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������� � ��� �  "! # x = θx1 + (1− θ)x2 $&% ' ( )+* 0 < θ < 1 � x1, x2 ∈ Rn , - . /�0�1 2 Û43 Û65 � 587:9
; �=<?>A@CB $D,E- B %F( x1, x2 GFHJIK(

*", . L < MN@ B x1, x2, . . . , xk
G H I ( k ��� � �O� �  "! #QP R ∑k

i=1 θi = 1 S 1 > % T x =
∑k

i=1 θixi U - V 1 VXW - Y Z[G T
; θi ≥ 0 � xi ∈ Rn S %FIK(\* i = 1, 2, . . . , k ] P ^_P G`TCGa/ ] RQ<cb G`T

S Rd�Ne - ( x1, x2 ∈ S G H I ( ��� 1 Z[fg, h B ] % Z U - /i1 Vkja% Y Vl$&% M 1 Zm* �=< >A@ B $D, - B % (Nfg, h B S ⊂ Rn G n < Y o B
; �cR_Pp�NR_P 1iqrG`n < Y�o Bts8�dRd� *pfg,Eh B G`n < Y�o Bvu Lw$ P <?xAy"� GFHJIK( ��� 1�ZzWw-{Tk|\} P �O~O� * 1?'\L �J��R %F�{ngG`T ; ,E. > %FT
$ �aPp��s % � ( conv(S) % TXG /�* S ��� � �t� � �8� � ; , > % T Rn ^_P $ P < x y"� G n < Y o B�u L S , - . /�0�1 2
x s�P < � T�1 MdP % � . V � 1 MdP x ∈ conv(S) * 1 ' L �r��R % � ngG T ;�� � P S ] % � n P fg, h B ] % Z U - /i1 V @ B % Y V4* �=< >A@ B

� �aPp��� L %FY�(�1�L ^v��RQ< }6G`T P R
�
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x =
k∑

i=1

λixi,

k∑

i=1

λi = 1,

λi ≥ 0, i = 1, 2, . . . , k,

; x1, x2, . . . , xk ∈ S � $ �=< T � �
� B�� ,En u L k s ) Rd� Ga/
1 Z ] P ^_P G T�1 MdP % � . V � 1 MdP � � P\��� � � * S ⊆ Rn fg, h B G n < Y o BCRd� f : Rn → R � T % V�� 3 Û65 � 587:9

��� - > %FTCG �{> Pp� θ ∈ [0, 1] 1�Z ] P ^_P G`T � x, x′ ∈ S

f(θx + (1− θ)x′) ≤ θf(x) + (1− θ)f(x′).

; �=< TX,EZ P <?� �����A���� ���{ � f *", > %FTl,E- / P ��RQ< } G`T ] � %�� B %F(�1 MdP
��� - > %FTCG �{> Pp� x, x∗ ∈ X 1�Z ] P 1�Tw$&% M 1�Zm*",E.{L <DM � �"!
#�$ P R f : X → Rn � T %�V ÜA3 Û65 � 587:9

[f(x)− f(x∗)]t(x− x∗) ≥ 0.
� k � k �

R_P 1 qF1 TC, - / P�RQ< b G T x 6= x∗ � x, x∗ ∈ X 1 Z ] P 1 T&%(' ; '*) ] � % � B % (N$&% M 1 Z�*", . L < M+� � ! # $,�� � �  �=P R f(x) � T % V
; , > %FT

x 6= x∗ � x, x∗ ∈ X 1�Z ] P 1�TlGa/ ] RQ<cb G`T *", > %FTlG �{> Pp�A�=<.-C� α > 0 ,E.{( % B ] � ,Ent1 MdP
[f(x)− f(x∗)]t(x− x∗) ≥ α||x− x∗||2,

� l � k �
; ,E.{L <DM/� �"!
#�$10� $&�"2\P R f(x) � T %�Vl$&% '\( )

; , > %FT�0 � 143 B � T %�V u L f : Rn → R ∪ {−∞,+∞} ,E-{. /�0�1�265 3 Û65 � 587:9
x ∈ Rn 1�Z ] P ^_P G`T�1 MdP * ��� P % l.s.c.)87 !{�
$90 �l�`�{�8�:�{�w��:��
; Rn ] �dR f � T %�V

f(x) = lim inf
y→x

f(y).
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x ∈ Rn 1�Z ] P ^_P G`T�1 MdP * ��� P % u.s.c.) 7 $ � 0 �l�`�{�8�:�{�C��:��
; Rn ] �dR f � T %�V
f(x) = lim sup

y→x
f(y).
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 ) ��� �1���%$&/f�J� � *. 45)�
 "U� .²¯ �|�
min{ctx : Ax = b, x ≥ 0},� ¦!�� � �!
 ¶ � ��± � .²¯ / 
 ¦ � � ¢ �
 � m× n

! �'� ¢�
 /�� �
A
�

b ∈ Rm 0 x ∈ Rn �a¸&Z�1� ¦ 0 4 �'� � ( � � � ) Z�
��
 ) � ����� ( ����� � � �W¬ �'�� / 
 ) � � � � � $ / 0 � � � ° � .�� � � $ /�� � � � �W¬ �'�� / 
 ) � ��� � � $ /*� � 
 � � � 
 � " /\µ � )3. ��� /-*. ± � .À� �
 ��¼ �1¦�� *. � � �!�*� ���!
 � �|� �1��� ��)�
 �#�1���%$&/

max{bty : Aty + s = c, s ≥ 0},

��± � .���� ��)�
 �O� ����¶a¦ �À��£�" / s ∈ Rn ����� ��)�
 � �À��£�" / y ∈ Rm �a¸ Z���1¦
G H I ( (y, s) � G - y �?P ] P 1 T @ (a, > G H I ( x 1 MdP %4% KKT)�1 /�% V�� s % /���� � 1 / ~ L P 1 > )
	 3 Û�������

G � � � B W - � T ] % Z f P < - U - V 1 VlG T (y, s) � x G /�W L P ] P 1 T @ 2F% / � j ^�� S 1 > $&% ' ( )+*", > % T s % ME��� ] P 1 T @ (a, >
� ,E.{. /��J,E}	1�L ^O~ L P 1 >�Rd� Ga/ ��� P WwL P *",E. > %FT s % ME��� G����9� B�� G`- y �?P

Ax = b,

x ≥ 0,

Aty + s = c,

xts = 0,

s ≥ 0.

� $ � k �

$&% ' ( )+* � - . / ] R_P�� ' L % - 1 ' L �A~ L P 1 > Rd�X� $ �cRQ� ) � � � G T Aty + s = c ^_P�P R s R_P , I B 1 MdP *
%�� ; '*) ~ L P 1 >�Rd�
��� L RQ� ) @CB ��� � G`T�1�L ^v��RQ< }6G`T P R %�� ; '*)O%FT�� � %! B ,ELa, - ~ L P 1 >
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Ax = b,

x ≥ 0,

xt(c−Aty) = 0,

c−Aty ≥ 0.

� # � k �

� ���¡ ��� .  � 4�¾�/ ��-�
 �	�(�U��� ���1���%$&/
min f(x)

s.t. gj(x) ≤ 0, j = 1, · · · ,m,

x ∈ D.

D
���� �������;®!"U&/�� � 4�¾�/&���3. �!¢

f, g1, g2, ..., gm
���3. �!¢�� ± � . � 4�¾�/ �1¼��!¶ ��/f�J� 0D ⊆ Rn �a¸#Z� �1¦

� 4!�%"%$&�
� T P < V � D = Rn , - . /�0�1 2 %�fg, h B ] ^ % � G . - � TlG � � � B ] P 1 T KKT ~ L P 1 > )�� 3 Û�������

G � � � B ] P 1 T KKT G H I ( (x̄, ȳ) ∈ Rn+m R_Pp� 1 T ; , . > % T 1 L � ��� � � B G � � < - �dRQ< b G T f, g1, g2, ..., gm

$&% M 1�Z�* �=<?>A@CB $D,E- B %F(Nfg,Eh B ] ^ % � G`.{-{� T
∇f(x̄) +

∑m
j=1 ȳj∇gj(x̄) = 0,

∑m
j=1 ȳjgj(x̄) = 0,

gj(x̄) ≤ 0, ∀j ∈ J,

ȳj ≥ 0, ∀j ∈ J,

; J = {1, 2, · · · ,m} s ) Rd� Ga/
* x ∈ X 1 Z ] P ^_P G TC$&% M 1 Zm*", . L < M�� � � �	� � 
N� � �8� � �k@ � h BXRQ< b G T P R f : X → Rn � T % V�� 3 Û65 � 587:9

Ga/ ] RQ<cb G`T *",E. > %FTCG �{> Pp� �=<.-C� L(x) > 0 � ,En � N(x) ,E.{( % B @ '\L %��XY�Z u L
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||f(x1)− f(x2)|| ≤ L(x)||x1 − x2||, ∀x1, x2 ∈ N(x).
� � � k �

1 MdPl@ .  KL��D, > %FT R_P 1iqF1�T � �wP < .��\L RQ<cb G`T X ] �dR L > 0 ,E.{( % B � T %�� � ,En u L ] P 1�T&%�� ; '*) ] � %�� B %F(�1 MdP
||f(x1)− f(x2)|| ≤ L||x1 − x2||, ∀x1, x2 ∈ X,

� � � k �
; ,E.{L <DM e�� - >	� - y G � � < - � X ] �dR�P R f � T %�Vl$&% '\( )

��± � . �1���²© / L
�(��¢ ��/ -*.�¬�"U�U�"!=��° � �À� ��� 0 � � � k � � �À���± � .�¬�"U�U�"!=��° � �7¾�/ ��!� ��� 0 4!�	
 � �������;®!"U&/ � "U� ����� ��!� �����1¦ f

4!� )�
 / ����
 ¢ ��� �1¦ 4!�U��¦ �1�*�!¢
*", > % T e � - >	� - y X ⊆ Rn ^ % TlG n < Y o B ] �dR f : Rn → Rn � T % V81 MdP�
 1 ! � �� � �m� � � 2	� ÝA3 Û�������

;���� P 1�L � ��� � � B %�� � y $ ^_P ,E( P %FT )�% - G`Y�Zv%� �{Lp1�I_V X ] �dR f $&% '\( )

� � y $� ^_P , ( P % T Rn Rd� G n < Y o Bvu L S � $ �=< T e � - >	� - y x @ � L �ce ( Rd� f � T % VX, - . /�0�1 2 Þl3 Û�������

$&% '\( ) * � -{Z �Os %F�X( Ωf
%FT\* � �X-{(�1�L � ��� � � B %FZ s ) Rd� f Ga/ P Rm@ b %FIK(CG`n < Y�o B 1 MdP ; , > %FT 143K}

∂f(x) = conv{lim∇f(xi) : xi → x, xi 6∈ S, xi 6∈ Ωf}.

2 ��� � � ��� 4!�U��¦�� �!�  � �!
 �����
� Lp1  _V @  KT P < V j = 1, ..., n � i = 1, ..., n * mij(x) � L %FZ G�3 y <� B Ga/ M(x)n×n � Lp1KV&% B Û	�w3 Û65 � 587:9

1 MdP * �=<?>A@CB $D,E- B %F( X ] �dR���� �{�"!X� #K����:��
; *",E. � �XZ X ∈ Rn G`n < Y�o B ] �dR $D, >
vtM(x)v ≥ 0, v ∈ Rn, x ∈ X.

1 MdP * �=<?>A@CB $D,E- B %F( X ] �dR"��� �{��!X� #K� �
vtM(x)v > 0, v 6= 0, v ∈ Rn, x ∈ X.

Rademacher’s Theorem
1
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@ T < / P � � Lp1KV&% Br� , > %FT X ] �dR 1�L � ��� � � B G � � < - ��RQ<cb G`T F (x) ,E-{. /�0�1�2 Û]Û43 Û�������

∇F (x) =




∂F1

∂x1
· · · ∂F1

∂xn

...
...

∂Fn

∂x1
· · · ∂Fn

∂xn


 ,

;���� P % P < .��\L P� ,E- / P ) P < .��\L F (x) $&% '\( ) *", > %FT % � �
� B Ww-  B ) � �
� B Ww-  B G`Y�-{( * s4�=< T s8R %FI �{B G`T ^ %F-{( s8� ,ET
Rd� υ R_Pp� 1 T *", > % TNfg, h B � T % V u L f : S → R � Rn Rd� fg, h Bk^ % TlG n < Y o Bvu L S 1 MdP Û � 3 Û65 � 587:9

��� - > %FTCG �{> Pp� x ∈ S 1�Z ] P 1�Tw$&% M 1�Zm* �=<?>A@CB $D,E- B %F( x0 ∈ S GFHJIK( Rd� f � 0 $  � !��a! $�� %F�z2 s )
f(x) ≥ f(x0) + υ(x− x0).

; �=<?>A@CB $ �aPp�Os %F�X( ∂f %FT * f � T %�V ] %FZ s %FL �aP 1 M 1�L ^ ja%FYQVXG`n < Y�o B

p s ) Rd� Ga/�* �=<?>A@CB $D,E- B %F( Rn Rd� �`���	�O! � � u L H = {x : pt(x− x) = 0} G`n < Y�o B Û¦ÜA3 Û65 � 587:9
; ,E.{L <DMN@CB G`h�3K}�1�T P �E% B 1�( %FL s %FL �aP 1 M P R p R_Pp� 1�T ;���� P G`h�3K}�1�T P ] �dR GFHJIK( u L x � Rn Rd� 143K}�1�-�
 R_Pp� 1�T

H− = {x : pt(x− x) ≤ 0}
�

H+ = {x : pt(x− x) ≥ 0}
� 
 � ´ µ � )5�|��� � .

Rn � 
 � ´ � ¾ � ¡ � �3. � �
� 4!��¦ �	/�µ!�%$�¥ ¢

G h 3 }�1 T P ��RQ< } W L P�Rd� ; , > % T D ^ 1 B ] �dR x � D 6= 0 * D ⊆ Rn , - . /z0�1 2 Û 5 3 Û65 � 587:9
u L Rd�� � B % / D G n < Y o B $&% M 1 Zm*", . B % ( @ B x G H I ( Rd� D 7 � 0 � � � � �O! � �aP R H = {x : pt(x − x) = 0}

; , > %FT H− � H+ $D, > ,E- y < V ] %FZ�%F�z2 � -{( ^_Pk@ �\LlG`n < Y�o B 1�L ^ D 1?'\L �J��R %F�{n+G`T ; � 1�- MrR_P 1iq H � 1 b
* x, y ∈ X G`Y�Z ] P ^_P G`Tw$&% M 1�Zm*",E.{L <DM X ] �dRvu Lp1 �{B P R f : X ×X → [0,∞] � T %�V Û 	 3 Û65 � 587:9

; x = y 1 MdP %F� . V � 1 MdP f(x, y) = 0 •

; f(x, y) = f(y, x) •
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f(x, z) ≤ f(x, y) + f(y, z) •

; ,E.{L <DM��v!Q�{����0 ���\P ROu Lp1 �{B�u L %FT ] P G`n < Y�o B
G T P 1 ' Y Z�G y % � ( � 1 L ^ * E Rd� G y % � ( � 1 Z ; , > % T (X, f) ] 1 � B ] % � 2 ^_P ] P G n < Y o B 1 L ^ E 1 MdP Û � 3 Û�������

; �cR_Pp� E Rd� ] P GFHJIK(

X 1 T f G � � < - � � T % V � $ �=< T�� % ( % T ] % � 2 u L X ] % � 2J, - . /�0�1 2 
�� 0 ;90 � � �90 	l� 
 � ; � Û � 3 Û�������

G / ] RQ< b G T * �cR_Pp���=< -C� 0 < δ < 1 , . ( % B ] � , n�* 1 ' L �A��R % � n+G T ; , > % T @ � % � I ( P � > % ' ( u L X ] < VkG T
X ^_P x2

� x1
1�Z ] P ^_P G`T

‖f(x1)− f(x2)‖ ≤ δ‖x1 − x2‖.
� � � k �

� T % �kG H I (4* y G H I ( ; f(y) = y G / ] RQ< b G T * �cR_Pp���=< -C� y , . ( % B�� 1 2 G T�1  h . B ] P G H I ( * ��RQ< } W L PQRd�
; �=<?>A@CB $D,E- B %F( f � T %�V

2 ��� $ � ��� 4!�U��¦�� �!�  � �!
 �����
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u L F : X → Rn � , > % T @ � V&% ( � G � � T *pfg, h B G n < Y o B�u L X ∈ Rn , - . /�0�1 2 Û¦ÝA3 Û65���� 7:9
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