · · · × nΓ(1) = n!

:ÛØª �� ùÂ¨�÷ ñ�ÂÚµ÷� �¤�¬ �� �õ�ð â��� ¥� ýÂÚþ¢ ÓþÂã�

Γ(z) =
∫ ∞

0
e−ttz−1dt, Real(z) > 0 (6.1)

.´¨�
�¤�Ê� ö���üõ �¤ (6.1) �Î��¤ t = u2 Â�çµõ Â��ç� ��

Γ(z) = 2
∫ ∞

0
e−u2

u2z−1du, Real(z) > 0 (7.1)

´ª�÷ ö���üõ Âþ¥ �¤�Ê� �¤ (6.1) �Î��¤ t = ln( 1
u) Â�çµõ Â��ç� �� ø ´ª�÷

Γ(z) =
∫ ∞

0

[
ln(

1
u

)
]z−1

du, Real(z) > 0. (8.1)

.´ª�¢ Ý�û��¡ (7.1) �Î��¤ ¤¢ z = 1
2 ý¤�ÁÚþ�� ��

Γ(
1
2
) =

√
π (9.1)
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ýÂÆî Û�Æ÷�ÂÔþ¢ ��¢�ãõ 3.1

ý�û¤�î �¤ �¡�ª ßþ� ��óø� ý�ú·½� ø ´¨� ùÀª áøÂª 17 öÂì ¥� ýÂÆî Û�Æ÷�ÂÔþ¢ ��Æ� �»¿þ¤��
Ý�Þã� �� ¯��Âõ ©¤�Ãð ß�óø� .À�û¢üõ Û�ØÈ� ö�ÂÚþ¢ ø Ûþø��ó ,§��� ,Û�� ,ÂÜþø� ,Ãµ�÷ °þ�
Ãµ�÷ °þ� ¥� ñ�µ���û ö� ¤¢ �î ´¨� ñ�µ���û ø Ãµ�÷ °þ� �� ��Æ�õ ýÂÆî �� üó�Þãõ ��ÖµÈõ

?Àû¢üõ  ¤ �� Ý��î ­Âê 1
2 �¤ n , dn

dxn ÂÚÜÞä ¤¢ Âð� �î À¨Â�üõ
,ÅØþøÂî� 1819 ñ�¨ ¤¢ ø ¢Âî ÓþÂã� ñ�ÂÚµ÷� ×þ �¤�¬ �� �¤ ýÂÆî ��ÖµÈõ (1812) §���

�¤ Âþ¥ üó�Þãõ ÕµÈõ ÓþÂã�
dn

dxn
xm =

m!
(m− n)!

xm−n, m ≥ n, m, n ∈ N

ýÂÆî ´ó�� ��
dν

dxν
xµ =

Γ(µ + 1)
Γ(µ− ν + 1)

xµ−ν

�� �¤ ýÂÆî ý�ûÂÚÜÞä (1822)�þ¤�ê .À�µÆû ù��¿ó¢ üÖ�Ö� ¢�Àä� ν ø µ ö� ¤¢ �î ¢�¢ Ý�Þã�
¢Âî üêÂãõ Âþ¥ �¤�¬ �� f(x) üó�ÂÚµ÷� Çþ�Þ÷

f(x) =
1
2π

∫ +∞

−∞
f(ν)dν

∫ +∞

−∞
cos(t(x− ν))dt (10.1)

dn

dxn
f(x) =

1
2π

∫ +∞

−∞
f(ν)dν

∫ +∞

−∞
(tncos(t(x− ν)) +

1
2
nπ)dt

�ó¢�ãõ ×þ Û� ý�Â� �¤ ýÂÆî ��ÖµÈõ ¤�� ß�óø� Û�� .¢Âî ­�ä α �� �¤ n ý¢�Þ÷ �¤�¬ �� ø�
ø ñ�ÂÚµ÷� ¥� ´¨� �¤�±ä 1 ýÂÆî Û�Æ÷�ÂÔþ¢ ��Æ� .¢�Þ÷ ù¢�Ôµ¨� ,ý¢Â�¤�î �ó�bÆõ ×þ ¤¢ ñ�ÂÚµ÷�
Û��Æõ ¥� ý¤��Æ� .Àª�� ÍÜµ¿õ �þ ø Ù�ð ,�þ�ð ´¨� ßØÞõ �î ù��¿ó¢ �±�Âõ ¥� ýÂ�ðÛ�Æ÷�ÂÔþ¢
ø f(a) Ûõ�ª �î ü¨�¨� ��óø� Íþ�Âª ý�¤�¢ �î À�µÆû ýÂÆî ��ÖµÈõ ¥� üÔþ¤�ã� À�õ¥��÷ ý¢Â�¤�î

Fractional calculus1
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.À�îüõ ��úõ �õ ý�Â� �¤ Íþ�Âª ßþ� ¼þÂ¬ ¤�Ï �� ���³î ÕµÈõ ÂÚÜÞä .Àª�� ùÂ�è ø f ′(a)

�ì¤ø ×þ ´îÂ� �þ ø ¢��õ ü��Â�õ �� �µÆ��ø ö�¨�÷ À�÷�õ ×þÃ�ê Û��Æõ ¥� üÜ�¡ ¤¢ ýÂÆî ÕµÈõ
¤¢ �û ùÀþÀ� ¥� üÌã� ß��»Þû .Àµê�üõ ë�Ô�� ÂÚþ¢ Û��Æõ ¥� üÜ�¡ �þ ß���÷ ñ��¨ ¤¢ ï¤Ã� í¥�÷
ö��� ýÂÆî �±�Âõ ¥� Û�Æ÷�ÂÔþ¢ ��¢�ãõ �Ü�¨�� ¢��õ ÝÜä ø üÞ�ªøÂµØó� ,��¬ ,Å�Ï��çõøÂµØó�

.[3-9]À÷�ªüõ
´¨� �µêÂð ¤�Âì ü¨¤Â� ¢¤�õ 3¢¤�ê ø 2ÝÜÆþ¢ �Ü�¨�� ýÂÆî Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý¢Àä ý�ú����

.[10]

ýÂÆî ÕµÈõ ø ñ�ÂÚµ÷� 1.3.1

�� �î ´¨� Ûþø��ó - ö�Þþ¤ ñ�ÂÚµ÷� Ý��îüõ ¢¤�¡Â� ÂµÈ�� ö� �� �î ýÂÆî �±�Âõ ¥� ñ�ÂÚµ÷� ÓþÂã�
.[11,12,13]¢�ªüõ ÓþÂã� Âþ¥ �¤�¬

Iqf(x) =
d−qf(x)

dx−q
=

1
Γ(q)

∫ x

0

f(t)dt

(x− t)1−q

:�¤�¬ �� ýÂÆî �±�Âõ ¥� Ûþø��ó - ö�Þþ¤ ÕµÈõ ø

dqf(x) =
dqf(x)

dxq
=

dn

dxn

(
d−(n−q)f(x)

dx−(n−q)

)
=

1
Γ(n− q)

dn

dxn

∫ x

0

f(t)dt

(x− t)1−n+q

¯Âª ¤¢ ø ù¢� � ¼ �½¬ ¢Àä ×þ n ø ÂÚ Ü Þä � ± �Â õ (q > 0, q ∈ R) q ö� ¤¢ � î ¢�ªüõ ö� � �
.À�îüõ ëÀ¬ n− 1 ≤ q < n

¢�ªüõ ÓþÂã� Âþ¥ ÛØª �� f : [0,∞) → R â��� ���³î ÕµÈõ 1.3.1 ÓþÂã�

dqf(x) =
1

Γ(n− q)

∫ x

0

f (n)(t)dt

(x− t)q+1−n
, n = [q] + 1. (11.1)

Diethelm2

Ford3
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.´¨� q üÖ�Ö� ¢Àä ¼�½¬ �Ã� [q] ö� ¤¢ �î

ýÂÆî Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ý�Â� ���� ¢��ø 2.3.1

¤�Âì ���� ¢¤�õ ¤��Æ� ýÂÆî Û�Æ÷�ÂÔþ¢ ��¢�ãõ ´±·õ ý�û ���� üÚ÷�ðÀ�� ø ¢��ø ü¨¤Â� �fÂ�¡�
üÎ¡ ýÂÆî Û�Æ÷�ÂÔþ¢ �ó�Æõ ý�Â� ���� ¢��ø �� Ý�û��¡üõ �õ��÷�þ�� ¥� Ç¿� ßþ� ¤¢ .´¨� �µêÂð

.Ýþ¥�¢Â³� üÎ¡Â�è ø

Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ù�Ú÷� α > 0 Âð� 4.1 ��Ìì

dαu(t) = 0

´¨� Âþ¥ ÛØª �� ¢ÂÔ� ÂÊ½�õ ���� ý�¤�¢

u(t) = c0 + c1t + · · ·+ cntn−1, ci ∈ R, i = 1, 2, · · · , n, n = [α] + 1.

¥ .¢�ªüõ ��±�� ü÷�¨� �� ��� �Î��¤ (11.1) ���³î ÕµÈõ ÓþÂã� �� ���� �� .��±��
ý¥Âõ ¤�ÀÖõ �ó�Æõ �¤�Ê�þ� ¤¢ 1 < α ≤ 2 ø h(t) ∈ C[0, 1] À��î ­Âê 5.1 ��Ìì

dαu(t) = h(t), 0 < t < 1 (12.1)
u(0) + u′(0) = 0, u(1) + u′(1) = 0 (13.1)

´¨� Âþ¥ �¤�¬ �� �÷�Úþ ���� ý�¤�¢

u(t) =
∫ 1

0
G(t, s)h(s)ds (14.1)

¢�ª üõ �±¨�½õ Âþ¥ ñ�õÂê ¥� G(t, s) ö� ¤¢ �î

G(t, s) =





(1−s)α−1(1−t)+(t−s)α−1

Γ(α) + (1−s)α−2(1−t)
Γ(α−1) , s ≤ t

(1−s)α−1(1−t)
Γ(α) + (1−s)α−2(1−t)

Γ(α−1) , t ≤ s.
(15.1)
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´¨� Âþ¥ üó�ÂÚµ÷� �ó¢�ãõ ¥¤� Ýû c1, c2 ∈ R ý�Â� (12.1) �ó¢�ãõ 3.1 ��Ìì ¥� ù¢�Ôµ¨� �� .��±��

u(t) = Iαh(t)− c1 − c2t =
1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds− c1 − c2t (16.1)

� � ,u ∈ L(0, 1) ø α, β > 0 ý�Â � ,IαIβu(t) = Iα+βu(t) ø dαIαu(t) = u(t) Í��ø¤ � � ��� � � �
´ª�¢ Ý�û��¡ (16.1) ß�êÂÏ ¥� ýÂ�ð ÕµÈõ

u′(t) =
1

Γ(α)

∫ t

0

∂

∂t
(t− s)α−1h(s)ds + 1× (t− t)α−1h(s)− 0× (0− s)α−1h(s)− c2

u′(t) =
1

Γ(α)

∫ t

0
(α− 1)(t− s)α−2h(s)ds− c2 =

1
Γ(α− 1)

∫ t

0
(t− s)α−2h(s)ds− c2

Ýþ¤�¢ (13.1) ý¥Âõ Íþ�Âª ¥� ù¢�Ôµ¨� �� ø

−c1 − c2 = 0

−c1 − 2c2 = −Iαh(1) = Iα−1h(1)

�¹�µ÷ ¤¢

c1 = −Iαh(1)− Iα−1h(1)

c2 = Iαh(1) + Iα−1h(1)

:¢�ª üõ Û¬�� Âþ¥ �¤�Ê� (12.1) �÷�Úþ ���� ßþ�Â����

u(t) =
1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds +

1
Γ(α)

∫ t

0
(1− s)α−1h(s)ds

+
1

Γ(α− 1)

∫ 1

0
(1− s)α−1h(s)ds− t

Γ(α)

∫ t

0
(1− s)α−1h(s)ds

− t

Γ(α− 1)

∫ 1

0
(1− s)α−2h(s)ds

=
∫ t

0
(
(1− s)α−1(1− t) + (t− s)α−1

Γ(α)
+

(1− s)α−2(1− t)
Γ(α− 1)

)h(s)ds


