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�"                 �cG $]�"�]�" DuG�� Dv��)���, $� $<!�%�uG ��w� �� 7�Q�v (G Zv�t ��w� �,(� �- Y�� 

        �L�,a$&!u<�� ��w�a7��3 7o $�&U�� ��w� 
 7��,(� 7o �&�4�.        yc��(qv 2�c- zsc" 3� {c^ �c��
                 ��c)G� Y��c�" 
, �G �&,(V $�"!�� Z)��< DG �&��" $"�(��`" �G ��w� 7�%- D��:�V
     D/c&��� 3� (c��`"

                  
(c�� DG $&!u<�� $&�g ��� DG 7��<� 3� (��`" 7o ()%Q� D)��
 2Uv(� ��L�!T DG 2Uv(� C��3
 C"!�� 
 D��:�V 2�!8�.   DcG �I��ct 2(]&, (��`" $�"!�� ��w� $��G j�^ Y��I �G Dv ��o $� (w� DG

  �L��� �!
)� 2,
3.  �, 2(]&, (��`" DS(� C&� DG C�)/�&� ,
�
 3� {^ ���   ���c� �c� $v��,� ��w�
      7��3 Y�t
 7o 
 ,�)�� |��"� 7�Q[ DG�  ,!cG $c<���I��� D<��- 3� �,��)<� 
 7���.   �, �� 7o �c� Dcv
�,(v $<�(G 	�%[� DG ,!T 	
� �
� Z&�.2�- e�)v DG 7�!)�� (" .�%� DE:�u� 2�(GWeinberg,

Stephani, Oyvind 
 $"���4� }u< �,Wald    DcE[�(� (c" D)�(/c�^ }uc< �, ,(cv .   Cc&� 3� {c^
       �L �&��" $<�<� $:�!< DG $��Q�v 	�� a	!8".           DcG �� 7�����&U��aC�)/c�&� Dc:,�E� �ct $)k< ���

   �H� �, C]%- ����� 2� ����v �,�<  2�- ~(� �%<�      Dcv ,�, \�c[�� scT 2�c- �ct �& 
 7��3
             
 D)�c<
, 	�c� DcG �c- 	�� C&�  C&()%Q� 3�a�<� ���o �!< �
� �, �- zs" C&� Dm�)�FRW 

    Dva,(v ���L� 7�!)��DGFRW        $��cQ�v ��cw� 3� C�c��" C&(c)QG
 �c�&!V $<��/c��Q�v ,�����)<� 	�� 
�<�.  

    D-, �, ���9B )  D:�4�Weinberg (    ,(cv D[�!� ��/� �G �� 7�Q[ $�]%- D�N(�.  $"���/cv
          ,(v (" 2�[ �� C]%-�� $��Q�v ��w� D����aD�:
� 2�- $�]%-�� 
 D�:
� 7�Q[ ,�!� �,.	�� 
 2�- 

      7�Q[ $�v D�[!" �, .��!" ��� ���, Dva��� ��
, C&� �S�t (��v
 s&!��< a7
(�3a (�&3)  Dc�:
�
$�E�
(��,!G.      D-, �&�
� �, Y�4�48" C&�?B         D-, (T�
� �, ���a,�Q� j-�v DG 
� ?B    7�L 2�[ DG 

         L Dv ��,�)�� (�� C&� DG 7���%/��, Z:�� O����� �8G�    c- $�]%-�� O����� C&� ��� �&  $��cQ�v 2�
      $%&�I y&()� ��t� �G
 �L�GLTB   �L ���3 $&�-���� .           �cG 7o .G�cu" �Hc� Cc&� ��c��v ��
���� D)��

 $��Q�v ,�����)<� _%L)()T�!�(G�(
, �
� �, Dv �<��      $c<�(G DcG 7�c&�^ �, 
 ,,(cV $c� $<�(G 
 D�%[ 3� C]%-�� 2�H� ��� �, �- 7!��(� �v(tLTB 
Senovilla, Kasner T�,(^ Z�-�!T�.  
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������ � ���  
������M D�!%m�    D�!%m�(&3 3� 2�  (c�w� $&�-{ }Oα       �,�
o(cG �� (c&3 K&�(cL DcR �c<�

$� ��R .  
M:� ( (-P M∈ 3� $;& DG �I��t a{ }Oα$�E& a,��, .�E"{ }Oα⊂M $� �� ����L!^ .  
e ((cc- 2�(ccGα  ������ccL!^ a'cc& DccG 'cc& �ccL�]� 'cc&:O Uα α αψ → DccR ,��, ,!cc[


UαD�!%m�  3� 3�G 2�nR�<� .  
f (�(G     D�!%m� 
, (- 2Oα   
 Oβ    �c<� $Q"�c� 7�/R�()L� DR { }O Oα β∩ ≠ ∅ $c�   Z���!c"

  �L�]�1
β αψ ψ −      DcR Z�c�R M&(E" ��{ } nO O U Rα α β αψ ∩ ⊂ ⊂   O�c4� DcG ��{ }O Oβ α βψ ∩ 

,(�G .  
αψ$� $"�
)k� Z)��< '&U�� �, 
 Y��� $N�&� �, ��  ����� .  

Oα

Oβ

Uβ

Uα

nℜ

nℜ

αψ

βψ

1
β αψ ψ −

  
��L� �� �������  

������
���   

     \!� �!���" Y��N�&� �,( ),k l �L�]� '& buT e(H�S�t 2�H� 3�k 
, ��,(cG �"   
 7�cV
l DG ��,(G �"R$� �L�G .

  
� ��  * *:T V V V V R× × × × × → 

M  
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                         ��])c<, 3� �&�c�" �, �!�c��" DcR Z����cG DcR �c<� 7o �<� ZQ� �� 2�(G '&U�� �, D=�o ���
 Z&�I Y�
)k�)Z&(^ 7
�G ( �&�[ ��])<, DG)Z&(^ ��, (`" D�!]�$� (�� ��R .

� ��  
1 1

1 1

1 11 1

k l
k k

k ll l

x x x xT T
x x x x

μ νμ ν
μ μ μ μ

μ νμ νν ν ν ν

′′
′ ′

′′′ ′

′ ′∂ ∂ ∂ ∂′ =
′ ′∂ ∂ ∂ ∂

 

   ����I 3� ��G �,    ��� _%[ 2/�)    {&��� 2
� _%[ $�E& C     �<� ��L �,��)<� 2��(;" 2�- .  ���%cN
            a�cL�G D)cL�, C�&�^ {&��� �Q�" DR 2�!���" 
 �,�
,�^ a�L�G D)L�, ��G {&��� �Q�" DR 2�!���" DG

$� �,�!%- ��&!V .
(R 2�):, �!���" (;�0
{
1

i
j

i j
i j

δ
≠

=
=

   ,(]���c%- �c& $<�<� D)k��o �!���" ��
��&!V .7!�D�:�� U�� ���T(� ��])<, �,  �<� 7��;& 7o 2�- .  

���� �!"#� $��%!�  
  '&()�g       2�H� 3� $uT �L�]� '& ap pV V×) pV  2��,(G 2�H�  (  $� ,���� DG  G    $c�E& a�cL�

 D�"(� �!���" '&(0,2)$� ��%8" 7o (G �� (&3 O(L 
, �� DR  Z��R .  
M:� ( 7��4"  

� ��  1 2 1 2 2 1, ( , ) ( , )pv v V g v v g v v∀ ∈ → = 
  

e ( ���$�]Q�"
� ��  1 1( , ) 0 0pv V g v v v∀ ∈ ∋ = → = 

$� D�:�� ��<�(G �� '&()� 7�!" DG 7o 2�- �L!� (&3 Y�!S:  
� ��  2ds g dx dxμ ν

μν= ⊗ 
&DG � DSsT �!W

� ��  2ds g dx dxμ ν
μν= 

 O(L (V�)e (DG ��  Y�!S)f (D�L '&()� 7o DG aZ�-, (��`"  $��%&�Z�&!V .  
f(  

� �	  1 1( , ) 0 0pv V g v v v∃ ∈ ∋ = → = 
  ��&
 (&,�4� ��]�o a�L�G 7��4)� '&()� (V� ,!G �-�!T $4�4t 7o 2 . (V�i �"   ��c&
 (&,�4� C&� 3�

 
 ���� 7oj�" � f
3 DG a�L�G $��� 7o (i,j) y&()� �H����&!V  .  
 f
3 DG(i,0)<���I� '&()� $ 
 (i,1)�)��!: '&()� $��&!V  .  

  �)��!: '&()� (V�$    DG �� ������        ��%� 2�H� �U[ (- aZ��R 	�%�� 2(TpM)   D)<, D< DG 7o a
$� Z��4" ,!L:  
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� �
  
D�!V�H�   ( , ) 0g U U  
D�!V�!�   ( , ) 0g U U =  

7��3 D�!V   ( , ) 0g U U 

��&� '#(� 	)��%*  
∇) .)/� (]�%� ( 2
� (G������ M ��!%- �!���" (- DR �<� $)L�]� ).)/� �& (&�^ ( \!�
(k,l) \!� ��!%- �!���" DG �� (k,l+1),(G $� �,�
o(G �� (&3 l�!T 
 � ��R:  

� ��  : ( , ) ( , 1)T k l T k l∇ → + 
M:� ( 7,!G $uT  

� ��
  , ( , ), ,A B T k l cteα β∀ ∈ ∈ 
� ���  1 1 1 1

1 1 1 1
( )k k k k

l l l l

a a a a a a a a
c c cb b b b b b b bA B A Bα β α β∇ + = ∇ + ∇ 

e ( ����I{)���&�   
� ���  ( , ), ( , )A T k l B T k l′ ′∀ ∈ ∈ 
� ���  ( ) ( )c c cAB A B A B∇ = ∇ + ∇ 
f (DG�[ � _%[ �G $&�[ {&��� 2
  
� ���  ( , )A T k l∀ ∈ 
� ���  1 1

1 1
( )k k

l l

a c a a c a
d db c b b c bA A∇ = ∇ 

, (<�%� 2�-��,(G �!Q�� �G 2��V3�<$7���� 2
� $)Q[ .)/� 7�!�� DG  (:�;<� 2�-  
� ���  , ( )a a

p af t V t f t f∀ ∈ ℑ ∈ = ∇ 
c- ( 7��4�e�"   

� ���  a b b af f f∀ ∈ ℑ ∇ ∇ = ∇ ∇ 

  2�!�" $HEG �,   ~(� �-    $%� D��N� �� Zm�^    7o a���R     )�,�^ �!�c��" ��V c4  DcG $���      (c&3 Y�!cS
$� M&(E" ,!L:  

� ��
  c
a b b a ab cf f T f∇ ∇ − ∇ ∇ ≡ − ∇ 

   DG DRc
abT  �!���"e�" ��&!V  . 2�!�" DG            a��;� ��8: �� Zm�^ O(L DR ��� ����� 3� $&�-non-

metricity��&!V  .  
�,�<    4)/� (]�%� C&("       DG a��R �N�� �� |!� K&�(L DR $    Y�!Sb b b c

a a act t t∇ = ∂ + Γ$�    �cL�G
       7
�G �� .)/� (]�%� (V� DRe�"    DG �L�G b

acΓ         ,�c%� �cG 
 �c�&!V �
, \!c� ��!)�c&(R �&(cN a

{ }
b
ac

$� 7�/�  7o DG $�R �:�t �, D�(V
 a��-,�$� |�
): ��&!V .  
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��+� ,-	�� ��.#�	 

      $� .)/� M&(E" �, $<���I� 2�H� �,    Z�)�V
0

( ) ( )lim
t

A t t A t
tΔ →

+ Δ −
Δ

      �cN��" ��cm�� 2�(cG ���
  d��%-( )A t t+ Δ Du4� �, ��  (�� 2( )A t$� Z<� $� ��m�� �� 2(�V�t �%� 
 Z��R    �, �c�� Z�c-,

$� D�!]� ���%T 2�H� ����� 23�!� �& d��%- 	�4)�� C&� O(L DR ��V 7�!"  
DG �� 23�!� 	�4)�� $� M&(E" (&3 Y�!S Z��R :  

� ���  1

1
0k

l

a ac
c b bt T∇ = 

  

  
��L� �F �3�!� 	�4)�� 2  

  
 \!� ��!k:, �!���" (- 23�!� 	�4)�� O(L(k,l):  

/�01 :  (V�abg  7o a�L�G '&()�  ����� .)/� (]�%� '& �Q�" ��Va∇ DR ,��, ,![
0a abg∇ = .

 $cc� DccR      DccG .)/cc� (cc]�%� 7o DccR ,�, 7�/cc� 7�!cc"  Y�!ccS{ }a a

c
ab

∇ = ∂ +$cc�   �ccL�G


1{ } ( )
2

cd
a bd b ad d ab

c
g g g g

ab
≡ ∂ + ∂ − ∂) $%� �!���" ��!)�&(R �&�(N �GL��(.  

 ,![
 Y�!S �,e�"DG |�
):� a $��, (&3 Y�!S �&o:  

� ��
  1{ } { }
2

k k k kk
T T Tμν ν μ μ ν μνμν

Γ = + + + 

 �
, �%�I DG DRkK μν �&e�" Z-$�  ��&!V .  

 DG{ }k k
μν μν

Γ =$� c 2!: |�
):� ��tsuS�
 &��&!V �) .  

��2��� � 3�%!� ��4�	 ��
  
 ��8�� �!���"      \!� �!���" '& 7�%&� 2)J
�( $�             �c���� 7�cV
, 2��,(G 7���� (- 2�(G DR �L�G

cωDG  $� M&(E" (&3 Y�!S ,!L :  



��
  

� ���  d
a b c b a c abc dRω ω ω∇ ∇ − ∇ ∇ ≡ − 

��8�� �!���" l�!T:  
� ���  1 d d

abc bacR R− = − 
� ���  [ ]2 0d

abcR− = 
� ���  3 0a bc abcd abdcg R R− ∇ = → = − 
� ���  [ ]4 0e

a bc dR− ∇ = 
$� 7�/� 7�!"�)&
 $� 2!: |�
):� 2�(G DR ,�,  �<� (&3 Y�!S DG 7�%&� �!���"  

� ���  k k k k kR η η
λμν μ νλ ν μλ νλ μη μλ νη= ∂ Γ − ∂ Γ + Γ Γ − Γ Γ 

D�:�� ,��E"  �4)�� 2�-kR λμν 2�H� �, n 2�EG 
2 2( 1)

2
n n −$�  �L�G .  

��5���4�	 "6�78	 � $9!� ��
���  
$� �<, DG ���Q� 
 �
, (
�� 2
� _%[ 3� $=&� �!���" �&o .  

� ��	  b
ac abcR R≡ 

 �4�4t �, ��8�� (:�;<� 
,��<� $=&� �!���"  .  
� ��
  a

aR R≡ 

��;� ��
��� � 
!	  
 2�(G������G �EG �G 2�-��U  (" �& 2
���J(�� 7
�G �%�I DG),�($� �&�
 �!���" 7o  ��&!V .  

� ���  [ ] [ ] [ ]
2 2 ( )

( 1)( 2) 2abcd abcd a c d b a c d b b c d aC R Rg g g R g R
n n n

= + − −
− − −

 

0abcdC = 2�(G $��R 
 �3� O(L  b�&�%- Y�!S DG 7,!G �k"$� �L�G .  

��<� ,-)�=>  
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