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"Ovm|t |Q}oxR=Ov=
Eo =

Ps
r=1 uryroPm
i=1 vixio

|@Uv |}=Q=m "OQ=O |}=Q=m xR=Ov= QO |=xOvvm u}}aD Vkv |HwQN w |OwQw x@ ?U=vt |=yuRw X}YND
CUO x@ xawtHt l} QO |Q}os}tYD |=yOL=w |}=Q=m st}Um =t Q@ Q_v OQwt OL=w |}=Q=m s}UkD R= 'OL=w Qy
|}=Q=m 'p=Ft Qw]x@ "CU= l} |w=Ut =} QDmJwm xQ=wty |Q}os}tYD |=yOL=w |@Uv |}=Q=m u}=Q@=v@ "O};|t

%CU= Q} R CQwY x@ DMUo |@Uv

REo =
Eo

maxjfEjg 1 6 j 6 m

DEA =yxO=O |WWwB p}rLD 4"1

h} QaD "CU= xDiQo CQwY |O=} R |tra |=yC}r=ai '=yVN@ w =yOL=w OQmrta |tra |@=} RQ= Qw_vt x@
st}Um =t '=y|OwQw ?}mQD R= xm OW QHvt O}rwD `@=D u=wva =@ |a@=D CN=U x@ Q=PoQ}F=D pt=wa =@ OQmrta x]@=Q

|Q=}U@ QO w Q=wWO Q=m OHvo@ q=@ h} QaD QO xm |a@=D uOQw; CUO x@ xm CU= K[=w "Ovm|t O}rwD =Q |HwQN
w |QDt=Q=B xrtH R= hrDNt |=yVwQ x@ =Q u; '`@=D uOQw; CUO@ |=Q@ 'Qw_vt u}O@ "CU= umtt Q}e OQ=wt R=



7 =yxO=O |WWwB p}rLD Q@ |Ot;QO 1 pYi

"OvOQmv pta jiwt p�=Ut =@ OQwNQ@ QO |QDt=Q=B |=yVwQ '|SwrwvmD CiQW}B =@ "OvOR ?} QkD '|QDt=Q=B Q}e
|QDt=Q=B Q}e |=yVwQ 1957 p=U QO Q=@ u}DUNv |=Q@ pQ=i '|QDt=Q=B |=yVwQ R= |W=v CqmWt `iQ |=Q@
|=xawtHt '=yv; Q@ sm =L pwY=w |Q}os}tYD |=yOL=w |=y|HwQN w =y|OwQw R= xO=iDU= =@ w= "OQm `=O@= =Q
=Q RQt u}= "CiQo Q_v QO O}rwD `@=D R= |@} QkD =Q u; RQt R= |DtUk w OQm x�=Q= =Q O}rwD u=mt= xawtHt s=v x@
`k=w QO "OvwW|t |@=} RQ= =Q=m 'OvQ}o|t Q=Qk RQt u}= |wQ xm |Q}os}tYD |=yOL=w w Ovt=v|t R}v =Q=m RQt
=yl}vmD pt=W xm CU= |QDt=Q=B Q}e VwQ u}rw= `=O@= QO pQ=i Q=m s}taD �DEA� =yxO=O |WWwB p}rLD

|@Uv |}=Q=m |@=} RQ= l}vmD �DEA� xm}�=Hv; R= "CU= |Q}os}tYD OL=w |}=Q=m |@=} RQ= |=Q@ |}=yVwQ w

p}rLD s=v "OvQ=O Q=Qk u;Q} R QO =yOL=w x}k@ w RQt |wQ =yOL=w R= |m} pk=OL 'CU= |Q}os}tYD |=yOL=w

|=yVwQ R= |[a@ hqN Q@ �DEA� |=yVwQ QO "CU= xDiQo C-=Wv uOw@ |WWwB |oS} w R= '=yxO=O |WWwB
'=yVwQ u}= u}vJty &CU}v sRq =y|HwQN w =y|OwQw x@ =yv; X}YND w p@k R= =yuRw uOw@ XNWt '|OOa
Ovv=t� O}rwD `@=D K} QY pmW =} w �|Q=t; uw}UQoQ VwQ Ovv=t� xOW XNWt p@k R= |a@=D p=mW= x@ |R=}v
Ov=wD|t '|[=} Q |R} Qxt=vQ@ l}vmD R= xO=iDU= =@ '=yxO=O |WWwB p}rLD "OvQ=Ov �|QDt=Q=B |=yVwQ R= |NQ@
=@ =y|HwQN w =y|OwQw R= xO=iDU= QO xm =Q |}=yVwQ CqmWt w OQ}oQ@ QO =Q Ow}k w =yQ}eDt R= |O=} R O=OaD
xOvQ}os}tYD w Qop}rLD u=}t |Q=mty |=Q@ =Q |O=} R |=yCYQi 'u}vJty DEA "OQ=Ov =Q 'Ov=xH=wtC}OwOLt

|ovwoJ w |@=} RQ= CLD |=yOL=w |HwQN w |OwQw ?=NDv= |=DU=Q QO Ov=wD|t |Q=mty u}= &Ovm|t O=H}=

"OW=@ =Q=m RQt x@ C@Uv |@=} wor= w OQmrta



8 =yxO=O |WWwB p}rLD Q@ |Ot;QO 1 pYi

O}rwD u=mt= xawtHt 5"1
CQwYx@ |=xawtHt

T = f(x;y)j Ovm O}rwD =Q y |HwQN |ivt=v Q=OQ@ ' x |OwQw |ivt=v Q=OQ@g

"Ovm|t XNWt =Q �PPS� O}rwD u=mt= xawtHt 'CU= |HwQN Q=OQ@ y w |OwQw Q=OQ@ x u; QO xm
|OwQwm =@ |Q}os}tYD OL=w n O}vm ZQi "Ovm|t O}rwD =Q hrDNt |=y�PPS� 'Cw=iDt O}rwD |=y|SwrwvmD
w =y|OwQw R= |m} pk=OL xm} Qw]@ s} Q=O j = 1; : : : ; n '(xj ;yj) CQwY x@ |ivt=v |HwQN s w |ivt=v
'CU= hwQat CCR O}rwD u=mt= xawtHt x@ xm xOW h} QaD PPS u}rw= "OvW=@ QiY hr=Nt u; |=y|HwQN

%OvwW|t xDN=U Q} R pwY= =@ "OW |iQat 1978 p=U QO �5� u=Q=mty w RvQ=J \UwD xm
�uOw@ |yD=v� C=Oy=Wt pwtW pY= %pw= pY=

"CU= pw@k p@=k O}rwD |SwrwvmD Qy =@ pY= u}= "OvQ=O jraD O}rwD u=mt= xawtHt x@ C=Oy=Wt s=tD
8j (xj ;yj) 2 T; j = 1; : : : ; n

�C@=F T=}kt x@ xOR=@� O}rwD |xaW= |v=Qm|@ pY= %swO pY=
(�x; �y) 2 T CQwY u}= QO 8� � > 0 ' 8(x;y) (x;y) 2 T Qo =

uOw@ xDU@ w ?OLD pY= %swU pY=
=Q y1 w y2 |=y|HwQN ?}DQD x@ x1 w x2 |=y|OwQw Qo = |va} CU= xDU@ w ?OLt |=xawtHt T

=Q �y1 + (1 � �)y2 =y|HwQN ?OLt ?}mQD '�x1 + (1 � �)x2 =yv; ?OLt ?}mQD %x=ov; 'Ovvm O}rwD



9 =yxO=O |WWwB p}rLD Q@ |Ot;QO 1 pYi

"Ovm|t O}rwD
|@=}vwQO xv}tm pY= %sQ=yJ pY=

OwW|t C@=F "Ovm|t jOY sQ=yJ =D pw= pwY= QO xm CU= |=xawtHt u} QDmJwm T 'pY= u}= j@]
"Ovvm|t h} QaD Q} R CQwYx@ =Q OQi x@ QYLvt xawtHt 'jwi xv=oQ=yJ pwY= xm

Tc =

8<:(x;y)
��� x > nX

j=1
�jxj; y 6

nX
j=1

�jyj; �j > 0; j = 1; : : : ; n
9=; :

C}Y=N u}ty Qov=Wv 'c hQL w CU= xOW xDN=U C@=F T=}kt x@ xOR=@ pY= pw@k =@ Tc xawtHt
Q}eDt T=}kt x@ xOR=@ |=Q=O xm OwW|t xDN=U Q} R u=mt= xawtHt 'O}rwD |xaW= |v=Qm|@ pY= hPL =@ "CU=

%CU= hwQat BBC O}rwD u=mt= xawtHt x@ w

Tv =

8<:(x;y)
��� x > nX

j=1
�jxj; y 6

nX
j=1

�jyj;
nX
j=1

�j = 1; �j > 0; j = 1; : : : ; n
9=; :

(xh;yh) |=yQ=OQ@ =@ DMUh Q@ ?r=e =Q (xk;yk) |HwQN w |OwQw |=yQ=OQ@ =@ DMUk %h} QaD
%x=oQy s}�wo2664�xk

yk

3775 >
2664�xh
yh

3775
"CU= xO}OQo ?wret "OW=@ Q=QkQ@ xirwt l} |=Q@ pk=OL 'O}m = |w=Ut=v w

"OOQov ?wret O}rwD u=mt= |xawtHt w[a I}y \UwD Qo = \ki w Qo = CU= =Q=m DMUo %h} QaD



10 =yxO=O |WWwB p}rLD Q@ |Ot;QO 1 pYi

O}rwD u=mt= xawtHt R= xO=iDU= =@ CCR pOt 6"1
'xj |OwQw Q=OQ@ uOQ@ Q=mx@ =@ xm OvDUy Tv=HDt |Q}os}tYD OL=w n '(j = 1; : : : ; n) 'DMUj O}vm ZQi
OQwt CCR |}=Q=m RQt x@ C@Uv =Q OL=w u}= |}=Q=m u=wD|t p}P |=yVwQ x@ "Ovm O}rwD =Q yj |HwQN Q=OQ@

"O=O Q=Qk |@=} RQ=
|OwQw C}y=t�1

"OW=@ xDW=O yo R= QDW}@ =} |w=Ut |HwQN 'xo R= QDtm |OwQw =@ xm Ci=} QO Tc |O}rwD u=mt= u=wD@ Qo =
|R=Ht OL=w uOQm =O}B hOy =Hv}= QO '`k=w QO "OQ}o|t s=Hv= RQt CtU x@ w |a=aW CQwY x@ Vy=m u}=

"Ovm|t O}rwD |OwQw pk=OL =@ =Q |HwQN u}ty xm CU=

0
x1

x

( )01
, yxH ¢ ( )00

, yxH

0
y

CCR |=Q=m RQt x@ C@Uv OL=w l} |}=Q=m %1"1 pmW



11 =yxO=O |WWwB p}rLD Q@ |Ot;QO 1 pYi

min �

s:t:
nP
j=1

�jxj 6 �xo; i = 1; : : : ;m;
nP
j=1

�jyj > yo; r = 1; : : : ; s;

�j > 0; j = 1; : : : ; n
� free:

(1"1)

"OW |iQat 1962 p=U QO �4� QB wm w RvQ=J \UwD 'CU= hwQat CCR |WWwB pOt x@ xm pOt u}=
%O};|t QO Q} R CQwYx@ |mtm |=yQ}eDt h} QaD =@

min �

s:t:
nP
j=1

�jxj + s�i = �xio; i = 1; : : : ;m;
nP
j=1

�jyj � s+
r = yio; r = 1; : : : ; s;

�j > 0; j = 1; : : : ; n;
s�i > 0; i = 1; : : : ;m;
s+
r > 0; r = 1; : : : ; s:

(2"1)

DMUo 'OvW=@ QiY |mtm |=yQ}eDt 'xv}y@ |=y?=wH |t=tD QO w l} Q@=Q@ �xv}y@ Q=Okt� �� Qo = �hr=
"OwW|t xOv=wN |wk |=Q=m =} w =Q=m wD=Q=B swyit x@

'OW=@ QiY=v |mtm |=yQ}eDt R= |m} pk=OL 'xv}y@ |=y?=wH R= |[a@ QO |rw �� = 1 Qo = �?



12 =yxO=O |WWwB p}rLD Q@ |Ot;QO 1 pYi

"OwW|t xOv=wN h}a[ |=Q=m DMUo

|Q}os}tYD OL=w |m}vmD =} |a=aW |}=Q=m =Q Q=Okt xm O}vm xHwD "CU= =Q=m =v DMUo '�� 6= 1 Qo = �G
%CU= p@=kt CQwY x@ CCR |@ Q[t pOt u=wva CLD pOt u}= p;wO "Ov} wo |UQQ@ CLD

REo = max
sP

r=1
uryrj

s:t:
sP

r=1
uryrj � mP

i=1
vixij 6 0; j = 1; : : : ; n;

mP
i=1

vixio = 1;

ur > 0; r = 1; : : : ; s
vi > 0; i = 1; : : :m:

(3"1)

"OyO|t Q=Qk RQt |wQ 'uOw@ =Q=m =v CQwYQO =Q |UQQ@ CLD OL=w '|OwQw Vy=m =@ jwi |=ypOt QO

(u�; v�) xm OW=@ OwHwt u}y@ (u�; v�) Qo = =yvD w Qo = CU= =Q=m wD=Q=B swyit x@ DMUo �hr=
"Ps

r=1 u�ryro = 1'

R= |m} pk=OL w Ps
r=1 u�ryro = 1 '(u�; v�) > 0 Qo = =yvD w Qo = CU= h}a[ |=Q=m DMUo �?

"OW=@ QiY Q@=Q@ v� w u� |=y xirwt
"CU= =Q=m =v DMUo 'Pr

r=1 u�ryro = 1 Qo = �G
|HwQN C}y=t �2

"Ovm O}rwD |QDW}@ |HwQN '|OwQw Q=Okt u}ty hQYt =@ xm CU= |R=Ht OL=w uOQm =O}B 'hOy


