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ÂØÈ� ø ÂþÀÖ�
¤�½� «��è ´¨� ÝÜä °ó�Ï ¤��î ø À� ü� ´¨� üþ�þ¤¢ ÝÜä�¹µÆ� ¥� ,¢�¡ ,Â�¨ ¢¢ÂÚ÷ ø� ø� ÂÞä Àª�� ñ�¨ ö�¤��û ÂðÂµî¢ ý�ì� ���� �À�Þ�¤� ø ¤��ð¤� � ¢� µ¨� ��Þ�¥ ¥� ,ñ�¹õ ßþ� ¤¢ �î Ý÷�¢üõ �¥� ¢�¡ Â �ø Ý�î ý¤�ÁÚ¨�³¨ ø ÂþÀÖ� �¢Âî ßþøÀ� �¤ �õ�÷ö�þ�� ßþ� ö�Èþ� üþ�Þ�û�¤ �� �î ü»ó�ìÀõ �®Â�ÜäÂ±î� üÜä Âµî¢ ý�ì� ø ¤��û�õ Âµî¢ Ý÷�¡ ,ýøÂÆ¡ Â�õ� Âµî¢ ý�ì� ���� À�Þ�¤� À���¨� ß��»ÞûÕê�õ �È�Þû �¤�øÀ�õ� ø �¤�¢ �¤ ü÷�¢¤Àì ø §�³¨ ñ�Þî ��ù¢�Þ÷ ÁÞÜ� ö�Èþ� ÂÌ½õ ¥� �î ù¢�¥ Ýó�ä.À�ª�� Àþ�bõ ø�÷�÷ö�þ�� ßþ� ý¤ø�¢ ø ù¢�õÂê ´Þ�¥ ñ�±ì �î üó� Âµî¢ ý�ì� ø ü®�þ¤ Âµî¢ ý�ì� ���� ¥�Ý÷�¡ ø (ùÀØÈ÷�¢ ©¥�õ� ß�ó�ÿÆõ)ý¤��Üð Ý÷�¡ ø ù¢�¥ ¤À�Ø¨� Ý÷�¡ ¥� .Ý�î üõ ÂØÈ� À�µêÂþÁ� �¤.Ý�îüõ ÂØÈ� ö�Èçþ¤¢ü� ��Þ�¥ ÂÏ�¡ �� (�÷�¿��µî ñ�bÆõ)üÞ��¤
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À�� ßþ� ¤¢ �î üþ�����ì� üÌ�Âõ ,üÞ�û�Â�� ù�Þ� ,Âð¤¥ øÂû�¤ À�¹õ ö�þ�ì� ��üõ�Âð ö�µ¨ø¢ ¥���Þ� ¤¢ �¤ ö�ª´�Öê�õ ø Ý�îüõ ÂØÈ� �÷�Þ�Þ¬ À÷��µª�¢ ÓÎó °÷�¹�þ� �� ´±Æ÷ �È�Þû ñ�¨.�¤�µ¨��¡ ö��aõ À÷ø�À¡ ¥� üðÀ÷¥ Û��ÂõÝû�ÂÞû ø ö�±�µÈ� �È�Þû üðÀ÷¥ Û��Âõ ��Þ� ¤¢ �î Ý÷��Âúõ ø ¥�Æó¢ ýù¢��÷�¡ ¥� ö�þ�� ¤¢.Ýª�� ö�Èþ�û´±½õ ý�Ú���� �¤�øÀ�õ� ø ù¢Âî ÂØÈ� À÷�ù¢��
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v ¤�µÔÚÈ���� üÆ�ÜÚ÷� ø üÆ�ÜÚ÷� �� ü¨¤�ê ý�õ�÷ù��ø Å³¨ ø ùÀª ù¢¤ø� ,ù¢�Ôµ¨� ¢¤�õ â��Âõ �Àµ�� ö�þ�� ¤¢.´¨� ùÀª ùÀ÷�¹�ð ü¨¤�ê



1 ÛÊê
��óø� ��õÀÖõ ø Ý�û�Ôõ

Ý��îüõ ö�� � ýÀã� ý�ûÛÊê ¤¢ ù¢�Ôµ¨� ´ú� �¤ �� óø� Ý�û�Ôõ ø Óþ¤�ã � ÛÊê ßþ� ¤¢ø ×� ÷� õ¤� û � � ó� ÷� ,� ûÂ ± � C� ø  � ÷� �ý� ûÂ ± � ,ü ã �� �� � ó� ÷� ,Ç¿ � ¤� ú � Û õ� ª � î.´¨�  �÷��ý�ûÂ±� ø �ûùøÂðýÂþÁ�ß�Ú÷��õüã��� ��ó�÷� 1-1�þ üÎ¡ ´ª�Ú÷ ×þ �¤ Yý¤�¢Â� ý�Ìê �� Xý¤�¢Â� ý�Ìê ¥� T ´ª�Ú÷ . 1.1 ÓþÂã�:Ý�ª�� �µª�¢ � Âó�Ø¨� ø x1; x2 2 X Âû ý�Â� ù�ðÂû ,Ý�õ�÷üõ üÎ¡ ÂÚÜÞä ×þT (�x1 + x2) = �T (x1) + T (x2):×þ �¤ ÍÜµ¿õ ¢�Àä� ý�Ìê ý�� �� X ý¤�¢Â� ý�Ìê ¥� üÎ¡ ÂÚÜÞä Âû . 2.1 ÓþÂã�.Ý�õ�÷üõ üÎ¡ ×ã���üÎ¡ ÂÚÜÞä T : X �! Y ø ¤�ÀõÂ ÷üÎ¡ý�û�Ìê ,Y ø X À��î ­Âê . 3.1 ÓþÂã�,x 2 X Âû ý�Â� �î Àª�� ¢���õ M À�÷�õ ´��� ý¢Àä ù�ðÂû ´¨� ¤�À÷�Âî T Ý�þ�ð .Àª��:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø Ý�û¢üõ Çþ�Þ÷ kTk �� �¤ T �Â÷ .kT (x)k �Mkxk:kTk = supfkT (x)kkxk : kxk 6= 0g = supkxk�1 kT (x)k1



2 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêN ø  � ÷� �ü þ� Ì ê B À � � î ­Â ê . ( 1´ ¡�� � Ø þ ý¤�À ÷�Â î Û ¬�) 3.1 ��Ìì�î Àª�� N ý�� �� B ¥� üÎ¡ ��þÀ±� üú��÷ ý�ä�Þ¹õ fTig Âð� .Àª�� ¤�ÀõÂ÷üÎ¡üþ�Ìê,N ¥� ¤�À÷�Âî üþ�ä�Þ¹õÂþ¥ ,fTi(x)g.¢�� Àû��¡ ¤�À÷�Âî üþ�ä�Þ¹õ ,fkTikg ù�Ú÷� .Àª�� x 2 B Âû ý�Â��.[26ø 1.5.3℄ í.¤ .ö�ûÂ�,x 2 N Âû ù�Ú÷� .Àª�� ¤�ÀõÂ÷üÎ¡ üþ�Ìê ,N À��î ­Âê . (2üã�±Ï öÀ÷�È÷) 4.1 ��Ìì.Fx(f) = f(x) ,f 2 N� Âû ý�Â� ø kFxk = kxk �î À�îüõ �Öó� N� ýø¤ ,Fx À�÷�õ üØã���N�� �� N ¥� �³ó�Ï üµ¿þÂÞû×þ ,J(x) = Fx ,x 2 N Âû ý�Â� �î J : N �! N�� ´ª�Ú÷.¢�� Àû��¡�.[26 ø 1.8.2℄ í.¤ .ö�ûÂ�ý�Â � ø ¤�¢�¨ ü þ�ä�Þ¹õ ,D À � � î ­Âê . (3¤ÂØ õ À� ¤� µ¡�¨ ý� �Ìì) 5.1 ��Ììý�Â� ø F = D � QfEm : m 2 Dg À��î ­Âê .Àª�� ¤�¢�¨ üþ�ä�Þ¹õ ,Em D¤¢ m Âû,n 2 Em ø m 2 D Âû ý�¥� � � Â ð� .R(m; f) = (m; f(m)) À� � î ­Âê ,(m; f) 2 F Âû� � �ÂÚÞû ,f(m) = n �î SoR(m; f) ù�Ú ÷� Àª� � ×þ�� ó� �� � üþ�Ìê ¥� ý�Ìä S(m;n).Àª�� ¢���õ ¤ÂØõ À� ßþ� �î ü÷�õ¥ ,´¨� limm limn S(m;n)�.[19 ø 4.2℄ í.¤ .ö�ûÂ�ý�û�Ìê ¥� üþù¢��÷�¡ ,fXig ø üú� Â�è ù��¿ó¢ ý�ä�Þ¹õ X À��î ­Âê . 6.1 ÓþÂã���Þ � í�Âµª� .Ý þÂ �ðüõ ÂÑ÷ ¤¢ �¤ fi : X �! Xi ´ª�Ú÷ ,i Âû ý�Â � .Àª� � ×þ�� ó� �� �ßþ�Â���� .Ý�õ�÷üõ Ó�ã® ý��ó���� �¤ À�ª�� �µ¨��� �ûfi ��Þ� ,�ú÷� ´½� �î üþ�ûý��ó����Uniform boundedness theorem1Natural imbeding theorem2Theorem-on itrated limits3



3 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêßþ�Â���� .Àª�� ¥�� X ¤¢ Àþ�� f�1i (Oi) ,Xi ¤¢ ¥�� Oi Âû ý�Â� ù�Ú÷� ,Àª�� �µ¨��� fi Âû Âð�.¢�ªüõ À�ó�� ff�1i (Oi) : Oi 2 Xig ýù¢��÷�¡ ý�Ü�¨�� Ó�ã® ý��ó����ý�Ü�¨ø �� üþ�Öó� ×ã��� Fx 2 N�� ø ¤�ÀõÂ÷üÎ¡ý�Ìê×þ N À��î­Âê . 7.1 ÓþÂã��� Þ � � î ´¨� N� ýø¤ ý�� ó� �� � ß þÂ �Ó � ã® ,N� ýø¤ ý�� ó� �� � w� .À ª� � x 2 N.À�ª�� �µ¨��� ö� ´½� ,Fx Û·õ ý�û×ã���ýùÀª Ûõ�î �¤ X ¥� E �µÆ� ý�ÌêÂþ¥ .Àª��  �÷�� üþ�Ìê X À��î ­Âê . 8.1 ÓþÂã�.Àª�� Ûõ�î ,X� ¤¢ ,E? = f� 2 X� : hx; �i = 0; x 2 Eg Âð� Ý�þ�ðüõ X ¤¢ Ó�ã®Âð� ,Ý�þ�ðüõ X ¤¢ ü±þÂÖ� ýùÀª Ûõ�î �¤ X  �÷�� ý�Ìê ¥� E ý�ÌêÂþ¥ . 9.1 ÓþÂã�lim� ��(a) = a ,a 2 E Âû ý�Â� �î Àª�� ¢���õ E �� X ¥� �µ¨��� ý�ûÂÚÜÞä ¥� (��) ¤��¤�À÷�Âî ö��µ� �¤ (��) ¤�� Âð� .Àª�� ´¡���Øþ �Â÷ �� ,E ý�ä�Þ¹õÂþ¥ Âû ýø¤ üþ�ÂÚÞû ø.Ý�þ�ðüõ ¤�À÷�Âî ü±þÂÖ� ýùÀª Ûõ�î �¤ E ù�Ú÷� ,¢Âî ��¿µ÷��ûÂ±� C� ø  �÷��ý�ûÂ±� 2-1Âþ¥ Íþ�Âª ¤¢ ù�ðÂû Ý�õ�÷üõ Â±� ×þ �¤ F ö�À�õ ýø¤ ,A ý�¢Â� ý�Ìê . 10.1 ÓþÂã�:À�î ëÀ¬;Àª�� �ÖÜ� ×þ ,ý¤�¢Â� �Â® ø âÞ� �� ´±Æ÷ A �.�(xy) = (�x)y = x(�y) ,x; y 2 A Âû ø � 2 F Âû ý�Â� �Ý�õ�÷üõ ¤�ÀõÂ÷ Â±� ×þ �¤ A ù�Ú÷� .Àª�� ,k:k �Â÷ �� ,¤�ÀõÂ÷üÎ¡üþ�Ìê ,A Â±� Âð�.kxyk � kxkkyk ,x; y 2 A Âû ý�Â� ù�ðÂû



4 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêÝ�õ�÷üõ  �÷�� Â±� ×þ �¤ A ù�Ú÷� .Àª�� k:k �Â÷ ��  �÷��üþ�Ìê A Â±� Âð� . 11.1 ÓþÂã�.kxyk � kxkkyk ,x; y 2 A Âû ý�Â� ù�ðÂûý�¤�¢ Âð� ø Ý�õ�÷üõ (ü÷�Þû)¤�¢À��ø  �÷��Â±� ×þ �¤ ö� Àª�� ü÷�Þû �Ìä ý�¤�¢ A Âð�Çþ�Þ÷ A℄ �� �¤ ö� ýùÀª ¤�¢À��ø ø Ý��îüõ ¤�¢À��ø Âþ¥ �¤�¬ �� �¤ ö� ,Àª�±÷ ü÷�Þû �Ìä:Ý�û¢üõ(a; �)(b; �) = (�b+ �a + ab; ��) (�; � 2 F; a; b 2 A):ü÷�Þû ÂÊ�ä ,��� ¤¢ ùÀª ÓþÂã� �Â® �� ,A � F �¤�¬ �� ý¤�¢Â� üþ�Ìê ,A℄ ßþ�Â����üó�ùÀþ� ,A ø  �÷��Â±� ×þ ùÀª ÓþÂã� �Â÷ �� ,A℄ .´¨� k(a; �)k = kak+ j�j �Â÷ ø (0;1).A℄ := A� F1A ,Ýþ¤�¢ Ý�û¢ Çþ�Þ÷ 1A �� �¤ A℄ ü÷�Þû ÂÊ�ä Âð� �î ¢�� Àû��¡ ö� ¥�ýø¤ (�Ê¿Èõ)Âµî�¤�î ×þ .Àª�� F ö�À�õ ýø¤ Â±� ×þ A À��î ­Âê . 12.1 ÓþÂã�ý�Ìê �¤ A ýø¤ ý�ûÂµî�¤�î ��Þ� ý�ä�Þ¹õ .´¨� F ý�� �� A ¥� ÂÔ¬ Â�è üµ¿þÂÞû ,A:Ýþ¤�¢ � 2 �A Âû ý�Â� .Ý�û¢üõ Çþ�Þ÷ �A �� ø Ý�õ�÷üõ A ýÂµî�¤�î�(xy) = �(x)�(y) (x; y 2 A):Â�� ×ã��� ×þ �¤ A ýø¤ � üÎ¡ ×ã��� .Àª�� Â±� ×þ ,A À��î ­Âê . 13.1 ÓþÂã�.�(ab) = �(ba) ,a; b 2 A Âû ý�Â� ù�ðÂû ,Ý�þ�ð(´¨�¤)²�ü±þÂÖ�ü÷�Þû .Àª�� ,k:k �Â÷ �� ¤�ÀõÂ÷ Â±� ×þ A À��î­Âê . 14.1 ÓþÂã�.(lim� a:e� = a) lim� e�:a = a ,a 2 A Âû ý�Â� �î ´¨� A ¤¢ (e�) À�÷�õ ý¤�� ,Aø ²� ü±þÂÖ� ü÷�Þû �î ´¨� A ¤¢ (e�) À�÷�õ ý¤�� ,A ü±þÂÖ� ü÷�Þû . 15.1 ÓþÂã�,(e�) ü±þÂÖ� ü÷�Þû ø sup� ke�k < 1 Âð� ´¨� ¤�À÷�Âî ,(e�) ü±þÂÖ� ü÷�Þû .Àª�� ´¨�¤.� 2 N Âð� ´¨� üþ�ó�±÷¢



5 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêA �îÂõ ¤¢ (e�) Âð� Ý�þ�ðüõ ý�îÂõü±þÂÖ� ü÷�Þû �¤ (e�) ü±þÂÖ� ü÷�Þû . 16.1 ÓþÂã�.(e�:a = a:e� ,a 2 A Âû ý�Â� ü�ãþ)Àª��ý�Â� Âð� ´¨� (´¨�¤)²�ü�Â®ü±þÂÖ� ü÷�Þû ý�¤�¢ ,A  �÷��Â±� Ý�þ�ð . 17.1 ÓþÂã��î Àª�� ¢���õ ö��� (" ø F �� �µÆ��ø)u 2 A ," > 0 ø F � A üû��µõ ý�ä�Þ¹õÂþ¥ Âû:(kfu� fk < ") kuf � fk < " ,f 2 F Âû ý�Â�(´¨�¤)²�ü�Â®ü±þÂÖ� ü÷�Þû A  �÷��Â±� ý�Â� (´¨�¤)²�¤�À÷�Âî ü�Â®ü±þÂÖ� ü÷�Þû:kuk � C ," > 0 ø f 2 A ¥� ÛÖµÆõ ,üþC > 0 ý�Â� �î ´¨�¤¢ ü óø À þ�ü õ  � ÷� � Â ± � �Â ÷ ¥� ý¤�À ÷�Â î ,¤�À ÷�Â î ü ± þÂ Ö �ü ÷� Þ û ¤¢ :� µ Ø ÷.Àþ�üõ  �÷��Â±� ýø¤ ýÂÚÜÞä �Â÷ ¥� ý¤�À÷�Âî ,¤�À÷�Âî ü�Â®ü±þÂÖ�ü÷�Þû.Àª�� F ýø¤ ý¤�¢Â� üþ�Ìê E ø F ö�À�õ ýø¤ Â±� ×þ ,A À��î ­Âê . 18.1 ÓþÂã�,(a; x) 7�! a:x �î A�E �! E üÎ¡ø¢ ´ª�Ú÷ ù�ðÂû ´¨� ²� ñøÀõ A×þ E Ý�þ�ðüõ:�î ý¤�Ï �� Àª�� ¢���õa:(b:x) = (ab):x (a; b 2 A; x 2 E)�î E � A �! E üÎ¡ø¢ ´ª�Ú÷ ù�ðÂû Ý�þ�ðüõ ´¨�¤ ñøÀõ A ×þ �¤ E °��Â� ß�Þû ��:�î ý¤�Ï �� Àª�� ¢���õ ,(x; a) 7�! x:a(x:a):b = x:(ab) (a; b 2 A; x 2 E)²� ñøÀõ A Ýû ù�ðÂû Ý�þ�ð ñøÀõ A �¬�¡ ¤�Ï �� �þ ñøÀõø¢ A ×þ �¤ E ý¤�¢Â�ý�Ìê.Àª�� ´¨�¤ Ýû ø� î �¤ E  � ÷� � ý� Ì ê .À ª� �  � ÷� �Â ± � × þ A À � � î ­Â ê . 19.1 ÓþÂã�ù� ðÂ û Ý � õ� ÷ü õ (´ ¨�¤)² � ñøÀ õ A  � ÷� � × þ ´ ¨� (´ ¨�¤)² � ñøÀ õ A



6 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê,((x; a) 7�! x:a � î E � A �! E)(a; x) 7�! a:x � î A � E �! E üÎ¡ø¢ ´ª� Ú ÷:x 2 E Â û ø a 2 A Â û ý�Â � � î À ª� � ¢� �� õ ü þK > 0 � þ À ª� � � µ ¨� � �ka:xk � Kkakkxk (kx:ak � Kkakkxk):´¨� ñøÀõø¢ A  �÷�� ×þ E Ý�þ�ðüõ ,Àª�� ´¨�¤ Ýû ø ²� ñøÀõ A  �÷�� Ýû ,E Âð� ñ��.´¨� ñøÀõ A  �÷�� ×þ E Ý�Æþ�÷üõ ¤�Êµ¡� �� �î×þ E Âð� .Àª� � E ö�ðø¢ ý�Ìê E� ø  � ÷� � Â ±� ×þ A À� �î ­Âê . 20.1 ÓþÂã� �÷�� ×þ ��÷ E� Âþ¥ Óþ¤�ã� �� � 2 E� ø x 2 E ,a 2 A Âû ý�Â� ù�Ú÷� Àª�� ñøÀõ A  �÷��:¢�� Àû��¡ ñøÀõ Ahx; �:ai = ha:x; �i hx; a:�i = hx:a; �i:,A ¤¢ (e�) ¤� � �¤�¬ ßþ� ¤¢ ,Àª� � ñøÀ õ A � ÷� � ×þ E À � � î ­Âê . 21.1 ÓþÂã�: lim� e�:x = lim� x:e� = x ,x 2 E Âû ý�Â� Âð� ´¨� E ý�Â� ü±þÂÖ� ü÷�Þû(F = R �þ C )F ýø¤  �÷��Â±� ×þ A À��î ­Âê . (4ßû�î ý�þ�¹� ý��Ìì) 22.1 ��Ììz 2 E Âû ý�Â� ù�Ú÷� .Àª�� E ý�Â� ü±þÂÖ� ü÷�Þû ý�¤�¢ A �î Àª�� ñøÀõ A  �÷�� ×þ E ø:kz � yk < " ø z = ay �î ý¤�Ï �� À÷¢���õ üþy 2 E ø a 2 A ," > 0 ø�.[ 2 ø 11.10℄ í.¤ .ö�ûÂ�¤�À÷�Âîü±þÂÖ�ü÷�Þû ��  �÷��Â±� ×þ A Âð� �î ¢�ªüõ �¹�µ÷ ßû�î ý�þ�¹� ý��Ìì ¥�:A2 = A ù�Ú÷� ,Àª��:x2 = x ù�ðÂû Ý�þ�ð ö���¢�¡ �¤ x 2 A �Ìä .Àª�� Â±� ×þ A À��î­Âê . 23.1 ÓþÂã�Cohen's fa
torization theorem4



7 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêý�Â� �î ´¨� ¢���õ E ¤¢ (x�) ¤�� � 2 E�� Âû ý�Â� . (5ßþ�µªÀÜð ý��Ìì) 24.1 ��Ìì.´¨� ñ�Ú� ,ý��ó���� w� �� E�� ¤¢ E ÂÚþ¢ �¤�±ä �� :x� w��! � ø kx�k � k�k ,� Âû�.[ 3 ø 29.3.A℄ í.¤ .ö�ûÂ�,...,E1 ý¤�Æ÷�� �Â® .À�ª�� üÎ¡ ý�û�Ìê ,En ,...,E1 À��î ­Âê . 25.1 ÓþÂã��� üÎ¡ n´ª�Ú÷ ×þ � : E1 � :::�En �! T ø üÎ¡ üþ�Ìê T �î ´¨� (�; T ) �ø¥ ,En:´¨� Âþ¥ «��¡üÎ¡ ´ª�Ú÷ ,V : E1 � :::� En �! F üÎ¡ n ´ª�Ú÷ Âû ø F üÎ¡ý�Ìê Âû ý�Â�ø E1 
 :::
 En Ý�Æþ�÷üõ �¤ T ñ�� :V = eV o� �î ¢�� Àû��¡ ¢���õ eV : T �! F ý�µØþ:Ý��îüõ ÓþÂã�x1 
 :::
 xn := �(x1; :::; xn) (x1 2 E1; :::; xn 2 En),�ú÷� ý¤�Æ÷�� �Â® ù�Ú÷� .À�ª�� üÎ¡ ý�û�Ìê ,En ,...,E1 À��î ­Âê . 26.1 ��Ìì.¢�� Àû��¡ ¢���õ E1 
 :::
 En ü�ãþ�.[ 25 ø 13.B℄ í.¤ .ö�ûÂ�ý¤�Æ÷�� �Â® ,��� ý��Ìì �� ��� ù�Ú÷� .À�ª��  �÷�� ý�û�Ìê ,En ,...,E1 À��î ­Âê ñ��.¢�� Àû��¡ ¢���õ E1 
 :::
 EnÂ û ý�Â � ù� Ú ÷� .À � ª� �  � ÷� � ý� û� Ì ê ,En ,...,E1 À � � î ­Â ê . 27.1 ÓþÂã�:Ý��îüõ ÓþÂã� x 2 E1 
 :::
 Enkxk� := inff mXk=1 kx(k)1 k:::kx(k)n k : x = mXk=1x(k)1 
 :::
 x(k)n g.Ý�õ�÷üõ E1 
 :::
 En ýÂþ�Ê�ý¤�Æ÷�� �Â÷ �¤ k:k� �Â÷Goldstine theorem5



8 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêý¤�Æ÷�� �ÂÌÜ¬�� ù�Ú÷� .À�ª��  �÷�� ý�û�Ìê ,En ,...,E1 À��î­Âê . 28.1 ÓþÂã�.´¨� k:k� �Â÷ ´½� E1 
 :::
 En ýùÀª Ûõ�î ,E1 b
::: b
En ýÂþ�Ê�A ¤¢ fbig ø faig ,üÎ¡ ÛÖ µ Æ õ ý� û� ä� Þ¹ õ ù� Ú ÷� ,m 2 A b
A Â ð� . 29.1 ��Ìì:m = Pni=1 ai 
 bi �î ý¤�Ï �� À÷¢���õ�.[ 2 ø 6.3℄ í.¤ .ö�ûÂ�k:k� �Â÷ �� Nni=1Ei ù�Ú÷� .À�ª�� ¤�ÀõÂ÷ý�ûÂ±� ,En ,...,E1 À��î ­Âê . 30.1 ��Ìì.¢�� Àû��¡  �÷��Â±� ×þ (
Nni=1Ei; k:k�) ø ¤�ÀõÂ÷ Â±� ×þ�.[ 3 ø 22.1.2℄ í.¤ .ö�ûÂ�´ª�Ú÷ .À�ª�� (´¨�¤)²� ñøÀõ A ,F ø E ø Â±� ×þ A À��î ­Âê . 31.1 ÓþÂã�ü óøÀ õ A ü µ ¿ þÂ Þ û × þ �¤ (F � � E ¥� ü Î ¡ �� þÀ ± � �� Þ � L(E; F ))T 2 L(E; F ):x 2 E ø a 2 A Âû ý�Â� ù�ðÂû ,Ý�þ�ð (´¨�¤)²�T (a:x) = a:T (x) (T (x:a) = T (x):a):.¢�� Àû��¡ üóøÀõ A üµ¿þÂÞû ×þ T 2 L(E; F ) ´ª�Ú÷ ,À�ª�� ñøÀõ A ,F ø E Âð� ñ��´ ª� Ú ÷ .À ª� � ñøÀ õ A × þ A 
 A ø  � ÷� �Â ± � × þ A À � � î ­Â ê . 32.1 ñ�·õ¥� üóøÀõ Âþ¥ ,ker � ß��»Þû ø ´¨� üóøÀõ A üµ¿þÂÞû ×þ � : A
A �! A ü�ÂÌÜ¬��.¢�� Àû��¡ A
 Aý� µ ¨� � � üÎ¡ ´ª� Ú ÷ ù� Ú ÷� ,À ª� �  � ÷� �Â ± � × þ A À � � î ­Â ê . 33.1 ÓþÂã�ýÂþ�Ê�üþ�Ö ó�ü �Â® ´ª�Ú ÷ �¤ �(a 
 b) = ab ,a; b 2 A Âû ý�Â � �î � : A b
A �! A.Ý�õ�÷üõÂû ý�Â� .À�ª�� ´¨�¤ ø ²� ý�úóøÀõ A °��Â� �� F ø E À��î ­Âê . 34.1 ÓþÂã�üÎ¡ ø¢ E 
 F ý�� �� E � F ¥� (x; y) 7! x
 y:a ø (x; y) 7! a:x
 y ý�úµª�Ú÷ ,a 2 A



9 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê:x; y 2 E Âû ý�Â� �î ý¤�Ï �� À÷¢���õ �l(a); �r(a) 2 L(E; F ) ß��»Þû ø À�µÆû�l(a)(x
 y) = a:x
 y ; �r(a)(x
 y) = x
 y:a:¢�� Àû��¡ ñøÀõ A ×þ E 
 F ��� �� ���a:(x
 y) = a:x
 y ; (x
 y):a = x
 y:aüÎ¡ ,�´ÈðÂ� �� ÍÜµ¿õ Â±� ×þ A Âð� Ý�õ�÷üõ Â±� �×þ �¤ A Â±� . 35.1 ÓþÂã�� 2 C ø a; b 2 A Âû ý�Â� �î Àª�� üì�½ó�(a+ b)� = a� + b� ; (�a)� = ��a� ; a�� = a ; (ab)� = b�a�:Â±� C� ×þ �¤ A ù�Ú÷� ,ka�ak = kak2 ,a 2 A Âû ý�Â� ø Àª��  �÷��Â±� �×þ A Âð� ñ��.Ý�õ�÷üõÂ±� C� ×þ ,L1(X) ù�Ú÷� .Àª�� ù¢ÂÈê �fã®�õ é¤øÀ¨�û ý�Ìê X Âð� . 36.1 ñ�·õ.¢�� Àû��¡ ¤�¢À��øÂÚÜÞä ×þ �¤ h : A �! C .Àª�� ÂþÁ�Ëþ�ã�  �÷��Â±� ×þ A À��î ­Âê . 37.1 ÓþÂã��� �¤ A (�øÂµØ³¨�)Ó�Ï ø h(xy) = h(x)h(y) ,x; y 2 A Âû ý�Â� ø h 6= 0 Âð� Ý�þ�ð ü�Â®.�(A) = fh : h : A �! C g �î Ý�û¢üõ Çþ�Þ÷ �(A),�(A) ù�Ú÷� .Àª�� ü÷�Þû ÂÊ�ä �� ÂþÁ�Ëþ�ã�  �÷��Â±� ×þ A À��î ­Âê . 38.1 ��Ìì.¢�� Àû��¡ é¤øÀ¨�û ø ù¢ÂÈê ý��ó���� W � �� ´±Æ÷�.[26 ø 5.9.7℄ í.¤ .ö�ûÂ��� �¤ A ýø¤ À÷�ÔÜð ÛþÀ±� .Àª�� ÂþÁ�Ëþ�ã�  �÷��Â±� ×þ A À��î ­Âê . 39.1 ÓþÂã�:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬� : A �! C(�(A)) x 7! x̂x̂ : �(A) �! C h 7! h(x)



10 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê,Àª�� ¤�¢À��ø ÂþÁ�Ëþ�ã�Â±� C� ×þ A Âð� . (6í¤�Þþ�÷ À÷�ÔÜð ý��Ìì) 40.1 ��Ìì.´¨� �³ó�Ï üµ¿þÂØþ �×þ � : A �! C(�(A)) ù�Ú÷��.[ 9 ø 20.1℄ í.¤ .ö�ûÂ�
×�÷�õ¤�û ��ó�÷� 3-1G ùøÂð ù�ðÂû ,À�þ�ð ù¢ÂÈê �fã®�õ ×þ��ó���� ùøÂð ×þ �¤ G ýÂ±� ùøÂð . 41.1 ÓþÂã�ý�û´ª�Ú÷ �î ý¤�Ï �� Àª�� ù¢ÂÈê �fã®�õ ø é¤øÀ¨�ûG! G; x 7! x�1 ø G�G! G; (x; y) 7! xy.À�ª�� �µ¨���ýø¤ öø¢�¤ ýù¥�À÷� ×þ �¤ � .Àª�� ù¢ÂÈê �fã®�õ üûøÂð G À��î ­Âê . 42.1 ÓþÂã�ñ¤�� ý�ä�Þ¹õ Âû ý�Â� ,�(K) <1 ,K À�÷�õ ù¢ÂÈê ý�ä�Þ¹õ Âû ý�Â� ù�ðÂû Ý�õ�÷ G,E � G À�÷�õ ñ¤�� ý�ä�Þ¹õ Âû ý�Â� ø �(E) = supf�(K) : ù¢ÂÈê K;K � Eg ,E À�÷�õG ýù¢ÂÈê �fã®�õ ùøÂð ýø¤ � öø¢�¤ ýù¥�À÷� ù�Ú÷� .�(E) = inff �(O) : ¥�� O;E � OgÂû ø G ¥� E ñ¤�� ý�ä�Þ¹õÂþ¥ Âû ý�Â� Âð� ,Ý�õ�÷üõ G ýø¤ (´¨�¤) ²� ¤�û ýù¥�À÷� �¤:Ý�ª�� �µª�¢ x 2 G�(xE) = �(E) (�(Ex) = �(E)):.´¨� ¢ÂÔ �ÂÊ½�õ ²� ¤�û ýù¥�À ÷� ×þ ý�¤�¢ ù¢ÂÈê �f ã®�õ ùøÂ ð Âû . 43.1 ��Ììý�þ�� öø¢�¤ ýù¥�À÷� � ø Àª�� (²�)¤�û ýù¥�À÷� � Âð� ü�ãþ ¤�û ýù¥�À÷� ö¢�� ¢ÂÔ�ÂÊ½�õ).(� = C� �î ´Æû üþC > 0 ù�Ú÷� Àª�� ýÂÚþ¢ ²�Gel'fand-Naimark theorem6



11 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê�.[ 9 ø 10.2℄ í.¤ .ö�ûÂ�Âû ý�Â� ù�Ú÷� .Àª�� G ýù¢ÂÈê �fã®�õ ùøÂð ýø¤ üã��� ,f À��î ­Âê . 44.1 ÓþÂã�:Ý��îüõ ÓþÂã� ,x; y 2 GRyf(x) = f(xy) ø Lyf(x) = f(y�1x).Ý�õ�÷üõ ´¨�¤ ø ²� 7ÝÑ�õ ý�ûÇþ�Þ÷ °��Â� �� �¤ Ry ø Ly �î:Ý��îüõ ÓþÂã� .Àª�� G ýø¤ ²� ¤�û ýù¥�À÷� ×þ � À��î ­Âê . 45.1 ÓþÂã��x(E) := �(Ex) (x 2 G):¢��ø ,²� ¤�û ýù¥�À÷� üþ�µØþ �� ��� üóø ´¨� ²� ¤�û ýù¥�À÷� ×þ �x ��� ÓþÂã� �� ���:�î üþ�(x) > 0 ¢¤�¢�x(E) := �(x)�(E):.Ý�õ�÷üõ G 8(üÚ�û)¤�øÀõ â��� �¤ � = �G : G! (0;1) â���ø ´¨� üµ¿þÂÞû ×þ �G : G! (0;1) ¤�øÀõ â��� . 46.1 ��ÌìZGRyf(x)d�(x) = �(y�1) ZG f(x)d�(x):�.[ 9 ø 24.2℄ í.¤ .ö�ûÂ�öø¢�¤ ý�ûù¥�À÷� ��Þ� ý�Ìê .Àª�� ù¢ÂÈê �fã®�õ ùøÂð ×þ G À��î­Âê . 47.1 ÓþÂã�.k�k = j�j(G) ,� 2M(G) Âû ý�Â� �î .Ý�û¢üõ Çþ�Þ÷ M(G) �� �¤ G ýø¤ ÍÜµ¿õRegular representation7Modular fun
tion8



12 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊê� ø � 9Ç»�� �¤ ,(�; �) ! � � � �î M(G) �M(G) ! M(G) ´ª�Ú÷ . 48.1 ÓþÂã�:Ýþ¤�¢ ù�Ú÷� f 2 C0(G) ø �; � 2M(G) Âð� �î .Ý�õ�÷üõhf; � � �i = ZG�G fd� � � = ZG ZG f(xy) d�(x)d�(y) (x; y 2 G):´¨� Æe í�Âþ¢ ýù¥�À÷� ,ö� À��ø �î ¢�� Àû��¡ ¤�¢À��ø  �÷��Â±� ×þ ,(M(G); �) ßþ�Â����:Ýþ¤�¢ ,f; g 2 L1(G) Âû ý�Â�ø ¢�� Àû��¡ M(G) ¥� üó�ùÀþ� ,L1(G) øf � g(x) = ZG f(y)g(y�1x)d�(y): :Ýþ¤�¢ ß��»Þû øC0(G)� = M(G)::Ýþ¤�¢ f 2 `1(G) Âû ý�Â� ø ¢�� Àû��¡ `1(G) = M(G) ù�Ú÷� Àª�� �µÆÆð ,G Âð�f(x) = Xa2G f(a)Æa(x).´¨� a ý�ÎÖ÷ ¤¢ í�Âþ¢ ýù¥�À÷� ,Æa�îÆg 2 M(G) ,g 2 G Âû ý�Â� .Àª�� ù¢ÂÈê �fã®�õ ùøÂð ×þ G À��î ­Âê . 49.1 ÓþÂã�:Ýþ¤�¢ f 2 C0(G) Âû ý�Â� øhf; Ægi := f(g)üµ¿þÂØþ � ù�Ú ÷� .À�ª� � ù¢ÂÈê �f ã®�õ üþ�úûøÂð H ø G À��î ­Âê . 50.1 ��Ìì�î ´¨� ¢���õ T : L1(G) b
L1(H) �! L1(G�H) ý�³ó�ÏT (f 
 g)(s; t) = f(s)g(t) (f 2 L1(G); g 2 L1(H); (s; t) 2 G�H)�.[ 3 ø 20.3.3℄ í.¤ .ö�ûÂ�Convolution9



13 ��óø� ��õÀÖõ ø Ý�û�Ôõ . ñø� ÛÊêù�Ú÷� .Àª�� ù¢ÂÈê �fã®�õ ùøÂð ×þ G À��î ­Âê . 51.1 ��Ìì(L1(G�G); �) �� ´¿þÂØþ �³ó�Ï ¤�Î� ,ñøÀõ M(G) ×þ ö���ä �� ,L1(G) b
L1(G) (i);´¨�� � ´ ¿ þÂ Ø þ � ³ ó� Ï ¤� Î � ,ñøÀ õ M(G) × þ ö�� � ä � � ,(L1(G) b
L1(G))� (ii).´¨� (L1(G�G); :):À÷�ªüõ ÓþÂã� Âþ¥ �¤�Ê� L1(G�G) ýø¤ üóøÀõ ý�ûÛÞä �î�:(f 
 g) = (�:f)
 g (f 
 g):� = f 
 (g:�) (f; g 2 L1(G); � 2M(G))�.[ 3 ø 21.3.3℄ í.¤ .ö�ûÂ�.Àª�� À��ø ýùÂþ�¢ ùøÂð T ø üÜ�� ýù¢ÂÈê �fã®�õ ùøÂð ×þ G À��î ­Âê . 52.1 ÓþÂã�.Ý�õ�÷üõ G ùøÂð ýø¤ Âµî�¤�î ×þ �¤ � : G! T â���Ĝ = f� : � : G! Tgh�x; �i = hx;��i = hx; �i�1 = hx; �ihx + y; �i = hx; �ihy; �i ø hx; �1�2i = hx; �1ihx; �2i:.Ý�û¢üõ Çþ�Þ÷ Ĝ �� ø Ý�õ�÷üõ G ö�ðø¢ ,�¤ G ýø¤ �µ¨��� ý�ûÂµî�¤�î ßþ� ��Þ� ý�ä�Þ¹õ¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� �î �¤ Ĝ ýø¤ f̂ â��� ,f 2 L1(G) Âû ý�Â� . 53.1 ÓþÂã�:Ý�õ�÷üõ f �þ¤�ê ÛþÀ±�f̂(�) = ZG f(x)hx; �idx (� 2 Ĝ)�¤ ö�ø Ý�û¢üõ Çþ�Þ÷ A(Ĝ) �� �¤ Ĝ ýø¤ f̂ À�÷�õ â���� ý�Þû ý�ä�Þ¹õ . 54.1 ÓþÂã�.´¨�  �÷��Â±� ×þ ¤�ø�ÎÖ÷ �Â® �� �î ,Ý�õ�÷üõ G ýø¤ ý�þ¤�êÂ±�\f � g(�) = f̂(�)ĝ(�) = (f̂ ĝ)(�)


