
















�õÀÖõ

"Ãµ��±þ�' ø "ß���÷ ë�½¨�' Í¨�� ñ�ÂÚµ÷� ø Û�Æ÷�ÂÔþ¢ ��Æ� �î ý¢��õ ÝûÀÔû öÂì �÷��õ ¤¢

Âþ¢�Öõ üó��µõ Û®�Ô� ö���ã� �¤ "dx' ´õ�ä "Ãµ��±þ�' ,Àª üêÂãõ �÷�ð�À� ø ÛÖµÆõ ¤�Î�

´�Þî Âû ¥� ü�¤�±ä �� �þ ´¨� ×��î ´þ�ú÷ü� Û®�Ô� ßþ� �î ­Âê ßþ� �� ´êÂð ÂÑ÷ ¤¢ x

ö� ¤¢ �û×��î ´þ�ú÷ü� ùÀþ� �î ´¨� ßþ� Âî£ Û��ì �ÎÖ÷ .Àª��üõ ÂµÞî ýÂ�ð ù¥�À÷� Û��ì

Í¨�� �fÖ�ì¢ ¥��û �õ� ¢�� Ã�ó�÷� ¤¢ ÀþÀ� ¸þ�µ÷ ßµê�þ ý�Â� ü±¨��õ ý¢�úª ¤�Ã�� �� Âð� ö�¤ø¢

¥� üØþ ö�� �üõ �¤ ø� �î "ÂÜ þø�' Àã � öÂì ×þ ¢øÀ� ,¢� � ùÀÈ÷ âì�ø ñ�± ì ¢¤�õ ö� ÷�À�®� þ¤

Â� ý��õÀÖõ' ��µî ¤¢ ø ý¢��õ "1740' ñ�¨ ¤¢ ´Æ÷�¢ �ú÷�õ¥ �Þû ö�÷�À�¬�þ¤ ßþÂ�¤�îÂ�

À�÷�Þû �¤ �ú÷� ¤�µê¤ ø ´ª�Áð �û×��î ´þ�ú÷ ü� ¢��ø Â� �¤ ­Âê üµ��Â� "�ûüû��µõ Ã�ó�÷�

.´êÂð ÂÑ÷ ¤¢ üû��µõ ¢�Àä�

Ǳ���� ù¤��ø¢ "ö�Æ����¤ ô�û�Â��' Í¨�� �û×��î ´þ�ú÷ ü� ý¢��õ ÝµÆ�� öÂì ¤¢ ´þ�ú÷ ¤¢

"1960' Ã���� ¤¢' :´ª�÷ ß��� "¢¤�À÷�µ¨� Â�è Ã�ó�÷�' ��µî ¤¢ "1969' ñ�¨ ¤¢ ø� ,À÷Àª

©ÂµÆð ý�Â� °¨��õ ü±ó�ì ���¤� �� ¤¢�ì Â¬�ãõ ü®�þ¤ ÕÎ�õ ý�úªø¤ ø Ý�û�Ôõ �î Ýµê�þ¤¢

."´¨� ï¤Ã� ø ×��î ´þ�ú÷ ü� ¢�Àä� �Ü�¨�� ñ�ÂÚµ÷� ø Û�Æ÷�ÂÔþ¢ ��Æ�

��Ìì ¢�� ù¢Âî ù¤�ª� ö� �� "ö�Æ�� ��¤' �î Â¬�ãõ üÖÎ�õ ý�û©ø¤ ø Ý�û�Ôõ �ÜÞ� ¥�
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ö� ¤¢ Àª�� ñÀõ ý�¤�¢ ,�ûù¤�Ãð ¥� P üû��µõ �ä�Þ¹õ Âþ¥ Âû Âð� ö� Â���� �î Àª��üõ üð¢ÂÈê

ý�ûù¤�Ãð ¥� PR �ä�Þ¹õ­Âê �� �î ¢�� ß��� ¢�¢ ô�¹÷� "ö�Æ����¤' �»÷� .¢¤�¢ ñÀõ P�¤�¬

ø : : : ; " < 1

n
: : : ; " <

1

2
;0 < " üû� � µ õ� ÷ ý�ûù¤�Ã ð ù�Â Þû � � R ¢¤� õ ¤¢ °¨� � õ ø ´¨¤¢

°�Âõ ö�À�õ ×þ �î ¢Âî �À�� Ý�û¢üõ Çþ�Þ÷ �R �� �î PR ý�Â� üóÀõ üð¢ÂÈê ��Ìì ¥� ù¢�Ôµ¨�

ù¤�Ãð Âû' ñ�Öµ÷� Û¬� �� ��� ø ¢¤�¢ Â� ¤¢ ×��î ´þ�ú÷ü� ´±·õ �Ìä ö���ä �� �¤ " �î ´¨�

­øÂÔõ ."Àª�� ´¨¤¢ R ¤¢ Âð� �ú�� ø Âð� ´¨� ´¨¤¢ �R ¤¢ ùÀª ýÀ�±ó�õÂê °¨��õ ¤�Î�

ø ×��î ´þ�ú÷ü� ¢��ø "ö� ¤¢ �î À�îüõ ���¤� üÖ�Ö� Ã�ó�÷� ý�Â� ÀþÀ� üþ�úªø¤ �R ßµêÂð

�� ñ�Öµ÷� Û��ì �î �R ý�þ�Ìì ¥� �µ¨À÷� ý�Â� Â� ý¢�úª ø Â�ù¢�¨ ý�ú÷�ûÂ� ßµê�þ °��õ �úð¤Ã�

"ùÀª ýÀ�±ó�õÂê °¨��õ ¤�Î�' ö���ã� ö� ¥� �»÷� �î ¢Âî ©�õ�Âê Àþ�±÷ �µ±ó� .¢�ªüõ ,À�µÆû R

Âû' �î ��Ìì ßþ� ñ�·õ ¤�Î� À�îüõ ¢�¹þ� üþ�úµþ¢øÀ½õ ´¨� ùÀª ù¤�ª� ñ�Öµ÷� Û¬� �¤�¬ ¤¢

�ÜÿÆõ ßþ� ü¨¤Â� .´Æ�÷ ¤�ÂìÂ� �R ¤¢ "¢¤�¢ ��� ö�Âî ßþÂµØ��î ,¤�À÷�Âî ��� ¥� üú��÷ �ä�Þ¹õ

¢¤�¢ ü®�þ¤ ö¤Àõ ÕÎ�õ ¤¢ üþ�û¤�Ã�� ø Ý�û�Ôõ �� ¥��÷ À�µÆû ë¢�¬ ñ�Öµ÷� ¤¢ ü��ä�®�õ �� �î

ù¢�Ôµ¨� ¤¢ üã¨ üÜ±ì ý�ûù¤ø¢ ¤¢ �î ü÷�Æî ø "Ãµ��±þ�' ý�Â� üóø ¢�� ��úõ "ö�Æ����¤' ý�Â� �î

¤¢ ,À�µª�¢ üÖ�Ö� ¢�Àä� ÝµÆ�¨ ¥� ü¨À�Þª¤� Â�è üã�¨�� ßµ¡�¨ �þ ø �û×��î ´þ�ú÷ü� ¥�

.¢�±÷ §Âµ¨¢

ü®�þ¤ ý�ú÷�ûÂ� ¤¢ ù¢�Ôµ¨� ý�Â� ý¤�Ã�� �� "ñ�Öµ÷� Û¬�' ÛþÀ±� "ö�Æ����¤' ï¤Ã� ý¥øÂ��

,Â±� ,ý¦�ó���� ,Ã�ó�÷� :�ÜÞ� ¥� ���®�þ¤ ý�û���õ¥ ¥� ý¤��Æ� �� Â�¡� ý�û�û¢ ¤¢ �î ´¨� ù¢��

ôøÃó ,¢¤�À÷�µ¨� Â�è Ã�ó�÷� ´�Þû� .´¨� ùÀª ¢¤�ø Ã�÷ .... ø ñ�Þµ�� ,ü®�þ¤ ×þÃ�ê ,¢�Àä� �þÂÑ÷

Âµ�ªø¤ �¤ À�ª��üõ �û�ä�Þ¹õ ×�¨�î Â�è ý�û�þÂÑ÷ �î �¤ ö� ý�ú±ó�ì �ãó�Îõ ø ü¨¤Â�

.´¨�ú±ó�ì ß�Þû ¥� üØþ üû��µõ Â�� ý�û�ä�Þ¹õ �þÂÑ÷ �î À�îüõ
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�¬�¡ ¢¤�õ ¸�� ¤¢ ö��� üõ �¤ Àþ�Ãê� üõ ���®�þ¤ ¥� �õ í¤¢ �� ¢¤�À÷�µ¨� Â�è Ã�ó�÷� �»÷�

:¢Âî

ñ�·õ ö���ã� .À�µÆû Â� ý¢�úª ø Â�ù¢�¨ �f �Þãõ �î ��ª� Ý�û�Ôõ ¥� ÀþÀ� Óþ¤�ã� (1

.¢Â� ô�÷ �¤ .... ø üð¢ÂÈê ,ö¢�� ¤�À÷�Âî ,üþ�ÂÚÞû ÓþÂã� ö���üõ

ý¢�þ¥ ý�þ�Ìì Â� ùø�ä ,��ª� ý�þ�Ìì ¥� (Â�ù¢�¨ �f �Þãõ ø) ßªø¤ ø ÀþÀ� üþ�ú÷�ûÂ� (2

,ýÃõ¤ ��Ìì ý�Â� ý¢¤�À÷�µ¨� Â�è ý�ú÷�ûÂ� ,üþ�ÂÚÞû ø ¢øÀ� ù¤�� ¤¢ �þ�� Ã�ó�÷� ¤¢

.Ýþ¤�¢ Ã�÷ �¤ .... ø üÎ¡ â���� ýø¤  �÷�� - ��þ�û â�¨��

Â�� ý�ûâÞ� ö���ã��ûñ�ÂÚµ÷� ö¢¤ø� ´¨À� ñ�·õ ¤�Î� .��ª� Ǳ��ª� ¥� ÀþÀ� ý�û¤�µ¡�¨ (3

.... ø (�þ�ð Â�� �ä�Þ¹õ) Q� ¥� üµÞÆì �¤�¡ �ä�Þ¹õ ö���ã� R� ¢�¡ ,üû��µõ

ø �û¢øÀ½õ Û�±ì ¥� ¢�Àä� ¥� ýÀþÀ� á��÷� �f ·õ ü���®�þ¤ °ó�� ø ÀþÀ� Ǳ��ª� üêÂãõ (4

ø üû��µõ Â�� ø ü÷øÂ�� ,ü÷ø¤¢ â���� ø �û�ä�Þ¹õ ø �û×��î ´þ�ú÷ ü� ,�û¢øÀ½õ�÷

.Loeb ý�ûù¥�À÷� Ã�÷

,�ÂÖµ¨� ü÷ø¤¢ ÛØª ,ñ�Öµ÷� Û�±ì ¥� ,ö�ûÂ� ßµê�þ ý�Â� ÀþÀ� À�Þ�¤Àì «��¡ ø ñ�¬� (5

ö� ¥� �î üû��µõ Â�� ý�ú±þÂÖ� ø üðÀ�î�Â� ,"À��î¢¢' ö¢�� Ûõ�î ,ñ�Þ�Æî�õ ¢Àä Û¬�

ßþ� ¤¢ (THS) üû��µõ Â�� ý�û�ä�Þ¹õ �þÂÑ÷ ���¤� ý�ûùÃ�Ú÷� ¥� üØþ ö���ä �� ö���üõ

.¢Âî ù¤�ª� �õ�÷ ö�þ��

�� üû��µõ�÷ ý�û¤�µ¡�¨ ý¥�¨ ��±ª�þ�� Â� ¢¤�À÷�µ¨� Â�è Ã�ó�÷� ý�û¢Â�¤�î ¥� ý¤��Æ� �î �Â�

ý¥�¨ ��±ª ß��� ¢¤�À÷�µ¨� ���®�þ¤ ö��¥ �� ñ�Öµ÷� ô�Ú�û .´¨� ùÀª ��� üû��µõ Â�� ý�û¤�µ¡�¨

Â�è Ã�ó�÷� ßþ�Â���� .Àª��üõ üû��µõ ý�û¤�µ¡�¨ �Ü�¨�� üû��µõ�÷ ý�û¤�µ¡�¨ °þÂÖ� ý��ãõ ��

�� üû��µõ�÷ ý�û¤�µ¡�¨ ¢¤�õ ¤¢ ýÀþÀ� ¸þ�µ÷ �î ¢¥�¨üõ Ýû�Âê �õ ý�Â� �¤ ý����õ¥ ¢¤�À÷�µ¨�
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ö¢¤ø� ´¨À� �î Ý��î Ýû�Âê üû��µõ ý�û¤�µ¡�¨ ¢¤�õ ¤¢ ÂÒ��µõ ¸þ�µ÷ ø �ú±þÂÖ� ß��� ¥� ù¢�Ôµ¨�

ýø¤ ñ�Þµ�� �þÂÑ÷ ßµ¡�¨ ý�Â� ]14[ ¤�úÈõ �ó�¨¤ ¤¢ ñ�·õ ý�Â� .´¨� Â�ù¢�¨ ¤��Æ� �ú÷�

´¨� ùÀª ù¢�¢ ö�È÷ ]7[ �ó�¨¤ ¤¢ Ã�÷ ø ´¨� ùÀª ù¢�Ôµ¨� ©ø¤ ßþ� ¥� üû��µõ�÷ ñ�Þµ�� ý�û�Ìê

üÜ�� ý�ûùøÂð ýø¤ ×�÷�õ¤�û Ã�ó�÷� ×���ÞµÆ�¨ ´¡�¨ ý�Â� À÷���üõ ©ø¤ ßþ� �÷�Ú� �î

.¢Â�ð ¤�Âì ù¢�Ôµ¨� ¢¤�õ üû��µõ üÜ�� ý�ûùøÂð ýø¤ ×�÷�õ¤�û Ã�ó�÷� ¥� ù¢ÂÈê �fä�®�õ

Û¬� ý�ú±ó�ì ø �û�ä�Þ¹õ ×�¨�î Â�è ý�û�þÂÑ÷ ü¨¤Â� �� ��¹õ �¤ �õ �î ýÂÚþ¢ Û�ó¢

�Â� �î ´¨� ñ��¨ ßþ� �� ¾¨�� À�îüõ ���®�þ¤ Ûî üµ� ø ¢¤�À÷�µ¨� Â�è Ã�ó�÷� ý�Â� ùÀª ýÀ��

?Ý�÷�À� ßØÞõ ù�¤ ßþÂµú� �¤ ���®�þ¤ �� ×�¨�î ¢¤�¡Â� ø ©ÂÚ÷ Àþ��

ù�Ú÷ ýÂÚþ¢ �þø�¥ ¥� �ó �bÆõ ßþ� �� �î Àû¢üõ �¤ ù¥��� ßþ� �õ �� ù�¤ ßþ� ¥� ùÀõ� ´¨À� ¸þ�µ÷

üû��µõ �û�ä�Þ¹õ üõ�Þ� �î ¢�¢ �ã¨�� ­Âê ßþ� �þ�� Â� ö���üõ �¤ ���®�þ¤ ö� Â� ��� �î Ý��î

.(ö�µ¨�� ö��÷�÷�þ üþ�Âð Ý�� ��±ª ýÃ��) À�µÆû

¢Âî Ý�û��¡ ü¨¤Â� �¤ üû��µõ ý�û�ä�Þ¹õ ¥� ý�ùÀª ýÀ�� Û¬� ý¤�ÿ� �õ�÷ ö�þ�� ßþ� ¤¢

�þÂÑ÷ ���Èõ .Ý�õ�÷üõ THS üû��µõ Â�� ý��ä�Þ¹õ ý¤�ÿ� �¤ ö� Àª Âî£ �î üÜþ�¢ �� �î

ö��¥ -2 ¤¢ �û§�î ý¤�ÿ� THS ,(NBG) 2 ñ¢�ð -Ã�÷Â� -ßõ��÷ ßê �þ ø 1 §¤�õ - üÜî

H �� �î �û�ä�Þ¹õ ý�Þû ö�ú� .À÷�ùÀª ÓþÂã� �ú¨�î ý�Ìä� ,�û�ä�Þ¹õ ö� ¤¢ �î ´¨�

ø ö�Ë�Ö÷ �� üû��µõ�÷ Û¬� ü�þÃÚþ�� ¥� �î ý¤�ÿ� - ZF fin ñ�¬� ô�Þ� À÷�ªüõ ù¢�¢ Çþ�Þ÷

�®¤� �¤ -(¢¤�¢ ýÀãµõ ¤�µÆ� �ä�Þ¹õ Âû ö� Â� ��� �î üÜ¬� �f ·õ) ô�Ñµ÷� Û¬� ¥� ü±¨��õ ÛØª

.À�îüõ

.Àª��üõ �ø�Ôµõ ´¨� ¤�ÂìÂ� NBG ¤¢ �»÷� �� ßþ¢���� ¤�Î� �¹�þ� ¤¢ �ú¨�î «��¡ �µ±ó�

Kelly-Morse1

van Neumann- Bernayes- G�udel2
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Ûõ�ª �î ¢¤�¢ ¢��ø ý��ä�Þ¹õ �î �Â� ,´Æ�÷ ¤�ÂìÂ� �fõøÃó THS ¤¢ ý¥�¨ �À� Û¬� ñ�·õ ý�Â�

ßþ� �� ý�ù¤�Ãð ß��� ö¢øÃê� Û�ó¢ .(´Æ�÷ �ä�Þ¹õ Âþ¥ �î ü¨�î Âþ¥) ´¨� ùÂ¨ §�î Âþ¥

.ÝþÂ�Ú� ÂÑ÷ ¤¢ Ã�÷ �¤ 3"ö¢�� ü÷Àª' Û�±ì ¥� ü¬��¡ Ý�û��¡üõ THS ¤¢ �î ´¨� ßþ� ý¤�ÿ�

¤¢ ü÷Àª�÷ ¢Àä ×þ N ø Àª�� "´¨� ü÷Àª ¢Àä ×þ x' ý�ÜÞ� F (x) À��î ­Âê âì�ø ¤¢

.À�îüõ �®¤� �¤ Âþ¥ ¤�ð¥�¨�÷ ¯øÂª A = fx � N : F (x)g �ä�Þ¹õ �¤�Ê�þ�

1) 0 2 A

2) 8x x 2 A���! x + 1 2 A

3) N =2 A !

´¨� ßþ� � û�ä�Þ¹õ ý�Â � �Â Ö µ¨� Û¬� ÐÔ� �¤�¬ ¤¢ Åîø¢�¤� � ß þ� ¥� �� � µ�� ù�¤ � ú � �

ü û� � µ õ � ä� Þ¹ õ ý�Â � ý¥� ¨ �À � Û¬� ß þ�Â �� � � ø ´Æ � ÷ � ä� Þ¹ õ A Ý � � î ­Â ê � î

.Àª�� À÷���üÞ÷ ¤�ÂìÂ� (A � )f0;1; : : : ; Ng

ü�ª �³ � � � ¤�úÈõ Åîø¢�¤� � ¥� ýÂÚþ¢ �¤�¬ ,Û±ì é�Âð�¤� � ¤¢ ùÀª ù¤�ª� Åîø¢�¤� �

ü�ª �³� ×þ ßª �÷�¢ ×þ �î �¹÷� ¥� :´¨� ¢��õ ¥� Ç�� ô¤�ú� öÂì ¤¢ 4ÅþÀ�Ü��ø� �� ��Ê�õ

¥� ý��³� Ã�÷ �÷�¢ n + 1 �¤�¬ ßþ� ¤¢ ,À÷¤ø��÷ ¢���� �¤ ßª ¥� ý��³� �ú�ª ¥� �÷�¢ n Âð� ,´Æ�÷

!?Ý�ª�� �µª�¢ ü�ª ý��³� Ý�÷��� üõ �÷�Ú� Å� ,¢¤ø� Àû��¿÷ ¢���� �ûßª

'(x) : ´Æ�÷ ßª ¥� ý��³� ßª �÷�¢ x 1) '(1)

2) 8n '(n)���! '(n + 1)

3) 8n 2 N '(n) !

feasibility3

Eubilides4
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�î �Â� ´Æ�÷ ¤�Ê� Û��ì �û�ä�Þ¹õ ×�¨�î �þÂÑ÷ °ó�ì ¤¢ ´¨¢ ßþ� ¥� üþ�úÆîø¢�¤��

ö���ä �� À�÷���üÞ÷ ü÷�Â���� ø À÷¤�¢ ü�ªø¤ Â�è ø Ýú±õ ¤��Æ� Ó�¬�� ü�ª �³� Â�Ñ÷ ü���ª�

ÂÚþ¢ ý�¨ ¥� .À÷�ª �µêÂð ÂÑ÷ ¤¢ - �ä�Þ¹õ ö���ã� �f ·õ - ×�¨�î ���®�þ¤ ¤¢ ü���ª�

¤¢ üã�±Ï ¤�Î� ("�ûü÷Àª' ô�úÔõ À�÷�Þû) üÞ�û�Ôõ ß��� �î ¢¤�¢ ¢��ø ý¢Àãµõ ý�ûñ�·õ

5"�Ø��ø .ü�' ,Àª üÞ�û�Ôõ ß��� ´�Þû� ���µõ �î ü÷�À�®�þ¤ ß�óø� .À÷�ªüõ ¤�ÀþÀ� ���®�þ¤

ßþÃÚþ�� ý�û�ä�Þ¹õ �þÂÑ÷ ô��� �¤ üû��µõ ý�û�ä�Þ¹õ �þÂÑ÷ ß�óø� ]16[ â�Âõ ¤¢ �î ¢��

ß��� .À÷¢�� ùÀª ­øÂÔõ ùÂ¨ ý�ú¨�î Âþ¥ �� üû��µõ ý��ä�Þ¹õ ö� ¤¢ �î ¢Âî üêÂãõ AST

Â�è §�î �þÂÑ÷) NCT ¤¢ �î À÷�ªüõ ùÀ�õ� ÷ 6�ä�Þ¹õ Ý�÷ �û�ä�Þ¹õ ¥� üþ�ú¨�î Âþ¥

ø� �þÂÑ÷ Û��Ö� "�Ø��ø' ©ÂÚ÷ üÜ¬� ÛØÈõ .À÷�ùÀª �ÂÎõ ü÷øÂ�� ý�ú¨�î ö���ã� (¢¤�À÷�µ¨�

.Àª��üõ ×�¨�î ���®�þ¤ ��

¥� ùÂ¨ ý�ú¨�î Â þ¥ ¢��ø ùÀþ� � þ� � Â � Ã � ÷ (THS) �õ� ÷ ö� þ� � ßþ� ¤¢ ùÀª üêÂãõ ý¤�ÿ �

,À� µÆû ùÂ¨ §�î Âþ¥ Ûõ�ª �î üû�� µõ ý�û�ä�Þ¹õ ,´¨� ï¤Ã� üû�� µõ ý�û�ä�Þ¹õ

ùÀª �µêÂð ¢¤�À÷�µ¨� Â�è Ã�ó�÷� ¥� ��Î¬� ßþ� �î .À÷�ªüõ ùÀ�õ�÷ 7 üû��µõ Â�� ý�û�ä�Þ¹õ

¤¢ Vw üû��µõ ü�ø¤�õ ¤�Î� ý�û�ä�Þ¹õ ý�ú¨�î Âþ¥ ý�Þû �þ�¢Âð THS üþ�Àµ�� ñÀõ .´¨�

×þ Í¨�� Âè� ý�ú¨�î ýÀ�Üî ô�úÔõ .(Vw ý�û�ä�Þ¹õ Ý�÷ Âþ¥ âì�ø ¤¢) ]2[ ´¨� NCT

Âè� §�î ×þ :´¨� ùÀª ���¤� ¢¤�À÷�µ¨� ù¥�À÷� ¥� §�î ×þ ÓþÂã� �� NCT ¤¢ ñ¢�ãõ ñ�õÂê

P.Vopenka5

semiset6

hyper�nite7
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§�î Âþ¥ Ûõ�ª �î üþ�û�ä�Þ¹õ .Àª�±÷ ùÂ¨ §�î Âþ¥ Ûõ�ª ö� �ä�Þ¹õ Âþ¥ º�û Âð� ´¨� 8

Âè� §�î ×þ (SN) ×��î üã�±Ï ¢�Àä� �Þû §�î .¢�ª üõ ùÀ�õ�÷ 9 ×��î Àª�±÷ ùÂ¨

Õ±Î�õ -¢¤�À÷�µ¨� üã�±Ï ¢�Àä� �Þû §�î -0! �� NCT ¤¢ ø ! �ä�Þ¹õ �� ZF ¤¢ �î ´¨�

¥� ý¢�Àã� ø ,ZFC �û�ä�Þ¹õ ×�¨�î �þÂÑ÷ ,¢¤�À÷�µ¨� Â�è Ã�ó� ÷� ¥� ýÂÊµ¿õ .Àª��üõ

¤¢ �¤ BST ø NBG,NCT �ÜÞ� ¥� À÷¤�¢ ¯�±�¤� THS �� üä�÷ �� �î ×�¨�î Â�è ý�û�þÂÑ÷

¤¢ THS �î ü�� ÷�Øõ� ø ÓÜµ¿õ ý�û�þÂÑ÷ �Æþ�Öõ ö�Øõ� � � ¢Âî Ý�û��¡ üêÂãõ ñø� ÛÊê

¤¢ Ý�ª�� ù¢Âî ¤øÂõ Ã�÷ �¤ À�û¢üõ ¤�Âì �õ ¤��µ¡� ¤¢ �û�ä�Þ¹õ �þÂÑ÷ ý�ú±ó�ì Âþ�¨ �� �Æþ�Öõ

Û��ì �Üõ¤¥ ý�û�ä�Þ¹õ �þÂÑ÷ ¤¢ �î ×�¨�î ���®�þ¤ ¸þ�µ÷ �Þû Ý��îüõ ´��� Àã� ñ�Êê

ö��õ ü¨�¨� �ø�Ô� ßþ� �î ¢�ª ��±�� THS Âè� ý�û¤�µ¡�¨ ý�Â� À÷���üõ ´¨� ýÀ�±ó�õÂê

¤¢ ý�þ�Ìì ý�ú÷�ûÂ� ¥� �µ¨¢ ö� �î Àû¢üõ �¤ ö�Øõ� ßþ� �õ �� �µØ÷ ß�Þû .´¨� AST ø THS

ø ù¢�� ýÀ�±ó�õÂê Û��ì THS ¤¢ À�îüõ ù¢�Ôµ¨� �µ¨��� ���®�þ¤ ¥� �î üû��µõ ý�û�ä�Þ¹õ ¢¤�õ

.¢¤�À÷ ¢��ø üþ�þ�Ìì ß��� ý�Â� ÀþÀ� ��±�� �� ý¥��÷ ßþ�Â����

Thin8

small9
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1 ÛÊê

�û¥��÷ Ç��

¢¤�À÷�µ¨� Â�è Ã�ó�÷� 1.1

¢¤�õ Ã�ó�÷� ,�û���õ¥ ü¡Â� ¤¢ ,¢¤�À÷�µ¨� Â�è Ã�ó�÷� �î ¢¤�¢ ¢��ø ¤ø�� ßþ� ý�Â� ü±¨��õ Ûþ�¢'

"ñ¢�ð �¤�î' "Àª�� ö�ðÀ�þ� ù¢�Ôµ¨�

.´¨� ùÀª ��¿µ÷� ]6[ ø ]1[ ¥� Ç¿� ßþ� °ó�Îõ

:�úð¤Ã� ´þ�ú÷ü� ø �úØ��î ´þ�ú÷ü� 1.1.1

Âð� ¢�ªüõ ÓþÂã� ×��î ´þ�ú÷ ü� ö���ä �� ," ÂÔ¬ Â�è ¢Àä

8 n = 1;2;3; : : : j"j <
1

n

�î ¢�ªüõ �µÔð ´þ�ú÷ü� �fÂÊµ¿õ �þ ï¤Ã� ´þ�ú÷ ü� ×þ ! =
1

"
�¤�¬ ßþ� ¤¢

8 n = 1;2;3; : : : j!j > n
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ï¤Ã� �þ ×��î ´þ�ú÷ ü� ¢Àä ö���ä �� ü���ª� ß��� R üÖ�Ö� ¢�Àä� ÝµÆ�¨ ¤¢ À�� Âû

�î ´¨�û üÖ�Ö� Â�� ô��� ýÂµð¤Ã� ÝµÆ�¨ �ãó�Îõ �¹�þ� ¤¢ �õ éÀû .¢¤�À÷ ¢��ø ÂÔ¬ Â�è

�úØ��î ´þ�ú÷ ü� Ûõ�ª ø Àû¢üõ ÛØª �¤ ´¨� ö�À�õ Âþ¥ ö���ã� R Ûõ�ª �î �¤ R� °�Âõ ö�À�õ

¥ÂÏ ,R ø �R ß�� �Î��¤ ø �R ¤¢ ÀþÀ� ý�úµ�Þî .Àª��üõ �¹�þ� ¤¢ ùÀª üêÂãõ ý�ûÂµð¤Ã� ø

ý�û�¡�ª ¥� ÂÚ þ¢ ý¤� �Æ � � � â ì�ø ¤¢ ø ý¦� ó� �� � ø Ã � ó� ÷� � � ý¢�úª ø ßþÃÚ þ�� üªÂÚ÷

.À�îüõ Ýû�Âê �õ ý�Â� ý¢Â�¤�î ø Ë½õ ���®�þ¤

,Àª� � üú� Â �è ý��ä�Þ¹õ I À��î ­Âê :Ýþ¤�¢ Â µ Ü � ê ô�úÔõ � � ¥� � ÷ R� ßµ¡�¨ ý�Â �

:ù�ðÂû ¢�ªüõ ùÀ÷��¡ I ýø¤ ÂµÜ�ê ×þ ,üú� Â�è ý��ä�Þ¹õ F � p(I)

A;B 2 F ==) A \ B 2 F (1)

A 2 F ; A � B ==) B 2 F (2)

; =2 F (3)

FA = fB � IjA � Bg ñ�·õ ý�Â� .F $ p(I) Ýþ¤�¢ (3) ¥� ø I 2 F �î ¢�ªüõ �¹�µ÷ (2) ¥�

ü�ãþ Àª�� ñ�ÞþÃî�õ ù�ðÂû Ý�õ�÷ ÂµÜ�ê �Âµóø� ×þ �¤ u ÂµÜ�ê .´¨� ü¨�¨� ÂµÜ�ê ×þ �¤ A � I �î �¤

ýÂµÜ�ê Âû (´¨� ��¿µ÷� Û¬� ñ¢�ãõ �î) ö¤¥ Ýó ¥� .Àª�� �µª�À÷ ¢��ø p(I) ø ö� ß�� ýÂµÜ�ê

A [ B 2 u Âð� �î ´¨� ßþ� ÂµÜ�ê �Âµóø� Ýúõ «��¡ ¥� .À÷�È÷ ö���üõ ÂµÜ�ê �Âµóø� ×þ ¤¢ �¤

�¹�µ÷ ö���ã� .Ac 2 u �þ ø A 2 u �þ I ¥� A �ä�Þ¹õ Âþ¥ Âû ý�Â� �Ø�þ� ø B 2 u �þ A 2 u ù�Ú÷�

.´¨� ¢�¡ ýø¤ ü¨�¨� Â�è ÂµÜ�ê �Âµóø� ×þ ý�¤�¢ üú��÷ �ä�Þ¹õ Âû �î Ýþ¤�¢ ö¤¥ Ýó ¥� ýÂÚþ¢

�Ìä Âû ÝþÂ�ðüõ ÂÑ÷ ¤¢ üÖ�Ö� ¢�Àä� ý�û�ó�±÷¢ �Þû �ä�Þ¹õ �¤ RN ; N = f1;2; : : :g Âð�

Çþ�Þ÷ < rn > üµ� �þ ø < rn : n 2 N > �¤�Ê� �î Àª��üõ r =< r1; r2; : : : > ÛØª �� RN

×þ ´¡�¨ ý�Â� ö���üõ F ¥� Àª�� N ýø¤ üµ��� ü¨�¨� Â�è ÂµÜ�ê �Âµóø� F Âð� .À÷�ªüõ ù¢�¢
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:Ý��îüõ ÓþÂã� N ýø¤ �¤ " � " �Î��¤ �Àµ�� .¢Âî ù¢�Ôµ¨� RN ýø¤ üµÞÆì �¤�¡ �ÖÜ�

< rn >�< sn >, fn 2 N : rn = sng 2 F

[[rn = sn]] �� �¤ fn 2 N : rn = sng �ä�Þ¹õ Àª�� s =< sn > ø r =< rn > Âð� üµ��¤ ý�Â�

:�¤�Ê�þ� ¤¢ Ý�û¢üõ Çþ�Þ÷

r � s, [[r = s]] 2 F

:�¤�Ê�þ� ¤¢ .Ý�û¢ üõ Çþ�Þ÷ [r] ÛØª �� �¤ " � " �Î��¤ ´½� r 2 RN �ó�±÷¢ ý¥¤� Ýû §�î

[r] = fs 2 RN : r � sg

�R = f[r] : r 2 RNg :�� ´¨� Â��Â� " � "´½� RN üµÞÆì �¤�¡ �ä�Þ¹õ

:Ýþ¤�¢ ø

fn 2 N : rn < sng 2 F , [[r < s]] 2 F , [r] < [s]

[r] + [s] = [(rn + sn)] ; [r]� [s] = [(rn � sn)]

¢Àä .Àª��üõ [1] À��ø ø [0] ÂÔ¬ �� °�Âõ ö�À�õ ×þ <� R;+; :; <> ¤�µ¡�¨ �¤�¬ ßþ� ¤¢

�r = [r] = [< r; r; : : : >] :Å� Ý�û¢üõ Çþ�Þ÷ r =< r; r; : : : >´��� �ó�±÷¢ �� �¤ r 2 R üÖ�Ö�

.¢Â�üõ �r �� �¤ r �î ¢¤�¢ ¢��ø �R �� R ¥� ü±��Â� Ðê�� �ª�� Â�è ü÷�À�õ ÝÆ�ê¤�õøÃþ� ßþ�Â����

:�¤�¬ ßþ� ¤¢ " =< 1

n
: n 2 N > À��î ­Âê

[[0 < "]] = fn 2 N : 0 <
1

n
g = N 2 F

:´±·õ üÖ�Ö� ¢Àä Âû ý�Â� üêÂÏ ¥� �R ¤¢ [0] < ["] ßþ�Â����

[[" < r]] = fn 2 N :
1

n
< rg

10



¤¢ �r 2� R Âû ý�Â� [0] < ["] <� r;� R ¤¢ ßþ�Â���� ´¨� F �Ìä �¹�µ÷ ¤¢ ù¢�� üû��µõ ÝÞµõ

:Ã�÷ r 2 R Âû ø ! =< 1;2; : : : > ý�Â� .´¨� ×��î ´þ�ú÷ü� ×þ ["] �¹�µ÷

[[r < !]] = fn 2 N : r < ng = f1;2; : : : ; ngc 2 F

©ÂµÆð �R �î Àû¢ üõ ö�È÷ [!] ø ["] «��¡ .´¨� �R ¤¢ ï¤Ã � ´þ�ú ÷ü� ×þ [!] Å�

.´¨� R ¥� ý�ùÂ¨

üªÂµÆð ý�û�ä�Þ¹õ 2.1.1

:r 2 RN Âû ý�Â� �Øþ¤�Î� À��þ ©ÂµÆð �R ¥� �A �ä�Þ¹õ Âþ¥ �� À÷���üõ R ¥� A �ä�Þ¹õ Âþ¥

[r] 2� A, [[r 2 A]] = fn 2 N : rn 2 Ag 2 F

Çþ�Þ÷ �r � � �¤ r;� r 2� A Å� [[r 2 A]] = N 2 F �¤�Ê�þ� ¤¢ r 2 A Âð� �î ´¨� ¼®�ø

ý�Ìä� ö���ã� �A� A ý�Ìä� ø ¢�� Àû��¡ A ¥� ý��ä�Þ¹õ Â�� ö���ã� �A �¹�µ÷ ¤¢ Ý�û¢üõ

¤¢ A = N Âð� ñ�·õ ý�Â� .À÷�ªüõ �µêÂð ÂÑ÷ ¤¢ �R ¤¢ A "ñ�ùÀþ�' �þ "¢¤�À÷�µ¨� Â�è' ÀþÀ�

:Ýþ¤�¢ ! =< 1;2; : : : > ý�Â� �¤�Ê�þ�

[[! 2 N]] = fn 2 N : n 2 Ng = N 2 F

.´¨� ¢¤�À÷�µ¨� Â�è üã�±Ï ¢Àä ×þ [!] ü�ãþ [!] 2� N � N âì�ø ¤¢ [!] 2� N �¹�µ÷ ¤¢

.¢¤�¢ ¢¤�À÷�µ¨� Â�è ý�Ìä� ,R üû��µõ�÷ �ä�Þ¹õ Âþ¥ Âû 1.1.1 ��Ìì

:âì�ø ¤¢ �f([r]) = [for] �î �¤�¬ ßþ� �� À��þüõ ©ÂµÆð �f :� R !� R �� f = R ! R â���

�f([r]) = [s], fn 2 N : f(rn) = sng 2 F
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Ýû �Î��¤ �î F ü¨�¨� Â�è ÂµÜ�ê ��¿µ÷� �� üÚµÆ� RN üµÞÆì �¤�¡ �ÖÜ� ö���ä �� �R ´¡�¨

RN ý�û üµÞÆì �¤�¡ �Þû ¤�µ¨��� ��®Âê ßµêÂð ÂÑ÷ ¤¢ �� �õ� ¢¤�¢ À�îüõ ß��ã� �¤ " � " ý¥¤�

.À�ê¤�õøÃþ� °�Âõ ý�ú÷�À�õ ö���ä �� N ýø¤ ü¨�¨� Â�è ÂµÜ�ê �Âµóø� ×þ �� ´±Æ÷

.Àª�� ´¨¤¢ �' Âð� �ú�� ø Âð� ´¨� ´¨¤¢ ' �ÜÞ� LR Âû :ñ�Öµ÷� Û¬�

ñ�õÂê ×þ ö¢Âî ÛþÀ±� - � ý�Â� ø ´¨� ö� ×þ¤�ÿ� ñÀõ ÓþÂã� ö�Þû LR ø �ÜÞ� ÓþÂã�

�î ´Ôð ö���üõ �¬�¡ ¤�Î�

.Ý��îüõ ­�ä ' �ÜÞ� ¤¢ �p �� �¤ p �ä�Þ¹õ ö�Âî Âû (1

.À÷�ªüõ ­�ä ö�Èã�¨�� �� üÞ�� ý�úó�õÂê ¤¢ ¢���õ Í��ø ¤ (2

:¢Â� ô�÷ N üÚµÆÆð ��Ìì ¥� ö��� üõ ,�þ�Ìì ñ�Öµ÷� ¥� üþ�úó�·õ ö���ã�

8n 2 N (n � x � n+ 1 ==) x = n �þ x = n+ 1)

:¢�ªüõ ù¢�¢ ñ�Öµ÷� Âþ¥ �¤�¬ �� �î

8n 2 �N(�n � x �� n + 1 ==) x =� n �þ x =� n+ 1)

ü�¤�±ä�� �þ N ý�Ìä� �Þû ¥� Âµð¤Ã� �N � N �Ìä Âû ø x � 1 :Ýþ¤�¢ x 2� N Âû ý�Â� ßþ�Â����

.¢�� Àû��¡ ï¤Ã� ´þ�ú÷ü� �þ ¢øÀ½õ Â�è

:Ýþ¤�¢ r üÖ�Ö� ¢Àä Âû ý�Â� À�îüõ ö��� �î üÖ�Ö� ý�û�ä�Þ¹õ üÚ÷�Âîü� ��Ìì �þ ø

9n 2 N(r < n)

:¢�ªüõ ù¢�¢ ñ�Öµ÷� ÛØª ßþ� �� �î

9n 2� N(r < n)
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