






ÂØÈ� ø ÂþÀÖ�

Ã�÷ �Âõ ø ùÀ�Øê� �þ�¨ üµÆû ö�ú� Â� ÇµÞ�¤ ø ÓÎó �î �¤ ô¢�±ãõ �µØþ ö� Ýþ�ðüõ �b�� ø ÀÞ�

.ô�ùÀ�÷�¨¤ �¤ ÝÈ÷�¢ ¤�� �ó�î �� ßþÀ� �� �î ù¢�� ý�ùÂú� �þ�¨ ßþ� ¥�

.¢�¢ ßõ �� �¤ ù�¤ ßþ� ¤¢ ôÀì ö��� �î ù¢�� ø� ´þ��ä �¤ ß�Þû �õ� ´¨� ¤�±Ø±¨ �ó�î ßþ� ��Âð

ý¤�ÁÚ¨�³¨ ø ÂØÈ� �÷�Þ�Þ¬ ��÷ýÀ�ª¤ Âµî¢ ý�ì� ���� ôÀ�Þ�¤� ø ¤��ð¤Ã� ¤��Æ� ¢�µ¨� ¥�

�÷ ø À÷¢�� ßõ ý�Ú¿¨�� ø �Þ�û�¤ ©�¡ üþø¤ ø ý¤��¢Â� ø Â±¬ �� ù¤��Þû ö�Èþ� �î Ýþ�Þ÷üõ

.Ýµ¡�õ� Ã�÷ ë�¡� ý�û§¤¢ ö�ø�Âê �ØÜ� ô¢Â� üÞÜä ùÂú� ¤��Æ� ö�Èþ� ¢��ø ¥� �ú��

¤¢ ö�Èþ� üÞÜä ý�ûüþ�Þ�û�¤ ÂÏ�¡ �� °÷�¹�þ� ¤ø�Èõ ¢�µ¨� ö�þÂ¿êÂ�õ� Âµî¢ ý�ì� ���� ¥�

.Ýþ�Þ÷üõ ü÷�¢¤Àì ø ÂØÈ� ¤��Æ� Ã�÷ �õ�÷ö�þ�� ßþ� ¤¢ ¢�¡ é�Àû� ¢Â±È��

À÷¢�Þ÷ ´Þ�¥ ñ�±ì �¤ °÷�¹�þ� �õ�÷ö�þ�� ý¤ø�¢ �î ü±þ¢� Âµî¢ ý�ì� ôÂµ½õ ¢�µ¨� ¥� ß��»Þû

.ô¤�¢ �¤ ÂØÈ� ñ�Þî
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�õÀÖõ

Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ �� ö���üõ �¤ À÷À÷���üõ á�ìø �� ´ã�±Ï ¤¢ �î üþ�ûùÀþÀ� ¥� ý¤��Æ�

ý�ûùÀþÀ� �÷�ð ßþ� ¥� �î �¤ üÜ�Æ÷�ÂÔþ¢ ��¢�ãõ Ý�þ�Â� ¢À¬¤¢ ,´¨� üã�±Ï Å� ,¢�Þ÷ ö���

��¢�ãõ °��Â� ß�Þû �� .Ý��î Û� Â���� ´ì¢ ö�Ã�õ �� ø Â�Õ�ì¢ ¤�Ï �� À�þ�üõÂ� üã�±Ï

.´¨� �µª�¢ ¤�Âì ÓÜµ¿õ ô�Üä ö�À�ÞÈ÷�¢ ���� ¢¤�õ ¥��Âþ¢ ¥� üþÃ� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢

¥� ý¤��Æ� ���� ¶ä�� ���®�þ¤ ¥� �¡�ª ßþ� ö�ø�Âê ý�û¢Â�¤�î ´¡��ª ô�Üä ´êÂÈ��

�� ü¨À�úõ ô�Üä ¤¢ á�Âµ¡� Âû �î ý¤�Ï �� ùÀª ¢�¡ �� ü¨À�úõ ý�û�µª¤ ß�ÊÊ¿µõ

°±¨ üþÃ� ��ÖµÈõ Ûþ�Æõ ö�ð�÷�ð á��÷� üêÂÏ ¥� .Àª��üõ �ó�Öõ ßþ� �� ¯�±�¤� ¤¢ üÖþÂÏ

��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ ��¢�ãõ ,�¡�ª ßþ� ¤¢ ¸þ�¤ ¤��Æ� á��÷� ¥� üØþ .´¨� ùÀª ö� üþ�þ��

.´¨� ý�Þú¨ á�÷ ¥� üþÃ�

ù¢�Ôµ¨� ¢¤�õ ý¥Âõ Íþ�Âª �� ù�ÂÞû üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ Û� ý�Â� ý¢�þ¥ ý�û©ø¤

,ý¥�À ÷�Â � � ©ø¤ ,üû� � µ õ ��®�Ô � ý�û©ø¤ � � ö�� �üõ �ÜÞ� ö� ¥� �î À ÷Â � ðüõ ¤�Â ì

��¢�ãõ Û� ¤¢ �û©ø¤ ßþ� ¥� ý¤��Æ� .¢Âî ù¤�ª� ùÂ�è ø ßþ�³¨� â���� ø üÜ½õ Ýû ©ø¤

ø ´¿¨ �¤ �ûö� ¢Â�¤�î �î À÷¤�¡üõÂ� ü��ØÈõ �� ý¢�äÂ�è �fÌã� ø üÎ¡Â�è Û�Æ÷�ÂÔþ¢

���� ´ì¢ ö¢�� ß�þ�� �þ ø ���� ý¤�Àþ�� ôÀä �f ·õ ,À�îüõ ßØÞõ Â�è âì��õ üÌã� ¤¢

ö�¨�÷ ¤��¢ �¤ ���� ,Àª�� ×��î ¥�Âê� ý��ú� �� �Æþ�Öõ ¤¢ " �î üµìø«�Ê¡ �� ÂÑ÷ ¢¤�õ

1



Ã�÷ ¢¤�¢ ��ø ¤ ¤��Æ� ¢Â�¤�î à�½ó ¥� �î üû��µõ ��®�Ô� ©ø¤ üµ� �î ý¤�Ï �� ,À�îüõ

�ÜÿÆõ ý�Â� ý¤�Àþ���÷ (¢ÂÔ�õ) ý¢�ä Â�è Ûþ�Æõ ¤¢ �î üõ�Ú�û .´Æ�÷ ÛØÈõ ßþ� ¥� ü�·µÆõ

.¢�ªüõ ¢Â�¤�î Û��ì Â�è ø ùÀ��î �µÆ¡ ¤��Æ� Àþ�Þ��  ¤

¤¢ ùÀª �Â® ÕµÈõ �±�Âõ ßþÂ���� ¤¢ "×��î Âµõ�¤�� �î ¢ÂÔ�õ Ûµ¿õ Û�Æ÷�ÂÔþ¢ ��¢�ãõ

üÜþ�Æõ ¤¢ ,]2[ �÷�¨¤ �Þ�÷ ñÀõ ø ¤�ª ö�»Þû ü·��±õ ¤¢ ×þÃ�ê ø üã�±Ï ô�Üä ø ü¨À�úõ

��¢�ãõ �þ ùÀª ý¥�¨üÎ¡ ¥ÂðÂ� �ó¢�ãõ ,]3[ ��� Peclet ¢Àä �� ÛÖ÷ ø ÛÞ� Ûþ�Æõ Â�Ñ÷

¤��Æ� ý�û¢Â�¤�î ]5[ "×��î Âµõ�¤�� �� ¤ø��ª ý¥Âõ Ûþ�Æõ ø ]4[ ��� ¥ ¤Àó��þ¤�� í�µ¨�Âþø�÷

Ûµ¿õ Ûþ�Æõ ���� ý�Â� ý¢Àä ý�û©ø¤ ´êÂÈ�� ´ú� ý¢�þ¥ ý�û©�� �fÂ�¡� .¢¤�¢

×þ ]6[ ¤¢ ��±Æ�ó ø �Â� ,ø¤ø�î .À�µÆû �ÂÚÞû ���Øþ ¤�Ï �� �î ´¨� ùÀª ô�¹÷� ¢ÂÔ�õ

×þ üþ�õÂð ¤�Èµ÷� �ÜÿÆõ Û� ý�Â� ¤�Èµ÷� Âµõ�¤�� ßµêÂð ÂÑ÷ ¤¢ �� ���Øþ üþ�ÂÚÞû ý¢Àä ©ø¤

©ø¤ ø ö�õ¥ ý¥�¨�µÆÆð ý�Â� ÂÜþø� ©ø¤ ö� ¤¢ �î À�û¢üõ �þ�¤� ö�õ¥ �� �µÆ��ø ýÀã�

.À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ö�Øõ ý¥�¨�µÆÆð ý�Â� ß�ØÈ�ª �Ø±ª ýø¤ üû��µõ ��®�Ô�

¤¢ �� �¤ ���Øþ üþ�ÂÚÞû ø ù¢�Þ÷ �ÂÎõ Ûþ�Æõ �÷�Ú�þ� ý�Â� °¨��õ ©ø¤ ×þ ]7[ ¤¢ §�õ�¤

ýÀþÀ� ô�úÔõ ×þ ]9[ ø ]8[ ¤¢ ü÷�Þ·ä ø üþ�î�¨ .´¨� ù¢�¢ ö�È÷ ñ�µ¡� Âµõ�¤�� ßµêÂð ÂÑ÷

¢ÂÔ�õ Ûµ¿õ Ûþ�Æõ Û� ý�Â� ù¢�¨ üþ�Þ÷ ý�ûßþ�³¨� ¥� ý�û¢Â�¤�î ß��»Þû ßþ�³¨�ü� ¥�

.´¨� ýÂµÞî ��±¨�½õ ý�¤�¢ ùÀª �ÂÎõ ©ø¤ �î À÷¢�¢ ö�È÷ ø À÷�ù¢�¢ �þ�¤�

Ýû ©ø¤ ¥� ù¢�Ôµ¨� �� �¤ ¢ÂÔ�õ Ûµ¿õ ý¥Âõ ¤�ÀÖõ �ÜÿÆõ ×þ ]10[ ¤¢ Åþø�îÂ� ø �Â¨

.À÷¢�Þ÷ ü¨¤Â� ßþ�³¨� üÜ½õ

.´¨� ùÀª ù¢¤ø� �¬�¡ ¤�Ï �� Àª��üõ ¥��÷ ¢¤�õ �î ��óø� ø üÜî Óþ¤�ã� ñø� ÛÊê ¤¢

×Þî �� ü���÷ø ¤¢ ø ßþ�³¨� ýÂ�ð¤�Ø� ø Çþ�À�� �»¿þ¤�� ¥� �¬�¡ ×þ �Àµ�� ,ôø¢ ÛÊê ¤¢

�� �ûßþ�³¨�ü� ö¢¤ø� ´¨¢ �� ý�Â� ©ø¤ ø¢ ,ÛÊÔõ ¤�Ï �� ø Ý�û¢üõ �þ�¤� �¤ �ûßþ�³¨�
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.Ýþ¥�¢Â�üõ ßþ�³¨�ü� ý�þ�Ìì �� �õ�¢� ¤¢ ø ù¢�Þ÷ �ÂÎõ ü±ãØõ ßþ�³¨�ü� «�Ê¡

Å³¨ ,Ý��îüõ ý¥�¨�µÆÆð ü�Þ® ÂÜþø� ø ¥¤e ©ø¤ Í¨�� �¤ ö�õ¥ Â�çµõ �Àµ�� ô�¨ ÛÊê ¤¢

©ø¤ ¥� ø Ý��îüõ ý¥�¨�µÆÆð ß�ØÈ�ª á�÷ ¥� ý��ãÎì ý���Øþ �Ø±ª ýø¤ �¤ ö�Øõ Â�çµõ

ý¥�¨�µÆÆð ßþ� ¥� Û¬�� üÎ¡ üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ýø¤ ßþ�³¨�ü� üÜ½õ Ýû

.Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ ©ø¤ üþ�ÂÚÞû Ã�ó�÷� ´þ�ú÷ ¤¢ .Ý�þ�Þ÷üõ ù¢�Ôµ¨� ö�Øõ

¸þ�µ÷ �� �¤ ý¢Àä ¸þ�µ÷ ø ÝþÂ�üõ ¤�Ø� ñ�·õ �¨ ý�Â� �¤ Û� ©ø¤ ô¤�ú� ÛÊê ¤¢ ´þ�ú÷ ¤¢

.Ý�û¢üõ ö�È÷ �¤ ©ø¤ ´ì¢ ø ýÂ�Â� ø ù¢�Þ÷ �Æþ�Öõ üÜ±ì ùÀõ� ´¨¢ ��

�� à�½ó ¥� �î Ý�û¢üõ �þ�¤� ¢ÂÔ�õ Ûµ¿õ Ûþ�Æõ Û� ý�Â� ÀþÀ� üªø¤ �õ�÷ö�þ�� ßþ� ¤¢

.Àª�� �µª�¢ Ã�÷ üú��� Û��ì ý¤�Àþ�� ø Ýúê Û��ì ,Â�ù¢�¨ ýÂ�ð¤�î

Û�Ü½� üÜ¬� éÀû âì�ø ¤¢ .Àª��üõ ßþ�³¨�ü� üÜ½õ Ýû ©ø¤ ùÀª �þ�¤� ÀþÀ� ©ø¤

×þ ö¢¤ø�´¨¢ �� ´þ�ú÷ ¤¢ ø ´¨� Ûþ�Æõ �÷�Ú�þ� ý�Â� ßþ�³¨�ü� üÜ½õÝû ©ø¤ üþ�¤�î

.´¨� üê�î ´ì¢ �� ���Øþ üþ�ÂÚÞû ©ø¤
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1 ÛÊê

Óþ¤�ã� ø ���Üî
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�ûö� ýÀ���µ¨¢ ø Û�Æ÷�ÂÔþ¢ ��¢�ãõ 1.1

ø �µÆ��ø ý�ûÂ�çµõ �þ Â�çµõ ,ÛÖµÆõ ý�ûÂ�çµõ �þ Â�çµõ ¥� ü�Þ® üã��� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ

ñø� ù�Ú÷ ¤¢ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ,´¨� ÛÖµÆõ ý�ûÂ�çµõ �þ Â�çµõ �� ´±Æ÷ ü±Æ÷ ý�ûÕµÈõ

Û�Æ÷�ÂÔþ¢ ý�ó¢�ãõ Âð� .À÷�ªüõ Ý�ÆÖ� ü�Ã� ø üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ �µ¨¢ ø¢ ��

ßþ� Â�è ¤¢ ø üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ �¤ �ó¢�ãõ ö� Àª�� ÛÖµÆõ Â�çµõ ×þ Ûõ�ª �ú��

�ûö� �� ¶½� �õ�¢� ¤¢ �î ,¢�ªüõ ùÀ�õ�÷ (ü±Æ÷) ü�Ã� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ �¤�¬

.Ýþ¥�¢Â�üõ

üÎ¡Â�è �þ üÎ¡ ÂÑ÷ ¥� �î ¢¤�¢ ¢��ø Û�Æ÷�ÂÔþ¢ ��¢�ãõ ýÀ���µ¨¢ ý�Â� ýÂÚþ¢ ©ø¤

Â�çµõ ýø�� �î �ó¢�ãõ ��Þ� ¥� ×þ Âû ¤¢ Âð� �î ��ãõ ßþ� �� .´¨� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ö¢��

ùÀ�õ�÷ üÎ¡ �ó¢�ãõ ,Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª ´¨� ü�Ã� �þ ù¢�¨ ��ÖµÈõ �� �µÆ��ø ý�ûÂ�çµõ �þ

.¢�ªüõ

.À�ª�� ×þ ö��� ¥� �µÆ��ø ý�ûÂ�çµõ �þ Â�çµõ (1

.À�ª�±÷ �ûö� ��ÖµÈõ ø �µÆ��ø ý�ûÂ�çµõ °þÂ® ,��ÖµÈõ ø â��� ý�ûÂ�çµõ �þ Â�çµõ (2

.À�ª�±÷ üÎ¡Â�è üã��� Â�çµõ Ç��ÖµÈõ �þ ñ�ú¹õ â��� (3

.Ý�õ�÷üõ üÎ¡Â�è �¤ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ �¤�Ê�þ� Â�è ¤¢

ü�Ã� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ ��¢�ãõ 2.1

¤�î �� ×þÃ�ê ø ü¨À�úõ ô�Üä ø ���®�þ¤ ¤¢ �f±ó�è ü�Ã� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ ��¢�ãõ

üÜþ�Æõ ¤¢ ü�Ã� ��ÖµÈõ �� ��¢�ãõ .Àû¢üõ Û�ØÈ� �¤ ô�Üä ý��µª¤ ß�� ö��¥ ø ¢ø¤üõ
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�î üþ��ö� ¥� .À÷�ªüõ Âû�Ò ,¢¤�¢Â� ¤¢ �¤ ÛÖµÆõ Â�çµõ À�� ,â���� Â��ç� ý�ûÙ�û� �î

Àþ�� �¤ ö� ÓÜµ¿õ á��÷� ,¢¤�¢ üÚµÆ� �ó¢�ãõ á�÷ �� ü�Ã� ��ÖµÈõ �� �ó¢�ãõ ×þ Û� ©ø¤

,ÛÖµÆõ ý�ûÂ�çµõ ø �µÆ��ø Â�çµõ Â� ùø�ä �î üÜ�Æ÷�ÂÔþ¢ �ó¢�ãõ üÜî ¤�Ï �� .¢Âî É¿Èõ

ü�Ã� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ �¤ Àª�� �µÆ��ø Â�çµõ ü±Æ÷ ÕµÈõ À�� �þ ×þ Ûõ�ª

:´¨� Âþ¥ �¤�¬ �� �ó¢�ãõ ßþ� üÜî ´ó�� ¤¢ .Ý�þ�ðüõ (ü±Æ÷)

f(x; y; : : : ; u; ux; uy; : : : ; uxx; uyy; : : :) = 0 (1.1)

ý�ûÂ�çµõ ¥� üã��� �î u ñ�ú¹õ â��� ×þ ø ... ø y ø x ö�»Þû ÛÖµÆõ ý�ûÂ�çµõ Ûõ�ª �î

.Àª��üõ :::; uyy; uxx; :::; uy; ux ü�Ã� ��ÖµÈõ ø ´¨� ÛÖµÆõ

Âû�Ò ü�Ã� ��ÖµÈõ �±�Âõ ßþÂ���� ,ü�Ã� ��ÖµÈõ �� �ó¢�ãõ ×þ �±�Âõ 1.2.1 ÓþÂã�

ùÂ�çµõ ø¢ ý��ó¢�ãõ @
2u

@x2
=
@u

@t
�ó¢�ãõ ñ�·õ ö���ä ��) .Àª��üõ �ó¢�ãõ ¤¢ �µÆ��ø Â�çµõ ùÀª

.(´¨� 2 �±�Âõ ¥�

ü�Ã� ��ÖµÈõ ��¤¢ ßþÂµð¤Ã� ,ü�Ã� ��ÖµÈõ �� �ó¢�ãõ ×þ ��¤¢ 2.2.1 ÓþÂã�

3 ��¤¢ ¥�
 
@u

@x

!3
+
@u

@t
= 0 �ó¢�ãõ ñ�·õ ö���ä ��) .Àª� �üõ �ó¢�ãõ ¤¢ �µÆ��ø Â�çµõ

(Àª��üõ

Àª�� üÎ¡ ¢�¡ ÕµÈõ ßþÂ���� �� ´±Æ÷ ü�Ã� ��ÖµÈõ �� �ó¢�ãõ Âð� 3.2.1 ÓþÂã�

.À�õ�÷üõ üÎ¡ �±ª ü�Ã� ��ÖµÈõ �� �ó¢�ãõ �¤ ö�

�þ �µÆ��ø Â�çµõ Ûõ�ª ü�Ã� ��ÖµÈõ �� �ó¢�ãõ ��Þ� ¥� ×þ Âû Âð� 4.2.1 ÓþÂã�

�¤�Ê�þ� Â�è ¤¢ ø ßÚÞû �¤ ü�Ã� ��ÖµÈõ �� �ó¢�ãõ ö� ù�Ú÷� Àª�� ö� ü�Ã� ��ÖµÈõ

.À�õ�÷üõ ßÚÞûÂ�è
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ñø� �±�Âõ ü�Ã� ��ÖµÈõ �� ��¢�ãõ 3.1

:´¨� Âþ¥ �¤�¬ �� ��¢�ãõ á�÷ ßþ� üÜî ÛØª

F (x1; x2; : : : ; xN ; u;
@u

@x1
; : : : ;

@u

@xN
) = 0 u = u(x1; : : : ; xN ) (2.1)

ü�Ã� ��ÖµÈõ �� �ó¢�ãõ ×þ ù�Ú÷� ,@u
@y

= q;
@u

@x
= p Ý�ª�� �µª�¢ �»÷���«�¡ ´ó�� ¤¢

.¢�ªüõ �µª�÷ F (x; y; p; q) = 0 ôÂê �� ñø� �±�Âõ

.À÷�ªüõ Âû�Ò ü¨À�úõ ø ×þÃ�ê ,�¨À�û ¤¢ ü�Ã� ��ÖµÈõ �� ��¢�ãõ á�÷ ßþ�

ôø¢ �±�Âõ ü�Ã� ��ÖµÈõ �� ��¢�ãõ 4.1

:´¨� Âþ¥ �¤�¬ �� ��¢�ãõ á�÷ ßþ� «�¡ ÛØª

A
@2u

@x2
+B

@2u

@x@y
+ C

@2u

@y2
+D

@u

@x
+ E

@u

@y
+ Fu+G = 0 (3.1)

�ó¢�ãõ ù�ð ö� À�ª�� y ø x ÛÖµÆõ ý�ûÂ�çµõ ¥� üã���� �ú�� G ø F ,E ,D ,C ,B ,A Âð�

ýÀ�� �µ¨¢ Âþ¥ �¤�¬ �� �î Ý�õ�÷üõ ôø¢ �±�Âõ üÎ¡ ü�Ã� ��ÖµÈõ �� �ó¢�ãõ �¤ (3.1)

:À÷�ªüõ

B2 � 4AC < 0 Âð� ,Àª��üõ ý�Ì�� ü�Ã� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ (1

B2 � 4AC = 0 Âð� Àª��üõ ý�Þú¨ ü�Ã� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ (2

B2 � 4AC > 0 Âð� Àª��üõ ý�ó�óÁû ü�Ã� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ (3
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ý�Ì�� ü�Ã� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 1.4.1

.Àª��üõ ß¨��� �ó¢�ãõ ,��¢�ãõ á�÷ ßþ� ßþÂ�¤�úÈõ ¥� üØþ

@2u

@x2
(x; y) +

@2u

@y2
(x; y) = f(x; y) (4.1)

¼ÎÆõ ����÷ ×þ ýø¤ �ÜÿÆõ ý�ûù¢�¢ ùÀ��î É¿Èõ �ó¢�ãõ ßþ� ¤¢ f â��� �î Ý��îüõ ­Âê

.Ý�û¢üõ Çþ�Þ÷ S ü�½�õ �� �¤ ö� ¥Âõ �î Àª�� R

´¡���Øþ ´ó�� À�÷�õ ö�õ¥ ¥� ÛÖµÆõ üØþÃ�ê Û��Æõ �ãó�Îõ ¤¢ ý�Ì�� á�÷ ¥� ü��¢�ãõ

üÜÖ� ý�ûøÂ�÷ �î �½Ô¬ ¤¢ âì�ø �ÎÖ÷ ×þ Û�Æ÷�µ� ý¦Â÷� ,¼ÎÆõ ����÷ ×þ ¤¢ �õÂð âþ¥��

ýÀã� ø¢ ´¡���Øþ ´ó�� Û��Æõ ß��»Þû ø À��îüõ ÛÞä �ÎÖ÷ ö� ýø¤ �½Ô¬ ¤¢ ¢���õ

�ó¢�ãõ ¢Âê �� ÂÊ½�õ ���� ö¢¤ø� ´¨À� ý�Â� .À�û¢üõ  ¤ ÂþÁ��÷ Ýî�Â� ����¨ Ûõ�ª

�ãó�Îõ ¤¢ ñ�·õ ö���ä �� .Ý��î ß��ã� �¤ ���� ýø¤ üê�®� ý�ûÀ�ì ø Íþ�Âª Àþ�� ß¨���

�ó¢�ãõ �î Àª�� f(x; y) = 0 �î ´¨� ô¥� ¼ÎÆõ ����÷ ×þ ¤¢ �õÂð âþ¥�� ´¡���Øþ ´ó��

]11[ .¢�ªüõ ùÀ�õ�÷ §��� �ó¢�ãõ ßþ� ø ¢�ªüõ ù¢�¨ �¤�¬ �� (4.1)

@2u

@x2
(x; y) +

@2u

@y2
(x; y) = 0

ý�Þú¨ ü�Ã� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 2.4.1

:´¨� Âþ¥ �¤�¬ �� ��¢�ãõ á�÷ ßþ� üÜî ÛØª

@u

@t
(x; t)� �2

@2u

@x2
(x; t) = f(x; t) (5.1)

�� .¢¥�¢Â�üõ L ñ�Ï �� �Ü�õ ×þ ¤¢ �õÂð ö�þÂ� �ÜÿÆõ ü¨¤Â� �� �ó¢�ãõ ßþ� á��÷� ¥� üØþ

¤¢ �õÂð ö�þÂ� �î ¢�ªüõ ­Âê .Àª�� ¤�¢Õþ�ä �f õ�î Çþ�ûù¤��î ¼Î¨ ¤¢ �Ü�õ �î üÏÂª
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.Àª�� ´¡���Øþ ý�õ¢ ý�¤�¢ ÝÆ� ü®Âä âÎÖõ Âû ¤¢ L ñ�Ï �� í¥�÷ �Ü�õ ¢�Àµõ�

¢��õ üþ�õÂð ´þ�Àû «��¡ �Ü�¨�� â���� ßþ� ¥� ý��ÜÿÆõ ý�Â� (5.1) �ó¢�ãõ ¤¢ � ´���

.Àª�� ÛÖµÆõ �Ü�õ ¤¢ ¤�ÂÖµ¨� Û½õ ¥� �î ¢�ªüõ ­Âê ø ß��ã� �Ü�õ ùÀ÷¥�¨

ù¢Â î É¿Èõ �¤ � Ü � õ ¤¢ � õÂ ð � � óø� â þ¥� � � î ´¨� ö� éÀû � õÂ ð ö� þÂ � � Ü ÿ Æ õ ¤¢

Âð� ñ�·õ ö���ä �� .´¨� ù¢�¢  ¤ üì�Ô�� �� �Ü�õ ý�úµ÷� ¤¢ �î Ý��î ö��� ø (u(x; y) = f(x))

:Àª��üõ Âþ¥ ÛØª �� ý¥Âõ Íþ�Âª Ýþ¤�ÀúÚ÷ u2 ø u1 ´��� ý�õ¢ ¤¢ �¤ �Ü�õ üþ�úµ÷� ¯�Ö÷

u(0; t) = u1

u(l; t) = u2

.À�îüõ Û�õ ýÀ� ý�õ¢ âþ¥�� �� �Ü�õ ¤¢ �õÂð âþ¥�� ø

lim
t!x

u(x; t) = u1 +
u2 � u1

`
x

Íþ�Âª ,Àª�� �µª�À÷ ö�þÂ� üþ�úµ÷� ¯�Ö÷ ¥� üþ�õÂð º�û �î Ý��î ¤�¢ Õþ�ä ö��� �¤ �Ü�õ Âð�

:�¤�¬ �� ý¥Âõ
@u

@t
(0; t) = 0;

@u

@t
(l; t) = 0

ý�Þú¨ �ó¢�ãõ .Àû¢üõ �¹�µ÷ �Ü�õ ¤¢ ýÀ� ´ó�� ö���ä �� �¤ ´��� ý�õ¢ ×þ ø ¢�� Àû��¡

¶½� ¢¤�õ �ó¢�ãõ .´¨� éøÂãõ ¤�Èµ÷� �ó¢�ãõ �� ø ¢¤�¢ ´�Þû� ¥�ð ¤�Èµ÷� �ÜÿÆõ �ãó�Îõ ¤¢

]11[ .Àª��üõ ý�Þú¨ �ó¢�ãõ �õ�÷ö�þ��
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